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Abstract—We propose a method to estimate the distance to
objects based on the complementary nature of monocular image
sequences and camera kinematic parameters. The fusion of
camera measurements with the kinematics parameters that are
measured by an IMU and an odometer is performed using
an extended Kalman filter. Results of field experiments with a
wheeled robot corroborated the results of the simulation study in
terms of accuracy of depth estimation. The performance of the
approach in depth estimation is strongly affected by the mutual
observer and feature point geometry, measurement accuracy of
the observer’s motion parameters and distance covered by the
observer. It was found that under favorable conditions the error
in distance estimation can be as small as 1% of the distance to
a feature point. This approach can be used to estimate distance
to objects located hundreds of meters away from the camera.

Index Terms—computer vision, depth-from-motion, extended
Kalman filter, image sequence, inertial sensing, sensor fusion

I. INTRODUCTION

The image sequence acquired by a moving monocular
camera in a static environment contains detailed information
about both the motion of the camera and the shape of the
environment. This phenomenon, called the motion parallax
effect, uses corresponding image points in multiple views [1].
Given the image of a 3D point in two or more views it can
be reconstructed by triangulation. The process of the recon-
struction of a 3D scene from 2D images using the parallax
effect, known as structure from motion (SfM), combines point
correspondence information from multiple points over multiple
frames to solve for scene structure and camera motion. Closely
related to SfM is also relative position and depth estimation
using monocular vision.

SfM approaches that are based solely on images are sen-
sitive to outliers in correspondence estimates and they are
usually not robust enough for many practical applications. The
difficulties arise from ambiguities in local photometric infor-
mation due to illumination changes, occlusions, specularities,
repetitive structures and objects that move independently of
the scene [2]. The knowledge of camera motion can help to
improve performance of the SfM algorithms in the presence
of outliers. Fusion of visual information and measurements
of camera motion by inertial sensors is becoming common
practice in applications like augmented and virtual reality. In

these applications the fusion of visual and inertial information
is used to estimate the camera’s 3D angular and translational
motion [3]–[5].

Movement of the object’s projection on the image plane is
uniquely related to the camera’s kinematic parameters (angular
and translational velocities). The equations that relate the
coordinates and velocity of a feature point’s projection with
the camera’s translational and angular velocities were derived
by Longuet-Higgins et al. [6]. They showed that from a
monocular view of a rigid, textured surface it is possible
to determine the motion of the eye relative to it from the
velocity field of the changing retinal image. They also found
that the depth computed based on motion parallax is specified
completely by the retinal velocity. Corke showed in [7] that
information about camera motion from the inertial sensors can
also be used to predict feature position and significantly reduce
the computational burden.

Approaches for depth estimation from a sequence of monoc-
ular images with known camera motion were proposed in [3],
[4]. The authors use a pixel-based algorithm that estimates
depth and depth uncertainty at each pixel and incrementally
refines these estimates over time. The algorithm processes
an image sequence taken with small inter-frame displacement
and produces an on-line estimate of depth. The feature-based
Kalman filter algorithm was restricted to known lateral camera
motion. The prediction model in the Kalman filter used the
current depth map and an estimate of the camera motion
to predict a depth map for the next image in the sequence.
In [8], [9] the authors present a batch algorithm and a recursive
iterated EKF for estimating sensor motion and scene structure
by considering all of the measurements from a camera, gyro,
and accelerometer simultaneously. In these works, in addition
to conventional projective cameras, omnidirectional cameras
and wide angle lenses were used.

In [10] Corke et al. proposed loosely and tightly coupled
frameworks for concurrent estimation of structure and motion
based on camera and inertial sensors. In the loosely coupled
approach, the separate inertial sensing and SfM blocks are
running at different rates and exchanging information. In the
tightly coupled approach a single high-order EKF combines
the disparate raw data of vision and inertial sensors in a single,
optimum filter, rather than cascading two filters, one for each
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sensor. The state vector comprises the kinematic variables that
describe the camera motion and the 3D coordinates of N scene
points. Additionally the state vector may be augmented by
unknown camera intrinsic parameters and inertial sensor bias
and scale parameters. The state vector can include more than
20 states, which has implications for computational load and
for tuning. The combined IMU and vision sensing strategy is
robust to vision drop-outs and is able to determine relative
position with minimal requirements on the vision system.

Visual-inertial SfM and depth estimation approaches can be
categorized according to their applications. The instrumenta-
tion always includes an IMU and, optionally, it can include
an odometer for wheeled robots, or a doppler velocity log
for underwater robots. The applications comprise UAVs [11],
[12], underwater robots [13]–[15], visual servoing for robotic
arm manipulators [16]–[19] and wheeled robots [20], [21].
When the visual-inertial SfM approach is applied to UAVs
or underwater robots it has to deal with the presence of
disturbances and uncertain dynamics.

