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Abstract—This article presents novel solutions for suppressing
passive intermodulation (PIM) distortion in frequency-division
duplexing (FDD) based radio transceivers, stemming from non-
linear radio frequency (RF) components and simultaneous trans-
mission and reception, with special emphasis on modern carrier
aggregation networks. With certain transmission band combina-
tions in, e.g., Long Term Evolution (LTE) or the emerging 5G
New Radio (NR) mobile radio systems, the nonlinear distortion
produced by the passive components of the transceiver RF front-
end can result in intermodulation distortion that falls within one
of the configured reception bands. While the traditional solution
to mitigate this problem is to reduce the transmit power, we
take an alternative approach and seek to cancel such PIM in
the transceiver digital front-end by using the original transmit
data as reference. To generate as accurate cancellation signal
as possible, we derive different advanced signal models for the
observable intermodulation distortion at own receiver band that
incorporate also the power amplifier nonlinearities, together
with the passive component nonlinearities and the frequency-
selective responses of the duplex filters. The performance and
the processing complexity of the devised digital cancellation and
parameter estimation solutions are evaluated with real-life RF
measurements, where an actual LTE-Advanced user equipment
(UE) type transceiver system is utilized. The obtained results
show that the proposed cancellers are implementation-feasible
and can suppress the self-interference by over 20 dB, cancelling
the distortion nearly perfectly up to UE transmit powers of
+24 dBm. The results also indicate that in many cases it is
necessary to model the nonlinear distortion effects produced by
the power amplifiers, even if the individual component carriers
are combined after the amplification stage.

Index Terms—5G NR, carrier aggregation, flexible duplex,
frequency division duplexing (FDD), LTE-Advanced, nonlinear
distortion, passive intermodulation (PIM), self-interference (SI).

I. INTRODUCTION

DRIVEN by new services and applications, the demands
for higher and higher data rates are continuously in-

creasing in mobile radio networks [1]. One approach to
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realize increased throughputs and capacity is to utilize wider
transmission bandwidths through aggregating spectral resources
simultaneously from multiple frequency channels or bands
[1]–[3]. To this end, the so-called carrier aggregation (CA)
technique was introduced by the Third Generation Partnership
Project (3GPP) in its Release 10, also known as Long Term
Evolution (LTE)-Advanced [2], being also supported in 5G New
Radio (NR) Release 15 and onwards [3]. The CA technology
allows for transmitting and receiving simultaneously over
multiple contiguous or non-contiguous parts of the spectrum,
thus enabling flexible expansion of the overall transmission
bandwidth. Moreover, the spectral resources can be combined
from within the same operating frequency band (intra-band CA)
or from multiple frequency bands (inter-band CA). The user
equipment (UE) can also be simultaneously connected to LTE
and NR cells, commonly called LTE-NR dual connectivity, and
can thus be transmitting and/or receiving data simultaneously
through both LTE and NR carriers [4].

In inter-band CA, the transmission at two or more LTE
or NR bands occurs simultaneously, where the transmit
signals corresponding to the individual bands are referred to
as component carriers (CCs) [1]–[3]. Different deployment
scenarios can be further categorized as CA among low-band
(< 1 GHz) and high-band (> 1 GHz) carrier frequencies, called
LB-HB CA, and CA within more similar frequencies, referred
to as LB-LB CA or HB-HB CA. Additionally, in NR, CA
can be adopted at both FR1 (below 6 GHz bands) and FR2
(millimeter-wave bands) [4].

A. FDD CA Transceivers and Passive Intermodulation
Fig. 1 (a) shows a frequency-division duplexing (FDD) based

radio transceiver architecture supporting inter-band CA, where
each aggregated LTE/NR band has a separate transmitter (TX)
and receiver (RX) chain, while different LTE/NR bands are
supported and combined through band-selection switches and
a diplexer [5]–[10]. In general, the growing number of CA
frequency band combinations represents a variety of practical
challenges for the RF front-end design and implementation,
which must now support multiple RF paths simultaneously
[5], [7]–[9]. From the unwanted emissions point of view,
the nonlinear distortion in the TX power amplifier (PA) is
a primary concern, which typically leads to spectral regrowth
around the main CCs when each CC is amplified by a
separate PA [5]. However, when the aggregated non-contiguous
transmit signal propagates through the RF front-end passive
components, unwanted passive intermodulation (PIM) products
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Fig. 1. (a) Block diagram of the considered FDD radio transceiver architecture supporting inter-band carrier aggregation. (b) Relevant signal spectra at
different stages of the transceiver illustrating how PIM products can hit the own RX band.

are also created due to cross-modulation of the transmitted
signals, see, e.g., [7], [8], [11]–[14], and the references therein.
The sources of PIM typically include internal radio front-
end components, such as filters, switches, connectors and
cables, the antenna system, and even external sources such
as corroded metal objects present in the antenna near field
[11], [12], [15]–[17]. The resulting PIM products are located at
specific intermodulation (IM) sub-bands that are integer linear
combinations of the CC center-frequencies. Importantly, in
certain LTE or NR band combinations or frequency allocations,
some of the IM sub-bands can coincide with the RX operating
band, as shown in Fig. 1 (b) [13], [16], [18]–[21].

A concrete example of the aforementioned phenomenon
is the 3GPP-specified inter-band uplink (UL) CA of Band 1
(1920-1980 MHz) and Band 3 (1710-1785 MHz) (B1+B3),
where the third-order IM sub-band (IM3) falls within the
downlink (DL) frequencies of band B1. Other example band
combinations that are prone to similar problem include, e.g.,
B3+B8, B2+B4, and B5+B7. Since the PIM is generated after
the duplexer TX filter, it experiences only the duplexer insertion
loss and therefore goes directly into the receiver, causing self-
interference that may potentially lead to RX desensitization.
Recently, several 3GPP technical documents have identified
this issue for various LTE/NR band combinations in inter-band
CA, see, e.g., [22]–[24], and this problem is expected to further
exacerbate with the introduction of new band combinations in
the future. Furthermore, in addition to the UEs, this type of self-
interference problem may also become a critical issue in the
base station (BS) radio transceiver systems as the operators start
to utilize more radio bands in conjunction with the emergence
of co-existing LTE and 5G New Radio (NR) systems [25],
[26]. In such BS side scenarios, PIM is likely to be even more
pronounced due to high transmit power levels [18], [25], [27].

In general, the power of the PIM-induced self-interference
depends on the passive components’ linearity characteristics,
and can be substantially stronger than the desired weak received

signal, even with state-of-the-art RF components. Consequently,
there is a need to minimize the harmful impact of the self-
interference, which can be addressed through various means.
A simple technique can be either to decrease the transmit
power or alternatively to relax the receiver reference sensitivity
requirements, known as the maximum power reduction (MPR)
and the maximum sensitivity degradation (MSD), respectively,
in the context of LTE-Advanced and NR UEs [23], [28], [29].
These approaches may prevent the receiver desensitization,
but will negatively impact the coverage and are thus not very
appealing. Another alternative is smart UL and DL resource
allocation and scheduling such that inband self-interference
is avoided. However, such an approach will not only be very
complex but may also hinder full spectrum utilization as well
as potentially reduce the peak throughput. Yet an alternative
approach to control the self-interference power is to improve
the quality and isolation of the RF components. However,
the drawback of this solution is the increased overall cost of
the device, together with the fact that even with the more
expensive components PIM-induced self-interference might not
be avoided. Thus, an intriguing approach pursued in this article
is to develop and deploy digital PIM cancellation algorithms
that exploit the deterministic nature of the self-interference to
suppress it in the digital front-end of the transceiver.

It is also shortly noted that simultaneous transmission and
reception at the same center-frequency, commonly referred to
as inband full-duplex (IBFD), is currently actively researched,
see for example [30] and the references therein. One major
difference between IBFD and FDD systems is that the self-
interference is a fundamental challenge in IBFD transceivers
even if all components were purely linear, while in FDD case
it is primarily the system and component nonlinearities that
cause the inband self-interference. This paper and work indeed
focus on the latter, with specific emphasis on the modeling and
cancellation of the intermodulation distortion (IMD) induced
by the passive components.
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B. Prior Art and Novelty
In recent years, various digital cancellation techniques have

been proposed to resolve the self-interference problem in CA
FDD transceivers. These include digital cancellation of the PA
nonlinearity-induced self-interference in intra-band and inter-
band CA cases [19]–[21], [31], however, neglecting PIM. The
works in [32]–[34], in turn, propose digital self-interference
cancellation for suppressing the distortion produced by the
passive front-end components. However, these methods do not
consider the nonlinear distortion effects in the individual TX
PAs while also ignore the memory effects and the IMD terms
beyond 3rd order. In [17], on the other hand, a nonlinear RF
imposer network at the antenna interface is constructed to
suppress PIM.

In this article, contrary to the existing works, we first develop
comprehensive behavioral models for the observable I/Q PIM
waveform at receiver baseband, incorporating the joint effects of
the cascaded nonlinearities of the PAs and the passive RF front-
end components, while also considering the substantial filtering
or memory effects of the duplexers and other RF front-end
components. To this end, building on our preliminary work in
[35], where only the special case of 3rd-order PA nonlinearities
and 3rd-order PIM was considered, we derive generalized
models for the observable PIM waveform at RX baseband
allowing for arbitrary nonlinearity order(s) in the involved
nonlinear stage(s). The first model considers a combination of
linear PAs and a nonlinear PIM stage of arbitrary order, while
the second model allows for nonlinear distortion of arbitrary
orders also in the band-specific PA units. When combined with
versatile memory modeling, the processing complexity starts
to increase, particularly with the second model. Thus, a third
model is also derived where the memory modeling of the indi-
vidual involved basis functions is tailored such that complexity
is reduced while still offering close to similar cancellation
performance. To facilitate actual digital cancellation building
on the derived PIM models, efficient parameter estimation
methods are also described, covering both batch least-squares
(LS) as well as novel gradient-based adaptive learning methods.
Also the fundamental processing complexities of the proposed
cancellers and parameter estimation methods are quantitatively
addressed and compared.

