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Abstract—In this article, the adoption and performance of a
constant envelope (CE) type spatial precoder is addressed in
large-scale multiuser MIMO based cellular network. We first
formulate an efficient computing solution to obtain the antenna
samples of such CE precoder. We then evaluate the achievable CE
precoder based multiuser downlink (DL) system performance and
compare it with the corresponding performance of more ordinary
zero-forcing (ZF) spatial precoder. We specifically also analyze
how realistic highly nonlinear power amplifiers (PAs) affect the
achievable DL performance, as the individual PA units in large-
array or massive MIMO systems are expected to be small, cheap
and operating close to saturation for increased energy-efficiency
purposes. It is shown that the largely reduced peak-to-average
power ratio (PAPR) of the PA input signals in the CE precoder
based system allows for pushing the PA units harsher towards
saturation, while allowing to reach higher signal-to-interference-
plus-noise ratio (SINRs) at the intended receivers compared to the
classical ZF precoder based system. The obtained results indicate
that the CE precoder can outperform the ZF precoder by up to
5-6 dBs, in terms of the achievable SINRs, when the PA units
are pushed towards their saturating region. Such large gains are
a substantial benefit when seeking to improve the spectral and
energy-efficiencies of the mobile cellular networks.

Index Terms—massive MIMO, multiuser MIMO, large-array
systems, spatial precoding, nonlinear power amplifiers, peak-to-
average power ratio, optimization

I. INTRODUCTION

Power consumption of the cellular network is commonly
recognized as a major concern [1]. The power-efficiency of
radio transmitters, and particularly the involved power am-
plifiers (PAs), is one key aspect in the total network power
consumption [2]. Due to the envelope characteristics of the
currently used radio access waveforms, power amplifiers need
to operate in a relatively linear regime in order not to distort
the transmit signals, resulting commonly into low power-
efficiency [3]. Furthermore, the demands of data hungry users
and new services lead to adopting large antenna arrays at
the base stations (BS). Such large antenna arrays enable
the improvement of the system spectral efficiency linearly
proportional to the number of antennas [4]. In addition to
beamforming and multiplexing gains, it has recently been
established that large antenna arrays also allow for transmit
waveform shaping in such a way that robustness against
PA nonlinearities can be achieved [5]. Constant envelope
type of precoders allow for reducing the peak-to-average
power ratio (PAPR) of the corresponding continuous-time PA

input signals, while simultaneously providing beamforming
and spatial multiplexing benefits, similar to more ordinary
linear precoders. This allows to simultaneously address the
two main targets of new mobile communications systems,
namely improved spectral and energy efficiencies. In the
recent literature [5]–[10], the optimization and characterization
of such CE precoders have been addressed, however, none
of the existing works provide a comprehensive performance
evaluation under realistic measurement-based nonlinear PA
units nor comparison with traditional spatial precoders such
as zero forcing (ZF). In this paper, the ZF based spatial
precoder serves as the reference precoding technique, due
to its simplicity, well known performance and wide-scale
utilization in massive MIMO research and development work.
Furthermore, the proposed CE based spatial precoder involves
setting a constraint on maximum allowed multiuser interfer-
ence (MUI), as it will be detailed further below. The fact that
ZF type of precoder is capable of fully suppressing the MUI
makes ZF a better reference than, for example, maximum ratio
transmission (MRT) precoder that does not explicitly control
MUI. Thus, this ensures that the performance limitations of the
reference precoder is due to the nonlinear distortion introduced
by the PAs, and not due to any other sources. Thereby, ZF
precoder serves well as the reference solution in evaluating and
comparing the performance of the CE-based spatial precoder.

In this article, based on above reasoning, we analyze and
evaluate the performance of a large-array multiuser (MU)
MIMO downlink system, with CE and ZF based spatial
precoders. In order to be able to perceive the effects of the
PAPR reduction on the realistic system performance, we adopt
measurement based nonlinear PA models in every antenna
branch of the base-station. For a given transmit power, it is
shown that the resulting continuous-time waveforms obtained
through the CE precoding exhibit substantially milder inband
distortion due to the higher tolerance to the PA nonlinearities,
an effect that is more rigorously analyzed and characterized
through the experienced signal-to-noise-and-interference ratio
(SINR) and bit error rate (BER) at the intended receivers.
In case of ordinary ZF precoder, it is also shown that as the
transmit power is increased, the inband distortion produced by
the nonlinear behaviour of the PAs becomes more and more
significant, and eventually will become the main source of
interference or distortion experienced in the receivers, and