Visual-inertial SfM can be also used to acquire depth map
in real time for augmented reality (AR) applications [22]. One
of the primary technical challenges facing all AR systems
is to accurately localize and track displays moving relative
to content in the physical world. In these applications the
depth is usually recovered through computer-vision techniques
that are based on binocular disparity and shading visual cues.
However, it is difficult to make robust real-time implemen-
tation of these SfM techniques and therefore, in some cases,
laser rangefinders are used. Another problem is that binocular
disparity and shading visual cues work only within short range
to the features. To overcome these difficulties robust visual-
inertial odometry can be used instead [23].

Some researchers have conducted field experiments to
evaluate the accuracy of the depth estimation of their ap-
proaches and some other important characteristics like time
of convergence to the true depth. Dani et al. [15] designed
a reduced-order nonlinear observer for depth estimation that
was implemented on an underwater robot. They reported a
convergence time of 25 sec in field tests. De Luca et al. [20]
tested their approach on a wheeled robot with point features
located several meters away from the camera; the convergence
time was about 30 sec. Grabe et al. [11] reported 25 sec
convergence time for depth estimation with their EKF-based
estimator that used optical flow. The target was the floor plane
located only 1.5 m below a UAV’s camera. Matthies et al. [24]
used a Kalman filter with known camera poses to estimate
the depth to an object using optical flow. They reported a
convergence time of 10 seconds.

Motion parallax can be combined with other depth cues such
as stereovision, kinetic depth effect, shading and occlusion to
obtain a more stable estimate of viewing distance. Landy et
al. [25] proposed to fuse motion parallax information with
stereo disparity by minimizing the inconsistency between
depth from disparity and depth from motion parallax.

This work is based on our previous paper [21] that provided
an algorithm and simulation study for the depth-from-motion
problem. The theoretical results from [21] are now confirmed
by real-life experiments with a wheeled robot equipped with

a monocular camera, odometer and inertial sensors. The ap-
proach has the ability to determine relative position by tracking
just one feature point. Moreover, many feature points can be
tracked simultaneously using the parallel implementation of
the same algorithm.

This paper is organized as follows. Section II describes
a mathematical model that relates image measurements with
the depth and camera kinematic parameters. The solution
algorithm is presented in Section III. Section IV presents the
implementation details, the results of simulation study and
field test results. Finally, Section V summarizes our approach
for monocular depth estimation with measured camera motion
and gives recommendations for future research in this area.

II. SYSTEM DESCRIPTION AND MODELING

A. Geometry of camera and feature point

Consider a non-holonomic mobile robot equipped with
an odometer, an inertial measurement unit (IMU), and a
monocular camera. The robot moves in a 2D plane and its
camera is detecting a fixed feature point located at PN =[
XN , Y N , ZN

]T
in an earth-fixed navigation frame {N}. For

simplicity, we assume that the robot base coordinate frame {r}
and the IMU coordinate frame are aligned with the xr axis, the
forward motion direction of the robot base, zr axis directed
upward, and yr axis completing a right hand coordinate frame.
The camera is installed such that its {C} coordinate frame’s
zc axis directed along its optical axis which is in the direction
of the robot xr axis, its yc axis is directed downward, and its
xc axis completing a right-hand coordinate frame. The rotation
matrix from the robot coordinate frame to camera coordinate
frame is Rcr.

The geometry of the feature point and the camera in the
navigation frame is described in Fig. 1. From the geometry,
as explained in [13], the feature point can be described as

PN (t) = qN (t) +RNc P
c(t), (1)

where RNc is the rotation matrix from the camera coordinate
frame {C} to the navigation frame {N}, Pc is a feature
point vector resolved in the camera coordinate frame {C}
and qN is the camera frame origin resolved in the navigation
frame {N}. The kinematics of this system can be obtained by
differentiation of (1), yielding

ṖN (t) = q̇N (t) + ṘNc P
c(t) +RNc Ṗ

c(t), (2)

ṘNc = RNc [Ωc (t)]× , (3)

where

[Ωc (t)]×
∆
=

 0 −ωcz(t) ωcy(t)
ωcz(t) 0 −ωcx(t)
−ωcy(t) ωcx(t) 0

 (4)

is the skew-symmetric matrix of the camera angular velocity
vector Ωc(t) =

[
ωcx(t), ωcy(t), ωcz(t)

]T
. Taking into account

the fact that ṖN = 0 and substituting (3) into (2) we can
write

Ṗ c = −RcN q̇N (t)− [Ωc(t)]× P
c. (5)
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Fig. 1. The camera and the feature point geometry in the navigation frame.

The left-hand side of (5) is the feature point kinemat-
ics resolved in the camera coordinate frame, i.e. Ṗ c =[
Ẋc, Ẏ c, Żc

]T
, while the first term in the right-hand side

represents the camera velocity vector resolved in the camera
coordinate frame, i.e.