Additionally, the performance of the proposed digital PIM
cancellation techniques, illustrated at conceptual level in Fig. 2,
is demonstrated and evaluated through comprehensive RF
measurements, adopting commercial LTE-Advanced UE RF
components as a practical evaluation platform. The obtained
results indicate excellent PIM suppression performance under
realistic conditions and implementation-feasible computational
complexity, with the best measured cancellation gains exceed-
ing 20 dB. Therefore, the proposed cancellation solutions
can contribute to relaxing the RF components’ linearity
requirements, cost, and complexity while maintaining the
RX sensitivity. Furthermore, the developed advanced cancel-
lation techniques can potentially enable new frequency band
combinations that would otherwise have to be avoided due
to the self-interference challenge. Therefore, the proposed
digital cancellation solutions can play an important role in the
deployment of the emerging 5G NR radio systems, especially
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Fig. 2. Block diagram of a multi-band FDD radio transceiver system together
with the proposed nonlinear SI regeneration and cancellation unit, which
operates in the transceiver’s digital front-end.

at below 6 GHz bands, as well as in LTE-NR coexistence.
For clarity, the novelty and contributions of this article, com-

pared to [35] and other existing literature, can be summarized
as follows:

• Novel behavioral models for the observable PIM waveform
at own RX band are provided, that take into account the co-
existing CC-specific PA nonlinearities, or arbitrary orders,
and the PIM nonlinearity of arbitrary order, incorporating
two different memory models

• Corresponding digital PIM cancellers and novel gradient-
adaptive self-orthogonalizing parameter learning rules are
derived and proposed

• Computational complexity of the proposed methods are
analyzed and reported

• Comprehensive RF measurement results in a practical LTE-
Advanced B1+B3 inter-band CA scenario are provided
and analyzed, utilizing commercial UE RF components,
evidencing that more than 20 dB PIM cancellation can
be provided with the most elaborate proposed cancellers

The rest of the article is organized as follows. In Section II,
we derive and present three different models for the PIM-
induced distortion observed in the receiver, incorporating the
potential nonlinearity of the individual PAs and the passive
RF front-end components. After this, Section III describes
the proposed digital cancellation and parameter estimation
procedures, while the RF measurement results are reported and
analyzed in Section IV. Finally, Section V concludes the article,
while some detailed derivations related to the proposed gradient-
descent parameter estimators are provided in Appendices A
and B.

II. SIGNAL MODELS FOR PASSIVE INTERMODULATION

In this section, three different signal models for describing
the PIM waveform observed in the RX chain are derived and
presented. They differ in the underlying assumptions regarding
the TX PAs and memory effects that are made when deriving
the model. In particular, the simplest model is based on the
assumption that the PAs are ideally linear, while the second
signal model assumes then nonlinear PA units. In both cases,
the actual PIM stage is allowed to have a nonlinear response
of arbitrary order, while versatile memory modeling of the
involved nonlinear distortion products is also supported. The
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ỹPIM[n] =

P∑
p=1

βpx̃TX[n]
p =

P∑
p=1

βp
(
Re
{
α1x1[n]e

jω1n
}
+Re

{
α2x2[n]e

jω2n
})p

=

P∑
p=1

βp

(
α1

2
x1[n]e

jω1n +
α∗
1

2
x∗1[n]e

−jω1n +
α2

2
x2[n]e

jω2n +
α∗
2

2
x∗2[n]e

−jω2n

)p

=

P∑
p=1

p∑
k=0

p−k∑
k1=0

p−k−k1∑
k2=0

γp,k,k1,k2
x1[n]

kx∗1[n]
k1x2[n]

k2x∗2[n]
p−k−k1−k2 × ej[(k−k1)ω1−(p−k−k1−2k2)ω2]n (2)

third model then seeks to balance between complexity and
performance by tailoring the memory modeling details into
a so-called cascaded or decoupled model where a common
memory model is considered for multiple nonlinear terms.

For clarity, it is noted and acknowledged that modeling
of nonlinear distortion for inter-band CA transmitters, with
shared PA for the CCs is available, e.g., in [20], [21], [36]–[38].
However, these works do not consider PIM. Additionally, the
modeling and cancellation problem considered in this article
is substantially more evolved, as the considered system in the
general case contains cascaded nonlinearities, i.e., the nonlinear
CC-specific PAs followed by the actual PIM stage. Hence,
while the center-frequencies of the considered intermodulation
products are the same as in the works in [20], [21], [36]–[38],
the exact complex baseband waveform is different.

In general, the provided modeling principles and methodolo-
gies are not limited to any specific band combinations. However,
for presentation purposes, we focus on an important example
case where the so-called positive IM3 sub-band overlaps with
one of the RX bands. In other words, we focus on a scenario
where 2ω1 − ω2 ≈ ωRX. Here, ω1 and ω2 are the angular
center-frequencies of the two CCs, with ω1 > ω2, and ωRX is
the angular RX frequency. This corresponds, for example, to
the case where the UE performs UL CA on LTE Bands 1 and
3, and thus the PIM-induced distortion falls onto the DL Band
1 desensitizing the UE receiver. This example case of B1+B3
UL CA is also considered in the reported measurement-based
evaluations in Section IV. Nevertheless, we wish to emphasize
that the analysis presented herein can easily be extended to
cover also other types of band combinations, such as the cases
where 2ω2 − ω1 ≈ ωRX, corresponding commonly to the
BS side. It is additionally noted that the assumption of IM3
frequency hitting the RX band does not limit the treatment to
third-order nonlinearities alone.

A. PIM Model with Linear Power Amplifiers
In the existing PIM literature, the typical assumption has been

that the PAs are fully linear, and hence this first signal model
with linear PAs can be considered the benchmark for the more
advanced models proposed in this article. To derive a linear-
in-parameters signal model, let us first denote the upconverted
I/Q modulated CC signals after the linear amplification as

x̃1[n] = Re
{
α1x1[n]e

jω1n
}

x̃2[n] = Re
{
α2x2[n]e

jω2n
}
,

(1)

where α1 and α2 are the complex gains of the two PAs, x1[n]
and x2[n] are the two CCs in the baseband, and ω1 and ω2 are

their center frequencies after RF upconversion. Throughout this
article, we use discrete-time models for all the signals, although
the upconverted signals are obviously continuous-time in a real
system. This does not affect the accuracy of the modeling since
the center frequencies of the CCs are considered only in order
to determine where the resulting nonlinear terms will fall in
the frequency domain. Additionally, the tilde-notation is used
for the actual I/Q modulated and upconverted RF signals while
the corresponding complex-valued baseband signals appear
without the tilde on top.

The aggregated transmit signal is then simply x̃TX[n] =
x̃1[n]+ x̃2[n], which is next subject to the PIM nonlinearity. In
this article, the nonlinearities are modeled as polynomials, and
hence the signal after the static PIM nonlinearity is as given in
(2), at the top of this page, where βp is the pth-order coefficient
of the PIM nonlinearity, and γp,k,k1,k2 is the coefficient of the
resulting nonlinear PIM terms. Then, each of the resulting
nonlinear terms is also assumed to experience memory effects,
resulting in the following overall model for the TX signal of
the form

ỹTX[n] =

P∑
p=1

p∑
k=0

p−k∑
k1=0

p−k−k1∑
k2=0

M2∑
m=−M1

γp,k,k1,k2,m

× x1[n−m]kx∗1[n−m]k1x2[n−m]k2x∗2[n−m]p−k−k1−k2

× ej[(k−k1)ω1−(p−k−k1−2k2)ω2](n−m), (3)

where M1 and M2 are the numbers of pre-cursor and post-
cursor memory taps after the PIM nonlinearity, respectively,
and γp,k,k1,k2,m is the overall effective coefficient. Note that
the signal models in (2) and (3) are real-valued, which sets
certain conditions on the effective coefficients. However, for
clarity of presentation, we omit a more detailed discussion of
these conditions in this article as the emphasis is eventually
on baseband-equivalent modeling where the signal models are
complex-valued by nature.

As already mentioned, we focus the analysis on the scenario
where the RX band is at least partially overlapping with the
frequency given by 2ω1 − ω2. As a result, when modeling the
PIM distortion coupling to the RX chain, it is sufficient to
consider only those nonlinear terms in (3) that are centered
around this frequency, while all other terms will be filtered out
by the duplexer RX filter or later selectivity filtering stages in
the RX chain. Referring to the signal model in (3), this can
be transformed into the following conditions:{

k − k1 = 2,

p− k − k1 − 2k2 = 1.
(4)
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yPIM[n] =

R∑
r=1

r∑
k=1

2k∑
k11=0

2k−k11∑
k12=0

. . .

2k−
∑Q

q=1 k1q∑
k1Q=0

2(r−k)+1∑
k21=0

2(r−k)+1−k21∑
k22=0

. . .