thus becomes the limiting factor to the achievable system
performance. The CE precoder does not have such limit as
long as the PA units are not fully saturated. Furthermore,
in the paper, we describe and implement a computationally
efficient optimization approach to obtain the CE precoded
antenna samples. Overall, the obtained results reported in the
paper show that compared to ordinary ZF precoder, the CE
precoder allows for pushing the PA units of a large-array base-
station substantially harsher towards saturation, while allowing
to reach higher SINRs at the intended receivers. Depending on
the transmit sum-power or effective radiated power constraints,
the results show that the gain of the CE precoder over ZF can
be even up to 5-6 dBs, in terms of the achievable SINRs.
Such large gains are a substantial benefit when seeking to
improve the spectral and energy-efficiencies of the existing
and emerging mobile cellular networks.

The rest of this paper is organized as follows: In Section II,
the basic system model of multi-user massive MIMO downlink
transmission is provided, incorporating the construction of the
involved CE precoder. Also the PA nonlinearities and other
different distortion and interference aspects are addressed.
Then, in Section III, the performance evaluation results and
their analysis are provided. Finally, Section IV will conclude
the work and summarize the main findings.

II. SYSTEM MODEL AND CE PRECODER

We assume a large-scale MU-MIMO downlink system
where K and Nt denote the number of single-antenna si-
multaneously scheduled users and the number of transmit
antennas at the base station, respectively, where Nt >> K.
It is assumed that there is a total symbol-rate transmit sum-
power constraint Pt. Let S denote the information alphabet
and s = [s1, s2, · · · , sK ]T denote the vector of information
symbols, where sk ∈ S denotes the information symbol
intended for the k-th user. Furthermore, in case of linear
precoding, let WTX ∈ CNt×K denote the precoding matrix
which will be obtained through the ZF principle, and used
as the reference method in this paper. The linear precoded
symbols x = [x1, x2, · · · , xNt

]T are obtained as

x = WTXs. (1)

The CE precoder, in turn, is a nonlinear mapping from the
information symbols s to the precoded samples x, which we
will address explicitly later in this section.

For mathematical tractability, we assume a single-carrier
system, as in [5]–[10], and thus root raised-cosine (RRC)
filters are utilized for filtering the precoded and upsampled
symbols, generating thus the continuous-time signals x(t) =
[x1(t), x2(t), · · · , xNt

(t)]T . Notice that since the CE precoder
operates at symbol level, the continuous-time signals are not
exactly CE waveforms since the RRC filtering introduces some
inherent PAPR increase - even if the precoded symbols xn
have constant envelope. This PAPR increase and the associated
sensitivity to PA nonlinearities will be addressed in Section III.

The continuous-time signals then pass through highly non-
linear PAs. In this work, 9-th order memoryless polynomial
models of the form

zn(t) = b1,nxn(t) + b3,nxn(t)|xn(t)|2 + b5,nxn(t)|xn(t)|4

+ b7,nxn(t)|xn(t)|6 + b9,nxn(t)|xn(t)|8 (2)

obtained from RF measurements of a set of actual PAs,
are utilized, where n refers to the antenna/PA index. The
polynomial coefficients of the different PA units, obtained
from the measurements, are all slightly different reflecting the
true characteristics and nature of the measured PAs. In general,
since the polynomials behave expansively, at large amplitude
levels, they are properly clipped to reflect the true saturation
levels of the individual PAs.

For simplicity, we assume narrowband fading, and thus,
the channel between the k-th receiving antenna and the n-
th transmit antenna can be modeled as a single complex
coefficient. The corresponding zero-mean-unit-variance flat-
fading Rayleigh multiuser channel matrix is denoted by H ∈
CK×Nt . Furthermore, perfect channel state information (CSI)
knowledge is assumed at the transmitter.

The well-known ZF precoder coefficients [11], utilized in
this paper as the reference technique, are obtained by means
of the right pseudoinverse of the multiuser channel matrix as

WZF
TX = HH

(
HHH

)−1
(3)

On the other hand, the CE precoded samples are commonly
obtained by means of more elaborate optimization frame-
works, as discussed in [5]–[10]. In this work, we formulate
next a computationally efficient iterative least-mean square
(LMS) type of an approach to obtain such CE precoded
samples. First, the CE precoded samples are constrained to
have constant envelope such that |xn| =

√
Pt/Nt, therefore,

the precoder outputs xn are of the form

xn =

√
Pt
Nt
ejθn , n = 1, · · · , Nt (4)