RcN q̇
N (t) =

[
V cx (t), V cy (t), V cz (t)

]T
. (6)

For writing simplicity, we drop the time dependency argu-
ment. Substituting parameters with their values into (5) and
rearranging the terms gives

Ẋc = −V cx + ωczY
c − ωcyZc, (7a)

Ẏ c = −V cy − ωczXc + ωcxZ
c, (7b)

Żc = −V cz + ωcyX
c − ωcxY c. (7c)

Given that a non-holonomic 2D motion is considered, the
rotation will be only around the yc axis of the camera and the
velocity vector will have only a component in the direction
of the motion vector. According to the relative position of
the camera in the robot coordinate frame, the motion vector
will be only along the zc axis of the camera. In other words,
ωcz = ωcx = 0 and V cx = V cy = 0. By applying these constraints
on the model in (7), we obtain the following model of the
kinematics of the feature point vector resolved in the camera
coordinate frame:

Ẋc = −ωcyZc, (8a)

Ẏ c = 0, (8b)

Żc = −V cz + ωcyX
c. (8c)

From (8), one can notice that the feature point Y c coordinate
does not change since the motion of the robot is only in 2D.

1) Pin-hole camera model and image formation: In this
paper we used a monocular camera that can be described
by a pin-hole camera model [1], [26]. In this model a 3D
feature point in the camera coordinate frame is projected to
a 2D image point on the camera image plane (uov) (Fig. 2).
According to the properties of the perspective projection in
a pin-hole camera [1], [26], image point coordinates can be

Fig. 2. Perspective projection in a pin-hole camera.

calculated as

x = f
Xc

Zc
+ cx, (9a)

y = f
Y c

Zc
+ cy, (9b)

where (x, y) are the image point coordinates, f is the camera
focal length and (cx, cy) are principal point coordinates, all
measured in pixels. Rearranging the terms in (9a) yields

Xc = (x− cx)
Zc

f
. (10)

Substituting (10) into (8c) we obtain

Żc = −V cz + ωcy(x− cx)
Zc

f
. (11)

The focal length and the principal point are camera intrinsic
parameters. They should be estimated before using the camera,
as described later (see IV-B3). The kinematics of an image
point can be obtained by differentiating (9), yielding

ẋ =
ZcẊc −XcŻc

(Zc)2/f
, (12a)

ẏ =
ZcẎ c − Y cŻc

(Zc)2/f
. (12b)

To cope with high degree of non-linearity in the state
dynamics the range coordinate Zc in (8), (11) and (12) is

represented with its reciprocal ξ =
1

Zc
[13]. Montiel et al. [27]

showed that this explicit parametrization of the reciprocal
depth allows a Gaussian distribution to faithfully represent
uncertainty in depth for a depth range from nearby to infinity.
Substituting (8) into (12) and using (11) we obtain

ẋ = −
(
f +

x− c2x
f

)
ωcy + V cz ξ (x− cx) , (13a)

ẏ = V cz ξ (y − cy)−
ωcy (x− cx) (y − cy)

f
, (13b)

ξ̇ = V cz ξ
2 −

ωcyξ (x− cx)

f
. (13c)

The system of equations (13) can be interpreted as a shaping
filter whose outputs are the image point coordinates and the
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Fig. 3. Generating data for simulation studies

reciprocal of the depth while its inputs are camera angular and
linear velocities.

III. PROBLEM STATEMENT AND SOLUTION ALGORITHM

This section presents an improvement to the approach
described by Davidson et al. [21], [28], [29] for the depth
estimation from a sequence of images while tracking a feature
point. In [21], [28] the authors presented a simpler normalized
version of the model in (13) where f = 1 and (cx, cy) = (0, 0).
In this paper, a complete camera model is considered and
the intrinsic parameters of the camera, i.e. f and (cx, cy)
are used in model (13). These parameters will be given
in simulation studies and will be determined using camera
calibration procedure in field test implementation (see IV-B3).

A. Problem statement

The Line-of-Sight (LOS), i.e. the direction to the feature
point, can be measured by a camera. This LOS changes
according to the camera motion as illustrated in Fig. 3. The
changing in the LOS represents the kinematics of a feature
point and can be described in (7).

The kinematic relation between the feature point and its
projection on the camera image plane was described using the
system of equations (13) where the camera linear and angular
velocities are used. The velocities can be measured in the
coordinate frame of the robot using an odometer and an IMU
then transformed to the camera coordinate frame using the
rotation matrix Rcr. However, the measured velocities include
error components. So, the true velocities can be represented
as

ωcy = ω̃cy −∆ω̃cy,

V cz = Ṽ cz −∆Ṽ cz . (14)

where Ṽ cz and ω̃cy are noisy measured camera linear and
angular velocities and ∆Ṽ cz and ∆ω̃cy are corresponding mea-
surement errors. In this paper, these errors are considered to
be independent white noises with autocorrelation functions