2(r−k)+1−
∑Q

q=1 k2q∑
k2Q=0

γr,k,k11,...,k2Q

× x1[n](2Q+1)k+1−
∑Q

q=1(Q−q+1)k1qx∗1[n]
(2Q+1)k−1−

∑Q
q=1(Q−q+1)k1q

× x2[n](2Q+1)(r−k)+Q−
∑Q

q=1(Q−q+1)k2qx∗2[n]
(2Q+1)(r−k+1)−Q−

∑Q
q=1(Q−q+1)k2q , (11)

From these, we get k1 = k − 2,

k2 =
p+ 1

2
− k,

(5)

where the value of p is now restricted to odd integers since only
odd-order nonlinearities can produce terms on the frequency
of 2ω1 − ω2.

Substituting these into (3) and updating the sum limits
accordingly, we obtain the following baseband-equivalent
expression for the observed PIM distortion at RX band:

yPIM[n] =

R∑
r=1

r∑
k=1

M2∑
m=−M1

γr,k,m

× x1[n−m]k+1x∗1[n−m]k−1

× x2[n−m]r−kx∗2[n−m]r−k+1

=

R∑
r=1

r∑
k=1

M2∑
m=−M1

γs,mφs[n−m], (6)

where r = p−1
2 , R = P−1

2 , p and P are odd, s = [r k] is a
vector containing the state of the auxiliary parameters, γs,m

is the coefficient of the nonlinear terms falling on to the RX
band, and

φs[n] = x1[n]
k+1x∗1[n]

k−1x2[n]
r−kx∗2[n]

r−k+1. (7)

Note that in theory the complete signal model in (3) will also
result in nonlinear terms that fall on to the RX band but are not
given by 2ω1−ω2. In fact, all integer results of a Diophantine
equation defined as ω1x+ω2y = ωRX correspond to nonlinear
terms that overlap with the RX band. However, it can easily be
shown that the only practical solution is x = 2, y = −1, since
all the other solutions are of extremely high order. Namely, the
other solutions are given by x = 2− 176t and y = −1+ 195t,
where t is an integer, and therefore they correspond to absurdly
high nonlinearity orders, which cannot be observed in real
systems. Consequently, it is sufficient to consider only the case
given by 2ω1 − ω2, i.e., x = 2 and y = −1. Finally, it is
noted that the model in (6)-(7) is structurally similar to the
shared PA induced self-interfence at own RX band, addressed
in [19]–[21], and thus serves as natural reference.

B. PIM Model with Nonlinear Power Amplifiers

In our recent work, we have observed that also the nonlin-
earity of the TX PAs affects the exact PIM waveform observed
in the receiver [35], [39]. An intuitive interpretation of this
is that the intermodulation between the linear and nonlinear

components of the transmit signal will in fact be strong enough
to be observable in the receiver. This clearly motivates the
modeling of the PA-induced nonlinearities, alongside with the
PIM distortion itself. Utilizing a memoryless polynomial model
for the two involved PAs, the ith TX signal can be expressed
as follows:

x̃i[n] = Re

{
Q∑

q=0

αi,qxi[n]
q+1x∗i [n]

qejωin

}
= Re

{
ui[n]e

jωin
}
, (8)

where 2Q + 1 is the nonlinearity order of the PAs and
ui[n] =

∑Q
q=0 αi,qxi[n]

q+1x∗i [n]
q. Herein, the PA-induced

intermodulation products at the harmonic frequencies are
omitted as they can be expected to be suppressed by the
duplexer/multiplexer in the RF front-end. The aggregated TX
signal is then fed to the PIM nonlinearity, similar to the earlier
signal model. Now, the signal after the static PIM nonlinearity
can be expressed as

ỹPIM[n] =

P∑
p=1

βp (x̃1[n] + x̃2[n])
p

=

P∑
p=1

βp
(
Re
{
u1[n]e

jω1n
}
+Re

{
u2[n]e

jω2n
})p

.

(9)

Note that this signal model is structurally identical to the case
of linear PAs (the terms αixi[n] are simply replaced by ui[n]),
and in accordance with (6), the baseband-equivalent static PIM
distortion falling onto the RX band thus reads

yPIM[n] =

R∑
r=1

r∑
k=1

γr,ku1[n]
k+1u∗1[n]

k−1u2[n]
r−ku∗2[n]

r−k+1.

(10)

Expanding then the exponential terms involving the PA output
signals and their complex conjugates with the help of the
binomial theorem, we arrive at the expression in (11) shown at
the top of this page. It should be noted that under the special
case of fully linear PAs, the auxiliary variables k11, . . . , k2Q
do not exist, and the above signal model reduces to the one
presented in Section II-A.

With some straightforward manipulations, the signal model
in (11) can be further simplified, after which the baseband-
equivalent expression of the observed PIM distortion at own
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TABLE I
COMPARISON OF THE THREE SIGNAL MODELS

Signal model PA
nonlinearity

PIM
nonlinearity

Memory
model

Instantaneous basis functions with R = 1 and
Q = 0 (linear PAs) or Q = 1 (nonlinear PAs)

Total number of parameters for
arbitrary R and Q

Linear PAs with
coupled memory No Yes

Separate for
each basis
function

x1[n]2x∗
2[n]

R(M1+M2+1)(R+1)
2

Nonlinear PAs
with coupled

memory
Yes Yes

Separate for
each basis
function

x1[n]2x∗
2[n], x1[n]2x2[n]x∗

2[n]
2,

x1[n]3x∗
1[n]x

∗
2[n], x1[n]3x∗

1[n]x2[n]x∗
2[n]

2,

x1[n]4x∗
1[n]

2x∗
2[n], x1[n]4x∗

1[n]
2x2[n]x∗

2[n]
2

R(M1 +M2 + 1)(2Q+ 1)×[
(2Q+ 1)

(
R+1
2

)
−Q

]

Nonlinear PAs
with decoupled

memory
Yes Yes

Common for
all basis
functions

x1[n]2x∗
2[n], x1[n]2x2[n]x∗

2[n]
2,

x1[n]3x∗
1[n]x

∗
2[n], x1[n]3x∗

1[n]x2[n]x∗
2[n]

2,

x1[n]4x∗
1[n]

2x∗
2[n], x1[n]4x∗

1[n]
2x2[n]x∗

2[n]
2

M1 +M2 + 1 +R(2Q+ 1)×[
(2Q+ 1)

(
R+1
2

)
−Q

]

RX band, including also the memory, can be written as

yPIM[n] =

R∑
r=1

2Q+1∑
k=1

(2Q+1)(R−r)+Q∑
q=0

M2∑
m=−M1

γs,mφs[n−m], (12)

where now s = [r k q Q] and

φs[n] = x1[n]
(2Q+1)(r−1)+k+1x∗1[n]

(2Q+1)(r−1)+k−1

× x2[n]qx∗2[n]q+1. (13)

C. Reduced-Complexity Cascaded PIM Model with Decoupled
Memory

While the model in (12)-(13) has high modeling accuracy,
owing to the fact that it considers both the PA and PIM
nonlinearities, it also has relatively high model complexity.
Specifically, since it is building on the assumption that each
nonlinear term experiences completely independent memory
effects, the total amount of parameters in the model grows
rapidly for higher nonlinearity orders. For this reason, in
this subsection we develop a new model with essentially the
same modeling accuracy, but with greatly reduced complexity,
by assuming that the nonlinearities experience more similar
memory effects.

To this end, let us first consider the instantaneous PIM signal
with nonlinear PAs. Based on (12), this signal can be written
as

yNL[n] =

R∑
r=1

2Q+1∑
k=1

(2Q+1)(R−r)+Q∑
q=0

γsφs[n], (14)

where φs[n] is as shown in (13), while γs denotes the
coefficients of the instantaneous basis functions. Then, to
account for the memory, this overall signal yNL[n] in (14)
is subject to linear filtering, which effectively means that each
nonlinear term experiences the same memory effects. While
this is clearly a more constrained memory model than that
of (6) or (12), this corresponds to the physical phenomena
behind the memory effects, since the different nonlinear terms
propagate together through the same effective channel. With

this approach, the final cascaded signal model can be expressed
as

yPIM[n] =

M2∑
m=−M1

h[m]yNL[n−m], (15)

where h[n] is the decoupled memory filter. Similar to the earlier
memory models, this filter is assumed to contain M1 and M2

pre-cursor and post-cursor taps, respectively. However, as a
fundamental difference to the previous models, the model in
(14)–(15) is constrained such that each of the nonlinear basis
functions have their own independent complex scalars as the
adjustable weigths, shown in (14), followed then by the global
memory filter h[n] in (15).

D. Comparison of the Signal Models
To compare the characteristics of the three signal models,

Table I illustrates the phenomena they are capable of modeling,
together with the basis functions stemming from these different
signal models for a simple example scenario of R = 1 and
Q = 0 (linear PAs) or Q = 1 (3rd-order PA models). As can
be observed from the table, in this case the model with linear
PAs has one basis function, while the models with nonlinear
PAs have 6 basis functions. This indicates that the number
of basis functions is not dramatically increased even when
considering also the PA nonlinearity.

However, the models differ in how they treat the linear
memory effects. The linear-in-parameters models with coupled
memory implicitly assume independent memory filters for
all nonlinear terms, which results in a significant amount of
parameters, as is also evident in the last column of Table I.
Namely, the effect of memory length on the overall model
complexity is multiplicative in coupled memory based models.
As opposed to this, the cascaded model assumes that each
nonlinear term experiences the same memory model. While
this somewhat restricts the degrees of freedom in the model,
this also greatly limits the complexity since the memory length
has only an additive effect on the model complexity.