Thus, the precoder generates a symbol rate constant envelope
signal in every antenna branch, each of them with a certain
phase. The expression in (4) also automatically guarantees that
the symbol-rate transmit sum-power constraint of Pt is met
Then, by neglecting the PA induced distortion in the algorithm
development phase, the CE precoded signal received by the k-
th user can be consequently expressed as

yk =

√
Pt
Nt

Nt∑
n=1

hk,ne
jθn + nk , k = 1, · · · ,K (5)

where nk refers to additive noise while hk,n denotes the
channel between the k-th user and the n-th transmit antenna.
The MUI experienced by the k-th receiver can be measured
as the difference between the actual noise-free received signal
and the intended symbol, and can be expressed, in terms of
the instantaneous squared value, as

γk =

∣∣∣∣∣
(√

Pt
Nt

Nt∑
n=1

hk,ne
jθn − αsk

)∣∣∣∣∣
2

(6)



where α denotes the obtained beamforming gain towards the
intended user. Then, the phases of the precoded samples are
selected such that the instantaneous power of the MUI over
all intended receivers is minimized. Such phase optimization
problem reads thus [5]

Θ = [θ1, θ2, · · · , θNt
] = arg min

θn∈[−π,π),n=1,...,Nt

f(Θ, s)

f(Θ, s) =

K∑
k=1

∣∣∣∣∣
(√

Pt
Nt

Nt∑
n=1

hk,ne
jθn − αsk

)∣∣∣∣∣
2

s.t. ||x||2 = Pt

|xn| =
√
Pt
Nt

(7)

where θn denotes the phase of the precoded sample for the
n-th antenna.

Algorithm 1 LMS-based optimization framework for CE
precoder

1: Θ1 = [0, 0, · · · , 0]T

2: threshold = +inf.
3: for n = 1 to Nt do
4: for m = 1 to M do
5: em =

∑K
k=1

∣∣∣(√ Pt

Nt

∑Nt
n=1 hk,ne

jθn,m − αsk
)∣∣∣2

6: θn,m+1 = θn,m + θLMS,m(em)
7: if em < threshold then
8: threshold = em
9: θn,opt = θn,m

10: end if
11: end for
12: θn = θn,opt
13: end for
14: return xopt =

[√
Pt

Nt
ejθ1,opt , · · · ,

√
Pt

Nt
ejθNt,opt

]T
To solve the optimization problem, we adopt an iterative

approach described in Algorithm 1. This computing friendly
algorithm consists of Nt×M iterations, where M is a certain
prefixed integer value. Intuitively, in every n-th iteration, the
phase of the symbol at the n-th antenna branch is adapted
following M sub-iterations of the gradient descent algorithm
based on the error signal em, while the phases of the rest of
the antenna branches remain fixed. Then, the phase of the m-
th sub-iteration which resulted in the lowest MUI (denoted by
θn,opt) is assigned to the n-th antenna. Then, the algorithm
proceeds to the (n+ 1)-th iteration.

In general, if one wants to provide a certain beamforming
gain α, a constraint on the maximum allowed MUI is required.
Then, Θ is selected such that α is maximized, while keeping
the MUI below the maximum allowed limit. For further details,
please, refer to [5].

In order to later compare the system performance with
different precoders in a fair manner, specific care is needed in
constraining the transmit power. In general, one approach is
to assume that the transmit sum-powers under both precoders

are constrained identical. It is to be noted, however, that due
to the fact that the two precoders may present somewhat
different beamforming gains, the equivalent isotropic radiated
powers (EIRP) may also be different. Thus, in the following
performance evaluations and comparisons, we consider two
scenarios, one in which the transmit power is scaled in such a
way that both precoders present the same EIRP, and a second
scenario assuming that both precoders have the same transmit
power, and thus, their EIRPs are different.

In order to constrain the output sum-power of the ZF
precoder, one can first consider a general linear precoded
signal of the form x = WTXs. In order to constrain the
sum-power to Pt, we first express the covariance matrix of
the precoded samples as

cov(x) = E
{
xxH

}
= σ2WTXWH

TX (8)

where it has been assumed that the data streams are indepen-
dent from one another and have a covariance E

{
ssH

}
= σ2I.