E
(

∆Ṽ cyt∆Ṽ
c
yτ

)
= σ2

V δ(t−τ) and E
(
∆ω̃cyt∆ω̃

c
yτ

)
= σ2

ωδ(t−
τ), respectively. Substituting (14) into (13) yields

ẋ = −
(
f +

x− cx2

f

)(
ω̃cy −∆ω̃cy

)
+
(
Ṽ cz −∆Ṽ cz

)
ξ (x− cx)

ẏ =
(
Ṽ cz −∆Ṽ cz

)
ξ (y − cy)−

(
ω̃cy −∆ω̃cy

)
(x− cx) (y − cy)

f

ξ̇ =
(

Ṽ
c

z −∆Ṽ cz

)
ξ2 −

(
ω̃cy −∆ω̃cy

)
ξ (x− cx)

f
. (15)

In summary, the process model (15) can be formulated as

Ẋ = S
(
X, Ṽ cz , ω̃

c
y, q
)
, (16)

where X = [x, y, ξ]
T is the state vector and q =

[
∆ω̃cy,∆Ṽ

c
y

]
is the vector of process noise components that are modeled as
zero-mean white noises with power spectral density matrix

Qc =

[
σ2
ω 0
0 σ2

V

]
. (17)

The state vector in (16) is initialized as a normally dis-
tributed multivariate random variable X0 ∼ N(X̂0, P0). The
initial guess can be obtained by triangulation, for example,
using two (or some few) consecutive camera measurements
for coarse distance estimation. The measurements can be
described as

zk =

[
x
y

]
k

+ vk, (18)

where vk is the measurement error at time step k. It is modeled
as a white noise with a covariance matrix R. The measurement
model (18) can be rewritten as

zk = HXk + vk, (19)

where Xk is the state vector evaluated at time step k and the
measurement matrix is

H =

[
1 0 0
0 1 0

]
. (20)

The problem under investigation can be summarized as
estimation of the depth when its reciprocal is described by
the continuous-time shaping filter (16), using the sequence of
camera measurements modeled by (18).

B. Solution algorithm

To solve the problem under investigation numerically, the
model in (16) should be discretized. It can be written in a
discrete form as

Xk = Xk−1 +

∫ tk

tk−1

S
(
Xk−1, Ṽ

c
zk−1

, ω̃cyk−1

)
dt+G(Xk−1)qk−1

(21)

where qk−1 is the vector of discretized measurement errors
that are considered to be zero-mean white Gaussian noise.
The integral in (21) can be estimated using different numerical
integration methods, e.g. Euler or Runge-Kutta methods. In



5

this paper the fourth order Runge-Kutta method is used.
Equation (21) can be written as

Xk = Ψ
(
Xk−1, Ṽ

c
zk−1

, ω̃cyk−1
, qk−1

)
. (22)

The problem under investigation is a nonlinear problem
because the process model is nonlinear. Hence, posterior
distribution and the state vector can be estimated recursively
using a Bayesian filter. In this paper, EKF will be considered
for solving the problem under investigation.

C. Extended Kalman Filter

EKF is an approximate version of the optimal filter for
nonlinear filtering problems [30]. The prediction and update
steps of the (first order) EKF are [31]:

Prediction:

X−
k = Ψ

(
X̂k−1, Ṽ

c
zk−1

, ω̃cyk−1
, 0
)
, (23)

P−
k = Ak−1Pk−1A

T
k−1 +Gk−1

Qc
∆t

GTk−1. (24)

Update:

Kk = P−
k H

(
HP−

k H
T +R

)−1
, (25)

X̂k = X−
k +Kk

(
zk −HX−

k

)
, (26)

Pk = (I −KkH)P−
k , (27)

where

Ak−1 =
∂

∂X
Ψ
(
Xk−1, Ṽ

c
zk−1

, ω̃cyk−1
, qk−1

)
X=X̂k−1,qk−1=0

,

(28)

Gk−1 =
∂

∂q
Ψ
(
Xk−1, Ṽ

c
zk−1

, ω̃cyk−1
, qk−1

)
X=X̂k−1,qk−1=0

.

(29)
Here, the nonlinear model (22) is used to predict the state
according to (23). Then, the model is linearized to obtain
matrices Ak−1 and Gk−1 (see Appendix for the details), which
are then used to obtain the prediction error covariance matrix
in (24). The measurement update (25)-(27) is the same as in
a standard Kalman filter.

IV. IMPLEMENTATION AND RESULTS

This section presents the simulation studies and field test for
the algorithm introduced in the previous section. First, simula-
tion studies for the influence of different motion parameters on
estimation accuracy are presented in subsection IV-A. Then,
the results of the field test for the proposed algorithm are
presented and discussed in IV-B.