Considering the same values of R = 1 and Q = 0 or Q = 1
as in Table I, and assuming M1+M2+1 = 8 memory taps in
total, the model with linear PAs has 8 parameters, the model
with nonlinear PAs has 48 parameters, and the decoupled model
has only 14 parameters. This fundamental difference in the
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Fig. 3. Number of parameters in the coupled and decoupled memory based
models, with M1 +M2 + 1 = 8, and for R = 1 and varying Q (left), and
for Q = 1 and varying R (right).

numbers of parameters between the coupled and decoupled
memory based models is further illustrated in Fig. 3. As can be
observed, the number of parameters in the decoupled memory
based model is still feasible even if Q = 3 or R = 3, while
that of the coupled memory based model grows very steeply
as a function of Q and R. In general, while the linear PA
based model is the least complex, it typically suffers from
considerably lower modeling accuracy, unlike the two other
models that also consider the PA nonlinearity. Therefore, the
cascaded model with decoupled memory is an appealing trade-
off between modeling accuracy and complexity, as will also
be demonstrated through RF measurements in Section IV.
The results in Section IV also show that considering the PA
nonlinearities in the PIM canceller structure can provide several
decibels of additional cancellation gain, compared to the linear
PA based canceller.

III. PASSIVE INTERMODULATION CANCELLATION
AND PARAMETER ESTIMATION

In order to cancel the PIM distortion in the transceiver digital
front-end (DFE), an accurate estimation of the prevailing PIM
waveform is needed. To express this formally, the cancelled
signal reads

yc(n) = y(n)− ŷPIM(n), (16)

where y[n] denotes the overall observed received signal while
ŷPIM(n) refers to the PIM waveform estimate, all at baseband.
Now, in order to utilize the derived PIM models from Section II
to reconstruct the PIM estimate ŷPIM(n), the unknown model
parameters must be estimated. In this work, we consider and
propose the following two alternative solutions for parameter
estimation:

• Linear least squares (LS) based estimation; applicable
only to the linear-in-parameters models in (6) and (12).

−
ΣΣ

Basis 

function 

generation

Cancelled 

RX signal(s)

x1[n]

x2[n]

Parameter 

estimation

RX1 RX2

Duplexer, 

switches, etc.

Coupled or 

decoupled 

memory model

PAPATX1

PAPATX2

−
ΣΣ

Cancellation 

algorithm

Fig. 4. Overall estimation and cancellation procedure, including options
for both batch-LS and gradient-descent-based parameter learning algorithms.
Moreover, also the option of cancelling PIM on the other RX band is included.
Note that the thicker arrows represent vector inputs and outputs.

• Novel gradient-descent based adaptive estimation and
cancellation; applicable to all signal models in (6), (12)
and (14)–(15).

Moreover, it is noted that the gradient-descent-based solution is
different for the linear-in-parameters models and for the reduced
complexity decoupled model, as shown through the upcoming
derivations in Subsection III-B and the Appendices A and B.
The overall parameter estimation and cancellation framework
is illustrated on a general level in Fig. 4. The differences
between the three models and the corresponding canceller
structures are related to the utilized set of basis functions, with
examples shown in Table I, and to how the scalar weights
and/or memory filters are applied to the basis function samples,
while Fig. 4 shows the processing principles at high level. It
is additionally noted that proper synchronization, in time and
frequency, between the TX and RX is assumed in the following.
Frequency synchronization is straight-forward to assume, since
the cancellation processing takes place inside one common
transceiver system. Additionally, the basic time synchronization
or propagation delay between TX digital baseband and RX
digital baseband can be easily estimated offline, since it is fixed
through the hardware, and thus does not change over time.

A. Least Squares-Based Batch Estimation

The LS-based estimation and cancellation procedure is
applicable to the linear-in-parameters models in (6) and (12).
As a starting point, N samples of the observed signal y[n] are
collected into a vector as

y =
[
y[0] y[1] · · · y[N − 1]

]T
, (17)

where the sample indexing within the observation block is
starting from 0 without loss of generality to achieve a more
convenient notation. Building on the previous modeling results,
it is then a straightforward matter to show that the observed
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signal vector under PIM distortion can be expressed as

y = Ψγ + z, (18)

where Ψ is the data matrix constructed from the original TX
data based on the adopted signal model and its basis functions,
γ contains the unknown coefficients, and z corresponds to noise
and potential model mismatch related errors. Additionally, z
contains also the actual received signal-of-interest (SoI) if
present during the parameter estimation.

To illustrate the structure of the matrix Ψ, let us first define
the so-called instantaneous basis function vector, which collects
samples of all the basis functions corresponding to a particular
time instant n. The number of elements in the basis function
vector depends on the cardinality of the set consisting of all
the states of the auxiliary variable vector s, which obviously
depends on the considered PIM model. To present the parameter
estimation procedure in a generic fashion that can be applied to
both PIM models (6) and (12), the instantaneous basis function
vector is defined as

φ[n] =
[
φs1 [n] φs2 [n] · · · φsC [n]

]T
, (19)

where si represent the different states of the vector s, and C
is the cardinality of the adopted signal model. The expressions
of the individual basis functions are given by (7) and (13) for
the considered signal models.

Having constructed the instantaneous basis function vector,
the overall data matrix itself is obtained as follows:

Ψ =
φ[M1]

T φ[M1 − 1]T · · · φ[−M2]
T

φ[M1 + 1]T φ[M1]
T · · · φ[−M2 + 1]T

...
...

. . .
...

φ[M1+N−1]T φ[M1+N−2]T · · · φ[−M2+N−1]T

 ,
(20)

where the indexing of the block corresponds to that of the
observed vector y. Using this data matrix, the LS parameter
estimate is given by [40]

γ̂ = min
γ
‖y −Ψγ‖22 =

(
ΨHΨ

)−1
ΨHy, (21)

where ‖·‖2 is the l2-norm, and (·)H denotes the Hermitian
transpose.

After learning the coefficients, the cancelled signal during
the actual online operation of the receiver is then given by

yc[n] = y[n]−Ψnγ̂, (22)

where

Ψn =
[
φ[n+M1]

T φ[n+M1 − 1]T · · · φ[n−M2]
T
]
.

(23)

The same coefficients can be used as long as the characteristics
of the effective coupling channel remain the same, after which
the parameter estimation stage must be repeated. When the
whole PIM process occurs inside the transceiver, it is likely that
the estimation needs to be repeated only relatively seldom, such
as when the temperature of the device changes considerably.
On the other hand, in some cases PIM can also take place

at or even beyond the antenna interface [12], [27], and thus
substantially faster parameter updates may also be needed.
This motivates well towards the adaptive estimation methods
pursued next.

B. Gradient Descent-Based Adaptive Estimation

Since calculating the LS estimate is known to be computation-
ally heavy, especially when the number of parameters is large,
in many cases iterative estimation solutions are more suitable.
In this article, we thus next propose the use of gradient descent
learning based on the instantaneous error. This approach can be
used even for the decoupled model, which does not lend itself
to LS estimation as it is not of linear-in-parameters nature.
Additionally, as noted above, the iterative methods facilitate
also explicit parameter tracking.

1) Orthogonalized Adaptive Estimation for Linear-in-
Parameters Signal Models: For the linear-in-parameters models
in (6) and (12), let us begin by rewriting the signal after the
cancellation as follows:

yc[n] = y[n]−Ψnγ̂n, (24)

where γ̂n is now the prevailing estimate of the parameter
vector at the nth iteration. The linear-in-parameters nature of
the model is evident from this expression, as the cancellation
signal can be written as a matrix-vector multiplication between
the basis function vector and the parameter estimate. This
means that the classical least mean squares (LMS) type learning
rule can be directly applied, as it is derived for an identical
model, albeit without the nonlinear terms [40]. Therefore, the
basic learning rule can be simply written as

γ̂n+1 = γ̂n + µγyc[n]Ψ
H
n . (25)

where µγ denotes the learning rate.
While the learning rule in (25) is widely-applied and known

to be relatively accurate for linear systems, in the PIM cancel-
lation case it suffers from slow convergence due to the strong
correlation between the nonlinear basis functions. Therefore,
better performance can be obtained by orthogonalizing the
different terms in Ψn in the parameter update phase. This
involves the computation of the inverse of the correlation
matrix for the filter input vector, and using the resulting matrix
as a multiplier for the learning rule [40, p. 356]. With this
approach, the cancellation phase remains as in (24), while the
learning rule reads now

γ̂n+1 = γ̂n + µγyc[n]
(
R∗

Ψn

)−1
ΨH

n , (26)

where RΨn
= E

[
ΨH

n Ψn

]
is the correlation matrix of the

filter input vector. Note that since the parameter update is
now presented for the complex conjugate of the classical
definition of the learning rule, also the correlation matrix must
be complex-conjugated. Using this type of an orthogonalized
learning rule ensures faster convergence, with the cost of
somewhat higher computational complexity compared to the
baseline LMS.

Next, in order to determine a more convenient and compu-
tationally efficient expression for R∗

Ψn
, let us first rewrite it
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as follows:

R∗
Ψn

= E
[
ΨT

nΨ∗
n

]
= E

[[
φ[n+M1]

T φ[n+M1 − 1]T · · · φ[n−M2]
T
]T

×
[
φ[n+M1]

T φ[n+M1 − 1]T · · · φ[n−M2]
T
]∗]

= E


φ[n+M1]

...
φ[n−M2]

 [φ[n+M1]
H · · · φ[n−M2]

H
]

(27)

From this, it is evident that the correlation matrix has a block-
wise structure, where the individual blocks are of the form
E
[
φ[i]φ[j]H

]
. Let us now define two simplifying assumptions

regarding the transmit waveform, which can be reasonably
expected to hold for considered radio communication systems:
(i) The two transmit signal (CC) sequences are both independent
and identically distributed (i.i.d.) with zero mean, as well as
mutually independent; (ii) The transmit signals are stationary,
which means that their statistical properties do not change with
respect to time.