Assuming further that the individual data stream powers are
normalized to one, that is σ2 = 1, the total output sum-power
constraint can be expressed as

E
{
||x||2

}
= trace {cov(x)} = trace

{
WTXWH

TX

}
= Pt

(9)
Thus, the transmit sum-power constraint is met if any given
precoding coefficients WTX are normalized by

β =

√
Pt

trace
{
WTXWH

TX

} (10)

The normalized precoder output thus reads

x = βWTXs (11)

Notice that the CE precoded samples obtained through Algo-
rithm 1 are, by design, automatically fulfilling the transmit
sum-power constraint of Pt. Notice also that in case of ZF
precoder in (3), the above normalization factor represents
directly the beamforming gain α, while for CE precoder the
beamforming gain has to be calculated numerically. Finally,
since the beamforming gains of the CE and ZF precoders
are generally different, the EIRPs are also different under
the given transmit sum-power constraint. Therefore, if perfor-
mance comparison under fixed EIRP is pursued, an additional
sum-power scaling needs to be adopted.

In general, the precoder coefficients obtained by means of
the ZF principle need to follow the time variations of the
MIMO channel, and therefore, its updating rate is dictated by
the coherence time of the propagation channel. On the other
hand, CE based precoder optimization to obtain the precoded
samples must be executed at every symbol instant. The coher-
ence time of the channel can easily be hundreds or thousands
of times longer than the symbol duration, thereby, the CE
precoder involves substantially larger computing complexity
than the linear precoders. Furthermore, the complexity of the
ZF based precoder grows linearly with the number of antennas,
while that of the proposed CE increases quadratically with the
number of antennas. Developing CE precoders with reduced
complexity is thus an important future work item for us.



III. PERFORMANCE RESULTS AND ANALYSIS

In this section, detailed performance evaluation results and
their analysis are presented. As a concrete example, we focus
on a 24 × 4 MU-MIMO scenario with four single-antenna
users. Four data streams, all of 16-QAM symbols, serve as
precoder inputs, while the precoder can be either CE or
ZF. The CE precoded samples are optimized such that a 20
dB MUI suppression is guaranteed. For the considered MUI
suppression, it can be shown that the CE precoder provides 1.9
dB lower beamforming gain than the ZF precoder. In general,
the precoders map the data streams into 24 antenna branches,
and the resulting signals then pass through upsampling and
RRC filtering stage of order 33 and with 0.4 roll-off factor.
Lastly, 24 different clipped 9-th order memoryless polyno-
mial models, obtained from extensive RF measurements, are
adopted in order to model the behavior of the PA units in true
array transmitter1. Since normalized polynomial models are
used, one needs to properly scale and unscale the input and
output signals of the PAs, respectively, such that the signals
fit in the polynomial range.

At the receiver side, we evaluate the BER and SINR in order
to quantify the quality of the received signals. Noise level at
the receiver side is fixed such that in the absence of in-band
distortion, it constitutes the main source of received signal
degradation. In the evaluations, we vary the transmit sum-
power Pt (under fixed noise level), which has an impact on the
resulting BER, back-off and SINR, which are presented in the
following subsections. The higher the transmission power, the
lower the applied back-off is, and therefore, the PAs introduce
higher in-band distortion which degrades the BER in case of
ZF precoder. In the figures below, we also plot the mean back-
off, relative to the 1dB compression point, as a function of the
transmission power. The reason to illustrate the mean back-off
is because every PA has a slightly different characteristic.

A. PAPR Distributions with CE and ZF precoders

We begin by shortly evaluating and illustrating the com-
plementary cumulative distribution functions of the precoded
antenna signals, using both the ZF and CE precoders. The
results are shown in Fig. 1, and illustrate how efficiently the
symbol-rate CE precoder is able to reduce the PAPR of the
antenna signals despite the RRC filtering stage. While the
PAPR of the ZF precoded signals can easily reach a level
of 12 dB, the PAPR of the CE coded signals is commonly in
the order of 3 dB only. Next we address how this translates to
multiuser radio link performance under nonlinear PA units.

B. Multiuser Radio Link BER with Fixed EIRP

Here we evaluate and analyze the case in which both
precoders are scaled such that the EIRP is fixed independent
of which precoder scheme is utilized. Note that this corre-
sponds to different transmit sum-powers due to the different
beamforming gains that the two precoders are able to provide.

1Lund University Massive MIMO testbed, http://www.eit.lth.se/mamitheme

Fig. 1. CE and ZF precoder PAPR distributions. The set of curves on the left
side corresponds to the CE precoded signals, while the set of curves on the
right corresponds to the ZF precoded signals. Only the PAPR CCDFs of the
antenna signals 1-8 are shown, while those of 9-24 behave very similarly.