A. Simulation study

The proposed algorithm is tested using simulated data in
order to get insights into how the algorithm works. Also,
it will help us to study the effect of different parameters,
such as feature point coordinates and linear velocity, on depth
estimation accuracy. This subsection is organized as follows.
First, a block diagram for robot’s motion and measurement
modeling is introduced along with the mathematical equations
describing the behavior of each item in the block diagram.
Then, the results of the simulation studies are presented and
discussed.

Fig. 4. Generating data for simulation studies

1) Motion and measurement modeling: Fig. 4 gives insights
into how the data are generated for simulation. There are three
main sub-blocks: a camera motion modeling block, a feature
point position update block and a measurement modeling
block. These blocks are described in the following lines.

Motion modeling: In this sub-block, true values for angular
and linear velocities of the camera are generated. These
velocities are then disturbed by white noises to model the
noisy signals obtained from the IMU and the odometer.

Feature point coordinates update: Due to camera motion,
the feature point coordinates, resolved in the camera coordi-
nate frame {C}, changed at every time step. By approximate
time-integration of (8), the updated coordinates of the feature
point can be obtained as

Xc
k = Xc

k−1 − ω̃cyk−1
Zck−1∆t,

Y ck = Y ck−1,

Zck = Zck−1 − Ṽ czk−1
∆t+ ω̃cyk−1

Xc
k−1∆t. (30)

Image point calculation: The projection of the updated
feature point, i.e. the updated image point, can be computed
using (9). The image point is then disturbed by a white noise
to model noisy camera measurements.

2) The results of simulation study: The modeled motion and
measurement parameters are fed to EKF algorithm to estimate
the state vector X recursively as explained in the previous
section (see III-B and III-C). In Fig. 5 a block diagram of
the EKF implementation is presented. The rest of this section
is organized as follows. The influence of the feature point
location, related to the focus of expansion, on depth esti-
mation accuracy is presented and discussed. Then, the effect
of the camera linear velocity on depth estimation accuracy
is investigated. Finally, the scalability of the problem under
investigation is considered by introducing a dimensionless
scalability parameter. This parameter describes the expected
estimation error as a function of the difference in the apparent
position of a feature point viewed along two different lines of
sight for the same observation scenario regardless of camera
linear velocity. The parameters used in this simulation study
are presented in Table I.
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Fig. 5. EKF implementation

TABLE I
THE KALMAN FILTER PARAMETERS FOR THE SIMULATION STUDY.

time step size (dt) 0.1 s

observation time (T) 3 s

σω 0.001 rad/s /
√
Hz

σV 0.01 m/s /
√
Hz

P0 diag
[
10 pixel2, 10 pixel2, 9 m−2

]
Feature point location (camera trajectory): The focus of

expansion is a point at which there is no optical flow. This
point is located on the camera optical axis. If a feature
point is located at, or near to, the focus of expansion, it
will be projected at, or near to, the camera principal point
and therefore there will be little or no disparity between
image points in successive frames. Therefore, it is difficult
to accurately estimate the distance to a feature point that is
located near the focus of expansion. In this study, a Monte-
Carlo simulation of the depth estimation of four feature points
with 1000 realizations of the measurement error using the
parameters in Table I and a robot linear velocity equal to 0.5
m/s, i,e, V cz = 0.5 m/s. Initial error in distance estimation is
set to 3 m. The feature points are located at different distances
from the optical axis, i.e. from the focus of expansion.

Fig. 6 shows how the accuracy of distance estimation
depends on the mutual geometry of a feature point and a
camera. From the figure it can be seen that the filter converges
faster for points that are located farther from the focus of
expansion. This fact could be taken into account during the
practical implementation of the proposed algorithm. That is,
the camera trajectory, i.e. robot motion, could be planned in
such a way that keeps the feature point away from the focus of
expansion. By doing so, better estimation accuracy and faster
convergence of the filter can be achieved. Also, it should be
noted that it is a scalable problem. It means that the farther the

Fig. 6. Influence of the feature point distance from the focus of expansion
on depth estimation accuracy. Monte-Carlo simulations (1000 realizations) for
different feature points.

Fig. 7. Influence of the linear velocity of the camera on the depth estimation
accuracy. Monte-Carlo simulations (1000 realizations) for different linear
velocities.

feature point is from the camera, the farther its image point
needs to be from the focus of expansion. This is because the
disparity between image points in successive frames for far
feature points is smaller than the disparity for the near ones.

3) Linear velocity: To investigate how the camera linear
velocity affects the depth estimation accuracy, four different
values for a constant camera linear velocity are tested: 0.1,
0.3, 0.5, and 0.8 m/s. The parameters used in this simulation
study are presented in Table I. The feature point is located at
P c = [0.4 0.4 8]

T .
In Fig. 7 shows the mean depth estimation errors from

1000 Monte Carlo simulations with different measurement
realizations. We can see that the greater the linear velocity,
the faster the filter converges. The explanation is that when the
camera moves faster the disparity between the image points
in successive frames will be larger and hence the triangulation
angle will be wider.