By invoking the first assumption, we can write
E
[
φ[i]φ[j]H

]
= 0, when i 6= j. In other words, the correlation

matrix has a block-diagonal structure. Then, by invoking the
second assumption, it holds for the remaining diagonal elements
that E

[
φ[i]φ[i]H

]
= E

[
φ[j]φ[j]H

]
for any i and j.

Using these findings, the complex conjugate of the complete
correlation matrix can therefore be expressed as R∗

Ψn
=

diag
{

R∗
φ, . . . ,R

∗
φ

}
, where Rφ is the correlation matrix

of the basis functions, whose complex conjugate is simply
repeated M1 + M2 + 1 times on the diagonal. Using this
expression, the inverse of the complete correlation matrix

is
(
R∗

Ψn

)−1
= diag

{(
R∗

φ

)−1

, . . . ,
(
R∗

φ

)−1
}

, as per the

inversion rule of block-diagonal matrices. Noting that the
statistical properties of the different basis functions remain
unchanged throughout the operation, the inverse of R∗

φ can
be precomputed offline. With this, the learning rule can be
expressed in the following alternative form:

γ̂n+1 = γ̂n + µγyc[n]diag
{(

R∗
φ

)−1
, . . . ,

(
R∗

φ

)−1
}

ΨH
n ,

(28)

This expression results in considerably reduced computational
requirements compared to (26), since there is no need to
perform a matrix inversion when calculating the parameter

update. That is, the matrix
(
R∗

φ

)−1

can be precomputed for
each known transmit waveform type and stored into memory.
Moreover, the earlier computed orthogonalized basis function
samples can be reused in each iteration, meaning that it suffices
to orthogonalize only the most recent basis function vector.

2) Orthogonalized Adaptive Estimation for Decoupled Sig-
nal Models: The classical LMS-based approach is not applica-
ble for the decoupled model with cascaded nonlinearity and
memory models, and therefore we must derive the necessary
learning rules by resorting to the theory behind gradient descent
learning and complex-valued gradients. Based on (14) and (15),

and by using the basis function vector notation, the cancelled
signal at nth iteration can in this case be first rewritten as

yc(n) = y(n)− hH
n yn,NL, (29)

where hn is the memory model estimate in vector form,
and yn,NL =

[
yNL(n+M1) · · · yNL(n−M2)

]
. Moreover,

yNL(n) = gH
n φ(n), where gn contains the coefficients of the

nonlinear basis functions (γs).
Defining then the cost function as J(gn,hn) = |yc(n)|2, the

learning rule for the PIM model coefficients can be formally
expressed as

gn+1 = gn − µg
∂J(gn,hn)

∂gn
, (30)

where µg is the PIM coefficient step-size. As shown in
Appendix A, the complex partial derivative can be expressed
as

∂J(gn,hn)

∂gn
= −2y∗c (n)Φnh∗

n, (31)

where Φn =
[
φ(n+M1) · · · φ(n−M2)

]
. Therefore, we

can express the final learning rule for gn as follows:

gn+1 = gn + µgy
∗
c (n)Φnh∗

n (32)

As for learning the memory model, it can be noted that
the system is in fact identical to the classical LMS filter with
yn,NL as the input signal, meaning that a similar learning rule
can be adopted. Therefore, the learning rule for hn is

hn+1 = hn + µhy
∗
c (n)yn,NL, (33)

where µh is the memory step-size.
Again, due to the mutual correlation between the nonlinear

basis functions in φ(n), also the decoupled learning rule in
(32) suffers from slow convergence, similar to the case with
the linear-in-parameter signal models. To address this, a self-
orthogonalizing learning rule can be used instead. Following
similar steps as in [40, p. 356], in the linear system case, we
denote the filter input vector by un = Φnh∗

n. Based on this,
the self-orthogonalizing learning rule can be written as

gn+1 = gn + µ̃gR
−1e∗(n)un, (34)

where µ̃g is the step-size, and R = E
[
unuH

n

]
is the correlation

matrix of the filter input vector. However, the challenge with
this learning rule is the fact that the correlation matrix depends
on the time-variant memory model hn, which means that the
correlation matrix must be computed and inverted during each
iteration. This is computationally extremely costly, and renders
the learning rule fairly impractical.

In order to reduce the number of required computations
and thereby make the self-orthogonalizing learning a practical
solution, let us next express the correlation matrix in a more
convenient form. Following the steps shown in Appendix B,
the correlation matrix can be re-expressed as

R = RφhH
n hn, (35)

where Rφ is the correlation matrix of the basis functions,
defined identically as in (28). Recall that Rφ is only based on
the chosen signal model and the statistical properties of the
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TABLE II
CANCELLATION PROCESSING AND GRADIENT-BASED PARAMETER UPDATE COMPLEXITIES CORRESPONDING TO THE THREE SIGNAL MODELS.

HERE, M = M1 +M2 + 1, WHILE C IS THE AMOUNT OF BASIS FUNCTIONS IN THE MODELS WITH NONLINEAR PAS, EXPRESSED IN (37).

Signal model Parameter update Cancellation Total

Linear PAs with
coupled memory

R(R+1)
2

(
R(R+1)

2
+M

)
MR(R+1)

2
R(R+1)

2

(
R(R+1)

2
+ 2M

)
Nonlinear PAs
with coupled

memory
C (C +M) CM C (C + 2M)

Nonlinear PAs
with decoupled

memory
(C +M) (C + 1) C +M (C +M) (C + 2)

utilized waveforms, meaning that it can be calculated offline,
alongside with its inverse.

Stemming from above, we can rewrite the self-
orthogonalizing learning rule as follows:

gn+1 =gn +
µ̃g

hH
n hn

R−1
φ y∗c (n)un

=gn + µg,ortR
−1
φ y∗c (n)Φnh∗

n, (36)

where µg,ort is the final step-size. Additionally we note that, as
a simplification, the step-size can be chosen to be static, despite
the time-variant term hH

n hn. Therefore, the only additional
computation required in this learning rule, as opposed to
that in (32), is the matrix multiplication since R−1

φ can be
precomputed and remains fixed.

C. Processing and Learning Complexities and Comparison

We next address the complexity analysis and comparisons,
focusing on the proposed gradient descent-based methods. We
analyze and differentiate between the fundamental cancellation
complexities, for given parameter estimates, and the actual
parameter estimation complexities.

Stemming directly from the cancellation processing solutions
in (24) and (29), as well as from the parameter update rules in
(28), (33), and (36), the fundamental complexity numbers in
terms of the associated complex multiplications per cancelled
sample or per parameter update cycle are provided in Table II.
Note that the complexities of the coupled and decoupled models
incorporating the nonlinearity of the PAs are expressed for
clarity in terms of C, which denotes the total amount of basis
functions. It can be expressed in the general case as

C = R(2Q+ 1)

[
(2Q+ 1)

(
R+ 1

2

)
−Q

]
. (37)

It is clear from the expressions in Table II that the decoupled
model is particularly efficient in the cancellation phase, when
compared to the naive coupled models. As can be observed,
its cancellation complexity is additive in nature, while that of
the coupled models is multiplicative.

In order to gain further insight into the complexity, in terms
of a concrete example, let us consider the model parameters
of R = 1, Q = 2, and M = 8, which will also be used in
processing the RF measurement data in Section IV. These
parameters result in one basis function for the model with
linear PAs, while the models with nonlinear PAs have C = 15
basis functions. Consequently, for the model with linear PAs,

the parameter update involves 9 complex multiplications, while
the cancellation requires 8 complex multiplications, the total
count being 17 complex multiplications. For the coupled
model with nonlinear PAs, the parameter update consists of
345 complex multiplications, and the cancellation requires
further 120 multiplications. Therefore, the total amount of
complex multiplications per iteration is 465, considerably more
than for the simple linear model. Finally, for the cascaded
model with decoupled memory, the update stage involves 368
complex multiplications, whereas the cancellation requires only
23 complex multiplications. The total amount of complex
multiplications per iteration is therefore only 391 for the
decoupled model. Most importantly, with the decoupled model,
the fundamental cancellation processing with these realistic
example parameters is over 5 times more efficient, while the
parameter learning is of roughly the same complexity, when
compared to the coupled model case. Thus, particularly in
cases where PIM is mostly contributed by the internal RF
components of the device, there is no need to constantly update
the parameters, and the cascaded model with decoupled memory
provides a very attractive complexity reduction.

D. Selected Implementation Aspects
We next shortly address selected additional aspects related to

the PIM canceller implementation. As the CC signals x1[n] and
x2[n] may originally exist at the so-called critical sample rate,
proper interpolation to higher sample rate is most likely needed,
in order to calculate the nonlinear basis functions without
aliasing. The exact details depend on the original sample rate
and the selected maximum nonlinearity orders. Additionally,
the observable PIM in practical receivers may be limited
to channel bandwidth, especially if analog channel selection
filtering is deployed prior to analog-to-digital converter (ADC).
In such cases, the PIM canceller related basis functions can
and should also be band-limited, through appropriate digital
filtering, and decimated to the same sample rate as the actual
RX sample rate. Furthermore, if the intermodulation center-
frequency is different from the RX channel center-frequency,
digital frequency-shifting of the basis function samples can
be deployed. Thus, it can be noted that the devised digital
cancellation methods do not impose any additional requirements
on the analog RX and ADC interface, considering that properly
filtered basis functions are deployed.