The results under fixed EIRP shown in Fig. 2 clearly
illustrate how the actual reduction of the PAPR of the CE
precoded PA input waveforms allows to push the PAs closer to
their nonlinear operation zone for a given in-band distortion.
With the ZF precoder, as the transmit power increases, the
nonlinear distortion starts to become larger and larger until
it constitutes the main source of interference, thus saturating
the performance of the ZF precoded system. CE precoder, in
turn, exhibits almost ideal performance even when nonlinear
PAs are considered. Only at the very highest transmit power
levels, the CE precoded system exhibits a very minor BER
degradation compared to the fully linear PA case.

C. Multiuser Radio Link BER with Fixed Transmission Power

Next, we consider the scenario in which both precoding
schemes yield the same transmission power, and thus some-
what different EIRPs. The results are shown in Fig. 3 where
it can be observed that for low transmit powers, ZF precoder
outperforms CE by 1.9 dB due to the larger beamforming
gain. However, when the effect of in-band distortion due to
the nonlinear PAs start to become larger, the actual benefit
of CE precoder becomes again evident, exhibiting a big gain
at higher transmit powers, of around 5 dB, compared to the
traditional ZF precoder.

D. SINR Characteristics

In Fig. 4, we show how the relative transmit powers map
into SINR at the receiver side. Since we assume perfect CSI
knowledge, ZF precoder is capable of fully suppressing the
MUI, while the CE precoder is designed and optimized to
guarantee a minimum of 20 dB suppression (20 dB signal-
to-MUI ratio). Such level of 20 dB MUI suppression can
be safely assumed to be sufficient in most practical receiver
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Fig. 2. BERs of CE and ZF precoders with (i) Ideal PA Units referring to a
case with fully linear PAs and with (ii) Real PA Units referring to the case
with actual measured nonlinear PAs. Precoders are scaled such that both yield
the same EIRP. Back-off ranging between 1.5 and 16.5 dB. Relative transmit
power of 0 dB corresponds to receiver thermal noise SNR of -1 dB.

scenarios, as the thermal noise SNR in cellular systems is
commonly less than 20 dB and thus the MUI is below the
thermal noise floor. From Fig. 4 we can conclude that the PAs
exhibit very linear performance when fed by the CE precoded
waveforms. The SINR increases linearly relative to the linear
increase in the transmit power. It can also be seen that the
transmit power maps into useful signal plus negligible in-band
distortion, although for 15 dB of relative transmit power it
exhibits a small reduction in the slope. On the other hand,
in the case of ZF precoded signal, the performance is much
worse. The SINR clearly exhibits a saturation behaviour due to
the substantial in-band distortion suffered by the ZF precoded
waveforms when passing through the PAs. We can also observe
that the CE precoder performance is, at best, 5 dB above that
of ZF, which is a considerable gain.

In order to obtain further insight of the obtained results,
one can differentiate between two scenarios. First, a scenario
where the TX power is relatively low, and thus, the result-
ing in-band distortion exhibited by the ZF precoder is not
sufficiently large to allow CE precoder to outperform ZF
precoder. Second, a high transmit power scenario in which
CE precoder outperforms ZF precoder due to the increasing
effect of the nonlinearities of the PAs. Such observation leads
us to consider employing different precoders depending on the
adopted transmit power in order to provide a better overall
system performance. Since CE precoder provides somewhat
lower beamforming gain, it is not adequate for transmit powers
that do not allow to take advantage of the PAPR reduction.
However for the second scenario, a CE precoder would allow
to increase the performance significantly.
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gain.
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IV. CONCLUSION

In this article, we studied constant envelope (CE) like
precoding in multiuser large-array or massive MIMO systems.
First, a computationally efficient optimization approach to ob-
tain such CE precoded antenna samples was formulated. Then,



the achievable multiuser radio link performance was addressed
and analyzed under the effects of practical measurement-based
nonlinear PA units in the transmitting array, using the CE
precoder as well as the well-known ZF precoder for reference.
The analysis and evaluations showed that despite providing
around 2 dB lower beamforming gain than the ZF precoder,
the PAPR reduction of the CE precoder is sufficiently large to
allow it to outperform ZF in multiuser radio link performance
at high transmit powers, i.e., when the PAs are pushed towards
their saturating region. The actual SINR gain exhibited by
CE precoder was shown to be up to 5-6 dB under realistic
assumptions. Furthermore, the two highlighted transmit power
scenarios, low and high, lead us to consider the adoption of
a transmit power aware precoding approach, such that the CE
precoder is deployed when the used transmit power allows to
take advantage of the PAPR reduction, while ZF precoder can
be then adopted at lower power levels.
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