4) Problem scalability: The results illustrated in Fig. 7 are
scalable. Depth estimation depends not only on the camera
linear velocity but also on how far the feature point is. This
scalability feature can be captured using the dimensionless
scalability parameter L = V T/D0 that was used in [32], [33],
where V is the camera’s speed averaged over the observation
time interval, T is the length of the observation time interval
and D0 is the initial range to the feature point, i.e. the
Euclidian norm of the feature point initial position vector
resolved in the camera coordinate frame {C} [21], [28].

The scalability parameter L describes the ratio between the
covered distance and the initial range to the feature point. It
represents the ability of the camera to create a difference in the
apparent position of a feature point viewed along two different
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Fig. 8. Influence of the length of the observation time interval on the depth
estimation accuracy.

TABLE II
THE RELATION BETWEEN THE RELATIVE ERROR IN DEPTH ESTIMATION

AND THE SCALABILITY PARAMETER L USING SIMULATED DATA.

L 0.05 0.12 0.18 0.24 0.31

Relative error 3.2% 2.1% 1.7% 1.5% 1.35%

lines of sight. It should be noted that this parameter does not
take into account different camera trajectories (different obser-
vation scenarios). Thus for the same L, the depth estimation
accuracy will be different for different trajectories. At the same
time, for the same camera trajectory, depth estimation accuracy
will be the same for the same values of L regardless of the
value of the camera linear velocity.

Fig. 8 shows how the error in depth estimation depends on
the dimensionless scalability parameter L for a moving camera
with a linear velocity 0.5 m/s detecting a feature point initially
located at P c = [0.4 0.4 8]

T . It helps to understand what
potential accuracy can be achieved if the scale (dimensions)
of the viewing scene are different from those that was used in
the presented experiments.

The relative error in depth estimation can be defined as
the percentage ratio of the error in depth estimation at any
time step and the true depth at the same time step. Table II
shows the relative error for the values of scalability parameter
L illustrated in Fig. 8 We can notice that the relative error
decreases with the increase in the value of L.

B. Field test

This subsection presents the field test results for the pro-
posed algorithm. First, the implementation details about the
used components are presented. Then, the experiment setup
and the results are introduced and discussed.

1) Implementation details: The Robotnik TurtleBot2 robot
(Fig. 9) is used. The robot’s Kobuki base includes a calibrated
IMU and a calibrated odometer connected to the wheels. The
base is connected to a Linux (Ubuntu 14.4) portable computer
and power is provided by a battery installed in the lower
part of the base. Three Point Grey Grasshopper3 cameras
are installed on the robot and connected to the computer.
The middle camera only is used in this experiment. A Robot
Operating System Indigo (ROS Indigo) is running on the
computer. ROS drivers for the sensors (the IMU, the odometer,

Fig. 9. Front and rear views of the TurtleBot2 robot. Only the central camera
is used in the experiment.

and the camera) are installed on the robot computer. When the
robot begins to function, written ROS nodes allow the sensors
to transmit time stamped ROS messages that are collected
remotely using a Linux user computer connected to the robot
computer via a wireless Local Area Network (LAN). The
collected messages are saved in one ROS bag file and available
for offline post processing.

2) Experiment setup: The robot is driven manually to a
feature point in a preplanned trajectory. The feature point is
a chessboard fixed on a wall in the laboratory. The robot is
driven by a remote user transmitting the input signals on the
corresponding ROS topics over a wireless LAN. While driving
the robot, the IMU and the odometer measure the angular and
the linear velocity of the robot. At the same time, the camera
captures images of the feature point at 5 frames/second. The
ROS time stamped messages from the IMU, the odometer, and
the camera are sent to the user computer and saved in a ROS
bag file. Then the signals are extracted from these messages,
synchronized and processed.

3) Preprocessing and camera calibration: The measured
angular and linear velocities are transformed from the robot
coordinate frame to the camera coordinate frame using the
rotation matrix Rcr. The transformed velocities are stored with
their corresponding time stamps. Each frame is processed to
detect the feature point.

The camera’s intrinsic matrix is calibrated using different
images of a chessboard and the Camera Calibration Toolbox
in Matlab [34]. The Matlab Camera Calibration Toolbox’s
function detectCheckerboardPoints is used to detect the chess-
board. The function is based on the algorithm introduced by
Geiger et al. [35]. The algorithm automatically extracts corners
to sub-pixel accuracy and combines them to (rectangular)
checkerboards or chessboard-like patterns. We are interested
in the image point of the chessboard’s upper-left corner. The
image points of the chessboard origin are stored with the
corresponding time stamps of their frames.

4) Feature points detection and tracking: The image cap-
tured with camera describes the intensity of light reflected
from the surface of objects. The intensity can rapidly change
in the image for example because of the color changes or
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the orientation changes of the object. A point where intensity
changes in two directions is called a corner in image. There
exist a large variety of corner detection algorithms and in
this work the algorithm described in [36] was applied. This
approach was described in our previous work [21].