Another important implementation related aspect is the
potential power consumption of the cancellation engine. It
is obvious that the exact power consumption depends on the
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Fig. 5. Transceiver system structure adopted in the RF measurements. The utilized device and RF component models are shown in the figure.
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Fig. 6. Overall RF measurement setup in the isolated chamber, featuring
the Analog Devices AD9368-2 board (1), National Instruments PXIe-5645R
observation receiver (2), Skyworks SKY77643-21 PAs (3), TDK B8960
multiplexer (4), Infinion BGS12PL6 switch (5), TDK DPX162690DT-8022B2
diplexer (6), and Delta 6A antenna (7).

actual implementation form, with dedicated digital ASICs based
implementation yielding the lowest power consumption. As
the associated fundamental processing elements (nonlinear
transformations, linear filtering) are actually fairly similar
to those utilized in polynomial based digital predistortion
(DPD) systems, see, e.g., [36]–[38], some ballpark power
consumption understanding can be obtained from the reported
DPD implementations. While software-based solutions for DPD
systems are known to be commonly power hungry, dedicated

digital ASIC based implementations have been reported, e.g.,
in [41], [42] where power consumption is only in the order of
few tens of mW. This implies that it is most likely feasible to
develop dedicated digital ASICs also for the PIM cancellation
purposes, with similar power consumption figures.

IV. RF MEASUREMENT RESULTS

A. Considered Scenario and Assumptions

The performance of the proposed PIM cancellers is next
evaluated with measured signals and LTE-Advanced UE
RF components, in the context of B1+B3 inter-band carrier
aggregation, utilizing all three signal models and corresponding
digital PIM cancellation solutions. The RF measurements are
carried out in an isolated chamber in order to suppress the
external interference sources, with the measurement setup and
environment being as shown in Figs. 5 and 6. Moreover, the
relevant features of the measurement system and the digital
canceller are listed in Table III. The two CC signals are
generated using the Analog Devices AD9368-2 2×1 transceiver
board, after which they are amplified using two separate
Skyworks SKY77643-21 PAs. After this, the two TX signals
are combined with a TDK B8960 duplexer/multiplexer, the
aggregated TX signal being then fed to an Infinion BGS12PL6
switch and a TDK DPX162690DT-8022B2 diplexer. Finally,
the diplexer is connected to an antenna, as illustrated in Fig. 5
and Fig. 6, while the National Instruments PXIe-5645R acts as
the receiver and digitizer. It is noted that AD9368-2 is a pre-
commercial non-publicly available dual-TX transceiver system
with maximum instantaneous BW per channel of 250 MHz
and tuning range of 700 MHz to 2800 MHz. Performance and
specifications wise, this board is similar to the commercially
available board AD9371, though the tuning range of AD9371
extends further up to 6 GHz.

In this measurement setup with the above components, the
linearity of the passive stages is primarily dictated by the switch
whose IIP3 value is reported to be +65 dBm. Additionally,
to provide the maximum power of +24 dBm at the antenna
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interface, the CC-specific PA output powers are +26 dBm since
the overall insertion loss from PA outputs to the antenna is
approximately 5 dB. Thus, when considering the insertion loss
of some 3 dB stemming from the duplexer/multiplexer, it is
straight-forward to calculate that the total IMD3 power due
to the switch is ca. −52 dBm. Additionally, as discussed also,
e.g., in [43], the corresponding share of this total IMD power
at the specific intermodulation center-frequency that coincides
with the RX operating band is some 10 dB lower. Thus, the
observable PIM power at the duplexer/multiplexer RX port is
approximately −52 dBm −10 dB −3 dB = −65 dBm.

The CC signals used in the measurements are QPSK
modulated single-carrier frequency division multiple access
(SC-FDMA) waveforms, following the 3GPP LTE-Advanced
uplink specifications with 15 kHz subcarrier spacing. The
number of active subcarriers and the FFT size are 300 and
512, respectively, in case of 5 MHz channel bandwidth per
CC, while the corresponding numbers are 600 and 1024 in
the 10 MHz channel bandwidth case. The peak-to-average-
power ratios (PAPR) of the individual CC waveforms are
ca. 4.5 dB and 6.5 dB at 1% and 0.01% CCDF levels,
respectively. Additionally, when providing the maximum power
of +24 dBm at the antenna interface, in the context of Fig. 5,
the error vector magnitude (EVM) and the adjacent channel
leakage ratio (ACLR) of the individual CCs are ca. 5% and
32 dBc, respectively. The canceller basis functions are limited
to 20 MHz and 40 MHz bandwidths, in cases of 5 MHz
and 10 MHz CC bandwidths, through digital filtering, and
decimated to the rates shown in Table III. In the RX path, the
full 16-bit ADC resolution of PXIe-5645R is utilized in this
prototype system.

For parameter learning, we focus on the proposed self-
orthogonalized gradient-based methods where the related step-
sizes are chosen such that convergence is established in roughly
50,000 ... 100,000 samples with the exact sample sizes as
shown in Table III. The LS-based parameter learning solutions
also work very reliably, but are excluded for presentation
brevity. We also note that the canceller corresponding to Q = 0
(linear PA models) is the literature reference against which
the performance of the more elaborate cancellers building on
the joint modeling of CC-specific nonlinear PAs and PIM
nonlinearity is to be compared.

To establish proper time synchronization in the measure-
ments, the received sample sequence is correlated with a
sequence of the basic third-order basis function samples, shown
on the first row of Table I, which can be directly calculated
using the TX CC sequences x1[n] and x2[n]. This is well-
justified since the basic third-order basis function is dominant
in power, compared to the other basis functions. We also
separately study the impacts of the possible timing offsets
in the latter part of the experimental results. Additionally,
frequency synchronization is established on hardware such that
both transmitting and receiving entities are frequency-locked.
No actual received signal-of-interest (SoI) is present in the
basic measurements, while the impact of SoI on the parameter
learning accuracy is also separately studied. We also note
that the results in [35] correspond to our early-stage work of
decoupled-memory canceller with P = 3 and Q = 1.

TABLE III
LTE-ADVANCED B1+B3 RF MEASUREMENT SCENARIO AND CONSIDERED

PIM CANCELLER PARAMETERS. SOME OF THE PARAMETERS ARE ALSO
VARIED IN THE MEASUREMENTS.

Feature Value
CC bandwidth 5 MHz 10 MHz

CC1 center frequency 1950 MHz 1950 MHz

CC2 center frequency 1760 MHz 1760 MHz

RX center frequency 2140 MHz 2140 MHz

PA gain 28 dB 28 dB

Total TX power at antenna 24 dBm 24 dBm

Cancellation sample rate 30.72 MHz 43.88 MHz

Parameter learning sample size (N ) 90 000 120 000

PIM nonlinearity order (P = 2R+ 1) 3 3

PA nonlinearity order (2Q+ 1) 5 5

Number of PIM pre-cursor taps (M1) 3 3

Number of PIM post-cursor taps (M2) 4 4

B. Obtained Results

Considering first the PIM distortion with the full transmit
power of +24 dBm, Figs. 7 and 8 show the essential power
spectral densities (PSDs) using the default features for each
canceller as listed in Table III. Firstly, it is clear that PIM-
induced distortion is indeed a serious issue in FDD transceivers
operating on the frequency bands in question, since the resulting
self-interference without cancellation is approximately 20 dB
above the noise floor when using these state-of-the-art RF
components. The measured PIM power, without cancellation,
also very accurately matches with the IIP3 based calculations.

Secondly, Figs. 7 and 8 show that each of the proposed
signal models, and each of the corresponding digital can-
cellers, is capable of efficiently suppressing the PIM-induced
self-interference. Additionally, the results also indicate that
modeling of the PA nonlinearity is indeed beneficial to more
accurately suppress the PIM distortion. In particular, when
also the nonlinear distortion produced by the PAs is taken
into account, the amount of cancellation is improved by some
4–5 dB with 5 MHz CCs, and some 2–3 dB with 10 MHz
CCs, compared to the linear PAs based canceller that can be
considered as the literature reference. These are very substantial
additional benefits, especially when the actual received signal
of interest is close to the fundamental receiver sensitivity level.
Another noteworthy finding based on Figs. 7 and 8 is that the
cascaded model with decoupled memory can achieve nearly the
same cancelling performance as the much more complex model
with coupled memory, even though its cancellation complexity
is over 5 times lower.

Next, Figs. 9 and 10 show the residual power of the noise and
interference with respect to the total transmit power. With both
of the considered CC bandwidths, the PIM-induced interference
is clearly above the noise floor already with transmit powers in
the order of +15 dBm if no cancellation is performed. However,
modeling and cancelling the PIM even with the very simplest
signal model guarantees nearly interference-free reception up
to transmit powers of some +20 dBm. The transmit power
range can be further increased by using the more advanced
models that incorporate also the PA-induced nonlinearities.
With 10 MHz CCs, the canceller solutions incorporating PA
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nonlinearities are capable of nearly perfect cancellation even
with the highest considered transmit power of +24 dBm, as
already discussed. Being able to utilize, e.g., 3 dB higher
transmit power, while still protecting the own receiver, is a
substantial benefit for the uplink coverage. Furthermore, the
nearly identical performance of the models with coupled and
decoupled memory is also clearly evident from Figs. 9 and 10,
illustrating the excellent complexity-accuracy trade-off of the
derived cascaded model.

The learning rate and convergence characteristics are im-
portant practical aspects, especially when gradient-descent
based adaptive learning rules are applied. To this end, Fig. 11
shows the convergence of the residual PIM interference plus
noise power, over time, in the example case of 5 MHz CC
bandwidth. As can be observed, with the chosen step-sizes, the
developed gradient-descent based learning rules can facilitate
reliable convergence for all three canceller types, with the
residual power being very close to the final steady-state level
already within 0.5-2 ms or so. With the utilized sample rate of
30.72 MHz, this corresponds to some 15,000 ... 60,000 samples.
It can also be observed that the linear PA model based canceller
converges faster, due to the reduced number of parameters,
however, also the steady-state cancellation performance is some
5 dB lower as already concluded earlier.

C. Impact of Nonlinearity Orders and Memory Depth
We next further investigate the significance of the PA

nonlinearity in the observed PIM distortion, while otherwise
work with the baseline parameterization shown in Table III.
To this end, Fig. 12 shows the residual PIM-plus-noise power
with different PA nonlinearity orders used in the cancellation
processing, focusing on the 5 MHz CC bandwidth case. These
results further confirm the conclusion that modeling the PA
nonlinearity greatly improves the cancellation performance, as
already the 3rd-order PA model based canceller clearly outper-
forms the one based on linear 1st-order model. Furthermore, it
can be observed that the highest performance is achieved with
a 5th-order PA model, while increasing the PA nonlinearity
order beyond 5 does not observably improve the cancellation
performance anymore. The results obtained with 10 MHz CC
bandwidth are very similar and thus not explicitly shown.

Next, we experiment the impacts of PIM nonlinearity order
(P = 2R+ 1) in the canceller for given PA nonlinearity order
of 2Q+ 1 = 5 and given numbers of precursor and postcursor
taps of M1 = 3 and M2 = 4, while otherwise again keeping
the baseline parameterization shown in Table III. The obtained
results are shown in Fig. 13, again illustrating that modeling
the PA induced nonlinearities is beneficial to maximize the
cancellation gain. It can also be observed that increasing the
PIM nonlinearity order beyond three does not improve the
cancellation in this RF component setup.

Additionally, the amounts of precursor and postcursor taps
(M1 and M2) are varied for given PIM nonlinearity order
of P = 2R + 1 = 3 and given PA nonlinearity order of
2Q + 1 = 5, with the results shown in Fig. 14. Here, for
evaluation simplicity, we have set M1 =M2 =M and vary M
within M ∈ {0, 1, 2, 3, 4} where M = 0 means a memoryless
canceller. As can be observed from the figure, incorporating

memory taps in the canceller can improve some 3 dB in
the cancellation performance, though due to the relatively
narrowband signals, the amount of memory is fairly mild in
this measurement setup.

D. Learning Under Timing Offset and Signal-of-Interest
Next we address the sensitivity of the developed estimation-

cancellation system on the potential timing offsets between
the two signals (observation signal and the cancellation signal)
at the cancellation point, while using the baseline parameters
from Table III. To this end, we deliberately introduce controlled
timing offsets in the receiver signal, relative to the estimated
true timing, and execute the parameter learning and cancellation
with such signals. The obtained results are shown in Fig. 15 for
the 10 MHz CC bandwidth case, where we have focused only
on the gradient-adaptive cascaded nonlinearity model based
canceller, for readability purposes. We also experiment and
show the cancellation performance without memory (M1 =
M2 = 0) and with memory (M1 = 3,M2 = 4).

As the results in Fig. 15 illustrate, a memoryless canceller
is very sensitive to the timing errors – an observation that
conforms well with the intuition. However, when the canceller
structure is equipped with memory containing both pre-cursor
and post-cursor taps, the system can be observed to be very
robust against reasonable timing offsets. This is stemming
from the fact that a time-offset or time-misalignment in the
observed signal can basically be modeled through an additional
linear frequency response or impulse response, and thus the
memory-based canceller has structural capability to model
such phenomenon, assuming that there is a sufficient amount
of taps. Thus, as long as the parameter estimation and actual
cancellation are carried out under the same time-offset, high-
quality cancellation can still be obtained. It can also be observed
that when the timing offset is larger than the time-span or
memory of the cancellation system, the cancellation starts to
degrade.

Finally, we shortly address the impact of the presence of
SoI on the canceller parameter learning. We use the same
measured signals, as in the earlier experiments, while add
an actual LTE-Advanced downlink OFDM signal on top of
the measured I/Q signals. This way, comparisons against the
previous results where SoI was not present can be made in a
straight-forward manner. The SoI is a QPSK modulated OFDM
signal with 300 active subcarriers conforming to the 5 MHz
channel bandwidth specifications. The parameter estimation
is carried out with the RX signal containing SoI, PIM and
thermal noise, while the actual cancellation performance is
evaluated after the parameter estimation convergence by using
the received signal without SoI. This allows to measure the
cancellation performance similar to the earlier examples, while
taking explicitly into account the impact of the SoI on the
parameter learning. It is noted that in reality, the SoI would
naturally propagate over-the-air and be captured by the antenna
system. Thus, the SoI – if very strong – could also excite, e.g.,
some RX nonlinearities or possibly some cross-modulation
between the TX leakage and SoI. These aspects are ignored
in this study.
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Fig. 7. Measured PSDs of the PIM distortion at own RX band with different
cancellation solutions, using a CC bandwidth of 5 MHz.
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Fig. 8. Measured PSDs of the PIM distortion at own RX band with different
cancellation solutions, using a CC bandwidth of 10 MHz.
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Fig. 9. Measured PIM cancellation performance with respect to the total
transmit power, using a CC bandwidth of 5 MHz.
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Fig. 10. Measured PIM cancellation performance with respect to the total
transmit power, using a CC bandwidth of 10 MHz.
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Fig. 11. Example convergence of the measured residual total power
(PIM+noise) over time for the gradient-adaptive PIM cancellers. CC bandwidth
is 5 MHz and TX power is +24 dBm.
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Fig. 12. Measured PIM cancellation performance with respect to the PA
nonlinearity order (2Q+ 1) assumed in the canceller, using a CC bandwidth
of 5 MHz. TX power is +24 dBm.
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Fig. 13. Measured PIM cancellation performance with respect to the PIM
nonlinearity order (P = 2R + 1) assumed in the canceller, using a CC
bandwidth of 5 MHz. TX Power is +24 dBm.
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Fig. 14. Measured PIM cancellation performance with respect to the number
of pre-cursor and post-cursor taps (M1 = M2 = M ) assumed in the canceller,
using a CC bandwidth of 10 MHz. TX power is +24 dBm.
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Fig. 15. Measured PIM cancellation performance with respect to the timing
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Fig. 16. Measured PIM cancellation performance in the presence of a signal-
of-interest during the parameter learning. CC bandwidth is 5 MHz and TX
power is +24 dBm.

The obtained results under different received power levels
of the SoI are shown in Fig. 16. As can be observed, the
different cancellers are relatively robust against reasonable SoI
powers, while eventually the parameter estimation accuracy
and thereon the cancellation performance start to degrade. This
is understandable, since SoI essentially acts as additional strong
noise from parameter estimation point of view. However, very
reliable parameter estimation is still possible even when the SoI
is some 10...15 dB above the thermal noise. Interestingly, we
can also observe that the performance of the PIM canceller with
linear PA models stays essentially constant up to SoI powers of
some −79 dBm. This is because the canceller output at lower
SoI powers is dominated by the nonlinear products stemming
from the coexistence of nonlinear PAs and PIM.

E. Main Findings and Inference

Altogether, the obtained results give rise to the following
observations:

• The PIM-induced interference is a serious issue in FDD
transceivers with certain TX and RX frequencies, such
as those of LTE Bands 1 and 3. In our work, we demon-
strated this with actual RF measurements using 3GPP
LTE-Advanced standard compliant waveforms, where
commercial off-the-shelf passive components produced
significant distortion on to the RX band even when using
separate PAs for both CCs.

• The nonlinearity of the PAs must be modeled to obtain
as accurate cancellation signal as possible, even when
using separate PAs to amplify the individual CCs. In
other words, even though the PAs do not contribute to
the intermodulation between the CCs, they distort the
individual CCs, meaning that the input signals of the
PIM nonlinearity are already distorted. As a result, this
nonlinear distortion occurring before the PIM and caused
by the PAs must be taken into account, in particular at the
higher end of the TX powers, when maximum cancellation
performance is pursued.
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• Modeling the PIM with a cascaded model, where the
memory is decoupled from the nonlinear basis functions,
achieves excellent cancellation performance despite being
very light in terms of the required computations during the
cancellation phase. It is therefore a promising candidate
for solving the problem of PIM-induced self-interference
in mobile radio devices.

• Reliable parameter estimation and cancellation can be
achieved, even if there is some time-offset between the
cancellation path and the RX path, assuming that the
canceller is equipped with both pre-cursor and post-cursor
memory taps.

• The proposed solutions where shown to be reasonable
robust also against the presence of an actual received
signal of interest during the parameter estimation.

• Overall, the PIM distortion can be reliably modeled
and cancelled at transceiver digital front-end, despite the
complicated nature of the involved system with cascaded
nonlinearities and by-default unknown behavior of the
involved RF components and antenna interface. This builds
on the efficient problem formulation and the devised
parameter learning rules.

Finally, it is noted that the residual distortion above the noise
floor, visible in the measurement results at the highest transmit
powers, is most likely due to the potential model mismatch and
the residual inaccuracies in the estimated canceller coefficients.