Feature points can be found from each image frame sep-
arately. However, the location of feature points differs from
one frame to another and therefore the features between
the consecutive frames must be matched by tracking them
over the image sequence. In our experiments we used the
Kanade-Lucas-Tomasi (KLT) feature-tracking algorithm, an
iterative method with image pyramids [37], [38]. The KLT
tracker detects a number of image points the corners in the
checkerboard. However, we need only one image point at the
time and track it in the consecutive frames. It is worth to
mention that significant disparity between the image points in
two consecutive frames should be guaranteed for the algorithm
to converge. We found from our experiments that the algorithm
does not converge well if the disparity is less than 10 pixels.

5) Synchronization and processing: The velocities and the
image points are sorted in ascending order according to their
time stamps. Then, the pipeline of the proposed algorithm is
launched by assigning appropriate initial values for the state
vector X̂ and the covariance matrix P . The initial time value
is assigned equal to the time stamp of the first signal. Then, the
sorted signals are processed, in order, at every step as follows.
First, the time step size is computed by taking the difference
between the current time stamp and the previous one. Then,
the signal is processed according to its type.

For example, if the signal is an angular velocity, the state
is propagated using only the angular velocity using (30) by
setting ω̃cy equal to the value of the processed signal and
Ṽ cz equal to zero. The propagation is similar with the linear
velocity signal. It is processed by setting Ṽ cz equal to the value
of the processed signal and ω̃cy equal to zero. The measurement
update is carried out only if the processed signal is a camera
image point. The proposed algorithm was tested on a computer
with 3.5 GHz intel core i7 processor. The required time for
EKF updating step using one feature is around 0.06 ms.

6) Experiment results: The experiment is performed by
driving the robot forward to the feature point, stopping it,
then driving it backward away from the feature point. This
motion is repeated to imitate the way in which a heavy fork-
lift robot may be moved when carrying different objects from a
place to another in a warehouse or factory. This motion can be
described as a repeated low-speed motion with low dynamics
and without sharp turns. The ground truth depth was obtained
using the prespective-n-points algorithm described in [39] and
known size of the checkerboard.

In the experiment, the robot is at rest for about 1.5 s,
then begins a series of back and forth motions. The angular
and linear velocities captured by the IMU and the odometer
are shown in Fig. 10. The results of offline application of
the proposed depth estimation algorithm on real data are
presented in Fig. 11. We see that after the robot starts to
move, the filter needed 1.5 to 2 seconds (about 10 frames)
to converge. This is approximately the same amount of time
the filter needed to converge in the simulation studies (see

TABLE III
THE RELATION BETWEEN THE RELATIVE ERROR IN DEPTH ESTIMATION

AND THE SCALABILITY PARAMETER L USING REAL DATA.

L 0.042 0.085 0.127 0.174 0.23

Relative error 9.05% 2.14% 0.92% 0.26% 0.17%

Fig. 10. Discrete received linear (blue) and angular (red) velocities of the
camera.

Fig. 8). The scalability parameter L was computed for the
forward motion in the first 20 seconds. From Fig. 11, we
can notice that the error in depth estimation decreases with
the increase in the value of L. The same result was obtained
in simulation studies (see Fig. 8). The relation between the
relative error and L parameter is described in table III. We
can notice that the relative error decreases with the increase
in the value of L. This result is expected from simulation
studies (see Table II).

Fig.12 shows the actual and computed errors in the in-
verse depth (ξ) estimation. The actual error is computed as
difference between the reference and estimated values of the
inverse depth. The computed error is a square root of the
diagonal element of the covariance matrix estimated by the
EKF (σξ). From Fig.12, we can assure filter consistency as
the real estimation error is located inside the error interval
predicted by EKF.

V. CONCLUSIONS AND FUTURE WORK

In this paper, a depth estimation approach using a monocular
camera is proposed. The approach is based on using EKF
for fusing the information extracted from a sequence of
camera images, i.e. image points, with the angular and linear
velocities of the camera measured by an IMU and an odometer
respectively. The novel contribution of this work is a practical
approach to the 6 DOF depth-from-motion problem that can
be implemented on a mobile robot equipped with a standard
camera, and a mathematical model to predict depth accuracy
for different observation scenarios. The approach is suitable
for real-time implementation and it can be used to estimate
distance to objects located hundreds of meters away. Our



9

Fig. 11. Depth estimation using real data. The lower part emphasizes filter
convergence during the first 4 seconds

Fig. 12. Actual and computed errors in the inverse depth (ξ) estimation.

approach is based on a probabilistic model that takes into
account the uncertainties in the camera’s motion. The approach
is robust to brief line of sight obstructions and to errors in the
measurement of the camera’s ego motion. The convergence
time of the depth estimation to the true value is several times
shorter compared to state-of-the-art solutions [12]. We also
introduce a mathematical model for assessing the accuracy
of the depth estimation algorithm for different observation
scenarios that can include various distances between a camera
and points and different camera velocities. In the following
lines, some issues related to the robustness and the area of the
implementation of this approach are addressed.