F. Potential Extensions
While the canceller derivations and presentation in this

article focus on the two-CC carrier aggregation scenario,
evolving mobile network specifications allow also transmitting
simultaneously with three or even more CCs. Additionally,
with some frequency band combinations, also even-order IMD
can create nonlinear self-interference at the own RX band [4].
These are both important extensions items, addressed at very
preliminary level below, while more rigorous treatments will
form important topics for our future work.

First, regarding second-order and fourth-order intermodula-
tion, it is relatively straight-forward to derive the nonlinear basis
functions for IMD2 (p = 2) and IMD4 (p = 4) through the
general expression in (2). For p = 2, these are x1[n]x∗2[n] and
x1[n]x2[n] at frequencies of ω1−ω2 and ω1+ω2, respectively.
For p = 4, in turn, and if considering example intermodulation
frequencies of 3ω1 − ω2 and 2ω1 − 2ω2, these are of the
form x31[n]x

∗
2[n] and x21[n](x

∗
2[n])

2, respectively. While the
above expressions do not consider the nonlinearities of the
CC-specific PA units, they can be accounted for similarly as
in Sub-sections II.B and II.C.

Then, in case with 3 CCs, the pairwise IMD modeling
can be carried out as presented earlier in the paper. However,
in some cases it can also happen that the intermodulation
between all 3 CCs, for example, the frequency ω1 + ω2 −
ω3 coincides with one of the RX bands. In such cases, the
basis functions describing the intermodulation products can
be derived as shown in [21], yielding x1[n]x2[n]x∗3[n] for the
above noted example frequency. Again, combining the impacts
of the involved PA units and their nonlinearities can be done
similar to what was shown in Sub-sections II.B and II.C.

V. CONCLUSIONS AND SUMMARY

In this article, we proposed novel solutions for modeling
and digital suppression of the intermodulation distortion at
own RX band, produced by the passive components, in carrier
aggregation FDD transceivers. If not dealt with, such passive
intermodulation can significantly degrade the sensitivity of the
receiver when operating on certain LTE/NR band combinations.
Three alternative PIM models and the corresponding digital
self-interference cancellers were proposed, trading off between
the processing complexity and modeling accuracy. The two
more evolved models take into account also the component
carrier level PA nonlinearities, in addition to the actual PIM,
while incorporating also memory effects. To the best of our
knowledge, these are the most accurate behavioral signal mod-
els for passive intermodulation–induced self-interference in the
literature. Additionally, novel gradient-descent based parameter
learning rules were derived for the different cancellers.

The proposed methods were evaluated with data measured
using an actual carrier aggregation based transceiver system
operating on Bands 1 and 3, employing commercial LTE-
Advanced UE RF components. The obtained results show that
the more advanced cancellers can suppress the self-interference
by over 20 dB, canceling it close to the system noise floor,
despite being computationally very efficient. Furthermore, the
reported results suggest that obtaining such high cancellation
performance requires also the modeling of the power amplifier–
induced nonlinearities. It was also shown that reliable parameter
estimation can be achieved even under TX-RX timings offsets,
assuming that the canceller memory parameterization is done
properly, as well as under the presence of actual received
signal-of-interest up to reasonable power levels. Altogether, the
proposed self-interference cancellation solutions can greatly
relax the linearity requirements of passive front-end RF com-
ponents, while also increasing the flexibility of RF spectrum
utilization in existing LTE-based and emerging 5G NR radio
networks.

APPENDIX A
CALCULATING THE COMPLEX PARTIAL DERIVATIVE

OF THE DECOUPLED LEARNING RULE

The partial derivative of J(gn,hn) can firstly be calculated
as follows:
∂J(gn,hn)

∂gn
=
∂ |yc(n)|2

∂gn
=
∂yc(n)y

∗
c (n)

∂gn

=y∗c (n)
∂yc(n)

∂gn
+ yc(n)

∂y∗c (n)

∂gn

=− y∗c (n)
∂yPIM(n)

∂gn
− yc(n)

∂y∗PIM(n)

∂gn

=− y∗c (n)
(
∂yPIM(n)

∂gR,n
+ j

∂yPIM(n)

∂gI,n

)
− yc(n)

(
∂y∗PIM(n)

∂gR,n
+ j

∂y∗PIM(n)

∂gI,n

)
=− y∗c (n)

(
∂yPIM(n)

∂gR,n
+ j

∂yPIM(n)

∂gI,n

)
− yc(n)

((
∂yPIM(n)

∂gR,n

)∗
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(
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)∗)
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(38)
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where gn = gR,n + jgI,n.
Recalling that yPIM(n) = hH

n yn,NL, the partial derivative
of yPIM(n) with respect to gR,n can then be calculated as

∂yPIM(n)

∂gR,n
=
∂hH

n yn,NL

∂gR,n
=
∂yn,NL

∂gR,n
h∗
n

=
[
∂yNL(n+M1)

∂gR,n
· · · ∂yNL(n−M2)

∂gR,n

]
h∗
n. (39)

A column of ∂yn,NL
∂gR,n

can easily be obtained as follows:

∂yNL(n)

∂gR,n
=
∂gH

n φ(n)

∂gR,n
=
∂
(
gT
R,n − jgT

I,n

)
φ(n)

∂gR,n
= φ(n)

(40)

Therefore
∂yPIM(n)

∂gR,n
=
[
φ(n+M1) · · · φ(n−M2)

]
h∗
n = Φnh∗

n,

(41)

where Φn =
[
φ(n+M1) · · · φ(n−M2)

]
.

Following a largely similar procedure, the partial derivative
of yPIM(n) with respect to gI,n can be calculated as

∂yPIM(n)

∂gI,n
=
∂hH

n yn,NL

∂gI,n
=
∂yn,NL

∂gI,n
h∗
n

=
[
∂yNL(n+M1)

∂gI,n
· · · ∂yNL(n−M2)

∂gI,n

]
w∗

n, (42)

where a column of ∂yn,NL
∂gI,n

can now be calculated as

∂yNL(n)

∂gI,n
=
∂gH

n φ(n)

∂gI,n
=
∂
(
gT
R,n − jgT

I,n

)
φ(n)

∂gI,n
= −jφ(n).

(43)

As a result, we can write
∂yPIM(n)

∂gI,n
=
[
−jφ(n+M1) · · · −jφ(n−M2)

]
h∗
n

=− jΦnh∗
n. (44)

Substituting the hereby obtained expressions into (38), we
get

∂J(gn,hn)

∂gn
=− y∗c (n)

(
∂yPIM(n)

∂gR,n
+ j

∂yPIM(n)

∂gI,n

)
− yc(n)

((
∂yPIM(n)

∂gR,n

)∗

+ j

(
∂yPIM(n)

∂gI,n

)∗)
=− y∗c (n)

(
Φnh∗

n − j2Φnh∗
n

)
− yc(n)

(
Φ∗

nhn + j2Φ∗
nhn

)
=− 2y∗c (n)Φnh∗

n (45)

because j2 = −1.

APPENDIX B
CALCULATING THE CORRELATION MATRIX OF THE
ORTHOGONALIZED DECOUPLED LEARNING RULE

We start by rewriting un as follows:

un =Φnh∗
n =

[
φ(n+M1) · · · φ(n−M2)

]
h∗
n

=


φT

1 (n)
φT

2 (n)
...

φT
C(n)

h∗
n =


φT

1 (n)h
∗
n

φT
2 (n)h

∗
n

...
φT

C(n)h
∗
n

 =


hH
n φ1(n)

hH
n φ2(n)

...
hH
n φC(n)

 , (46)

where φi(n) =
[
φi(n+M1) · · · φi(n−M2)

]T
and φi(n)

is the ith PIM basis function. In other words, instead of
collecting the different instantaneous basis functions into a
single vector φ(n− k), we now collect the delayed copies of
an individual basis function into a single vector φi(n).

With this, the correlation matrix becomes

R =E
[
unuH

n

]
=E


hH

n φ1(n)
...

hH
n φC(n)

 [φH
1 (n)hn · · · φH

C (n)hn

] (47)

Therefore, the element on the ith row and jth column is

{R}ij =E
[
hH
n φi(n)φ

H
j (n)hn

]
=hH

n E
[
φi(n)φ

H
j (n)

]
hn, (48)

where the last equality stems from the fact that the analysis
is performed for a given memory model. Inspecting then the
remaining expected value, it can be rewritten as

E
[
φi(n)φ

H
j (n)

]
=E


φi(n+M1)

...
φi(n−M2)

 [φ∗j (n+M1) · · · φ∗j (n−M2)
]

=E
[
φi(n)φ

∗
j (n)

]
IM , (49)

where M = M1 +M2 + 1 and IM is an M ×M identity
matrix. The last expression is based on the assumption of i.i.d.
stationary transmit signals.

Substituting then (49) into (48), we get the following form
for the element on the ith row and jth column:

{R}ij =hH
n E

[
φi(n)φ

∗
j (n)

]
IMhn

=E
[
φi(n)φ

∗
j (n)

]
hH
n IMhn = E

[
φi(n)φ

∗
j (n)

]
hH
n hn

(50)

From this, it is easy to see that the correlation matrix can be
written as follows:

R =E


φ1(n)...
φC(n)

[φ∗1(n) ... φ∗C(n)

]hH
n hn

=E
[
φ(n)φH(n)

]
hH
n hn = RφhH

n hn, (51)

where Rφ is the correlation matrix of the basis functions.
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