A. Estimation accuracy and convergence time

Accuracy of the depth estimation depends, mainly, on the
mutual geometry between the camera and feature point. If the

camera motion creates significantly different viewpoints of an
object, the distance to this object can be estimated accurately
and the errors in distance estimation can be as low as 1% of
the distance. The accuracy also depends on the measurement
errors in translational and angular velocities. However, in our
previous study [21] we showed that for wheeled vehicles
equipped with an odometer and reasonably good MEMS IMU
the influence of these errors on depth estimation accuracy is
small.

The convergence time depends on the initial guess in depth
estimation. In the examples that are shown in Fig.6 and Fig.7,
the state vector was initialized with 3 m depth error. Reducing
the initial uncertainty will help the filter to converge faster. In
real-life scenarios the initial guess is usually obtained using
simple triangulation. In this case the error in initial depth
estimation does not exceed 50% of the distance to the object.
The proposed algorithm can cope with this initial uncertainty
well.

B. Robustness of the approach

Concerning the robustness of the approach, three important
factors should considered. The first factor is the location
of the feature point related to the focus of expansion. As
presented in IV-A2, the approach converges faster for the
points that are far from the focus of expansion. Therefore,
to get a faster convergence, the trajectory should be planned
in such a way that allows the feature point to be located away
from the focus of expansion.

The second factor is the type of the camera motion. Since
this is a triangulation-based approach, translation motion helps
the depth estimation: the faster the camera moves, the bigger
the change in the LOS, the wider the triangulation angle, the
better the accuracy. This was seen in the results of simulation
studies (seeIV-A3). At the same time, rotation does not help
the approach. On the contrary, it will add an ambiguity. In
rotational motion, there is no changing in the LOS, hence,
there is not any triangulation angle and the filter will not be
able to estimate the depth properly.

The third factor is the initial state of the filter. EKF uses a
linearized version of the motion model. The initial state is the
first point of linearization. Choosing the point of linearization
is very important, otherwise the filter may diverge. There are,
at least, three different ways to choose the initial state for the
proposed approach. The first way is to consider the geometry
of the space if the robot moves in an enclosed space. By
knowing the dimensions of the space and the initial position of
the robot, we can, approximately, guess the initial depth of the
feature point. The second way is using an additional feature
point with known position as an auxiliary point. By making a
triangulation between the two points and the camera, the depth
can be estimated and used as an initial value in the EKF.

The third way is getting two different images for the feature
point from two different positions and consider the camera
in the two position as a stereo pair. Using an IMU and an
odometer, the rotation and the transition of the camera between
the two positions can be calculated. With known relative
geometry of the camera in two position, an approximated value
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for the depth can be estimated. In this paper the first and the
the second way were used because the feature point was a
chessboard with known geometry among its corners and the
experiment was conducted in an indoor laboratory.

C. Area of implementation

The proposed approach can be used for any implementation
that requires estimating the distance to a feature point under
two conditions. The first one is that the motion should be
translation-dominant motion without high maneuvering (sharp
turns). The second condition is that the feature point should
not be too close to the focus of expansion of the camera. A
fork-lift robot in warehouses or in factories may be a good
implementation site for the proposed approach.
Another important possible application for the proposed ap-
proach is a depth map. By taking more than one feature point
(around 500 or 1000) and estimating the depth for each of
them, a depth map can be obtained. Depth maps are usually
obtained using stereo cameras, but this proposed approach may
open the door towards using a monocular camera to get a depth
map.

D. Future work

Our future work will address a comparison between the
depth estimation using stereo vision and the proposed ap-
proach. The proposed approach might be improved if other
non-linear filters, such as Unscented Kalman filter or particle
filter are used to solve the depth from motion problem.

Taking advantage of additional features, when available,
should provide significant benefits, like improved accuracy and
increased robustness. This multi-feature cooperative approach
can provide additional sensor measurements without adding
additional hardware. It also adds flexibility to the sensing
strategy, whereby a feature that is traveling out of the field of
view of the camera can be augmented by a more appropriate
feature before the first feature is lost.

In this work the detected feature points are not associated
with any specific object and the current goal is to obtain an
image where each chosen feature point contains information
about the depth or distance to the camera. In our future
work we are planning to develop approaches for vanishing
points identification and data association. The latter can help
to identify specific objects including moving ones and build a
map of the environment. The vanishing points correspond to
distant landmarks and therefore their projections to the image
plane are not moving unless the camera is rotating.
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APPENDIX

This appendix provides derivation of the Jacobians for the
motion model Equations (26), (27).
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+ Ṽ cz ξ∆t 0 Ṽ cz (x− cx)∆t

−ω̃cy(y − cy)
∆t

f
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