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Abstract—In this paper, kernelized-likelihood ratio tests
(LRTs) for binary phase-shift keying (BPSK) signal detec-
tion based on the polynomial kernel function are proposed.
Specifically, we kernelize the conventional LRT of BPSK
signal detection using the so-called kernel trick, such that
the inner product of the conventional LRT is replaced with
proper polynomial kernel functions allowing for richer
feature space to be deployed in the detection. We also
derive computationally efficient recursive implementation
structures for the proposed methods, resulting overall in
six new detectors. With respect to the noise variance
uncertainty (NVU), the proposed detectors can be divided
into two general classes, namely i) constant false alarm
rate (CFAR) and ii) semi-CFAR (S-CFAR) methods. To
facilitate efficient operation under NVU, we also propose
a new threshold-setting strategy to adjust the level of the
proposed S-CFAR detectors. Additionally, we address the
well-known energy detector (ED) under NVU and devise
a new fixed-level ED formulation while also obtaining
closed-form expressions for its false alarm and detection
probabilities. Our extensive simulation results show that
the proposed S-CFAR detectors outperform the state-
of-the-art BPSK signal detectors with 2.4 dB signal-to-
noise ratio (SNR) gain under practical worst-case NVU
assumptions, while the performance gain is approximately
5.7 dB without NVU. In the case of the proposed CFAR
detectors, the corresponding improvement in detection
performance is approximately 1.8 dB.

Index Terms—Detection theory, kernel theory, signal
detection, BPSK signal, CFAR and semi-CFAR detector,
Likelihood ratio test, noise variance uncertainty.

I. INTRODUCTION

KErnel theory provides a powerful new tool for
mathematicians, scientists, and engineers for non-

linear signal processing. More precisely, kernel-based
approaches can provide efficient solutions in real-world
nonlinear decision making problems, facilitating de-
tection and signal processing algorithms in which the
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nonlinear characteristics of the input data are exploited
through the use of nonlinear kernel functions [1]. Kernel
functions are similarity measures that implicitly exploit
the structural information of the input data, through ap-
propriate mapping to a higher-dimensional space, known
as the feature space [2]. Kernel methods have various
applications in, for example, machine learning [3]-[4],
pattern recognition [5]-[6], computer vision [7], dictio-
nary learning [8] and fault detection [9].

In general, detection theory is an essential ingredi-
ent in the design and optimization of digital receivers
of communication systems [10]. In particular, in de-
tection theory, we encounter three different problems,
namely the so-called signal activity detection (SAD),
data demodulation/detection and classification (or pattern
recognition). In all these problems, we need to decide
among two or more possible hypotheses based on an
observed data set [11]-[12]. Thus, the central problem
addressed in the detection theory is to form a function
of the observed data set, namely test statistic, and then
make a decision based on the obtained test statistic and
an appropriate detection threshold. Among the different
decision making problems, the SAD is the simplest
detection problem, where we aim to decide whether
a specific signal is present or whether the received
signal contains only noise. Such statistical problem is
referred to as the binary hypothesis testing problem
since we wish to use the observed data as efficiently as
possible in deciding between two possible hypotheses. In
general, there are various detection problems in digital
communication systems, radar systems, sonar systems,
and image processing systems, which can usually be cast
as SAD problems [13]-[14].

In the context of signal activity detection problems,
there are few works that exploit the benefit of the kernel
theory to discriminate between two possible hypothe-
ses, aiming to provide more efficient decision-making
methods [9], [15]-[16]. For example, an improved fault
detection algorithm to enhance monitoring abilities of
nonlinear biological processes was proposed in [9], re-
lying on generalized likelihood ratio test (GLRT) and
kernel-based principal component analysis (KPCA). It
was shown that the kernel-based GLRT improved the
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fault detection capability, however, the detection perfor-
mance was not investigated in terms of the detection
theory metrics, particularly detection probability curves
and false alarm behavior. A kernel-based matched sub-
space detector (K-MSD) for subpixel target detection in
hyperspectral imagery was, in turn, proposed in [15]. It
was shown that the K-MSD obtained superior detection
performance compared to the conventional MSD. In [16],
the KMSD algorithm was adopted for spectrum sensing
tasks in a cognitive radio system to improve the detection
performance of the conventional MSD in low signal-to-
noise ratio (SNR) regimes. Both [15] and [16] con-
sider only real-valued data, where Gaussian radial basis
kernels (GRBF) and real-valued polynomial kernels are
exploited. In the context of cooperative spectrum sens-
ing, a kernelized Fisher Discriminant Analysis (FDA)
has been proposed in [2] for the decision fusion task. For
non-cooperative cases, authors of [17] have introduced
a kernelized feature template matching (KFTM) based
spectrum sensing method. The main drawback of the
KFTM spectrum sensing method is that this algorithm
needs a-priori knowledge about the principal eigenvector
of the primary user signal. In [18], the kernelized energy
detection (KED) approach in Gaussian and non-Gaussian
noise scenarios was developed for non-cooperative spec-
trum sensing purposes. This method can be applied only
when the receiver is equipped with multiple antennas –
otherwise, the test statistic of the devised KED cannot
be computed.

In this paper, we capitalize and combine the idea
of kernel theory and detection theory in order to de-
velop new SAD algorithms for binary-phase-shift-keying
(BPSK) signal detection. To this end, we specifically
consider the SAD problem for BPSK signals introduced
in [19] and [20], where the authors proposed two SAD
algorithms based on the likelihood ratio test (LRT)
principle operating in the original input space. In this
paper, two general classes of kernelized-likelihood ratio
tests for BPSK signal detection based on the polynomial
kernel function are proposed and formulated. In the
first class, we propose a semi-constant false alarm rate
(S-CFAR) detector, while in the second class, some
CFAR methods with respect to noise variance uncertainty
(NVU) are proposed. Additionally, we derive compu-
tationally efficient implementation structures, resulting
finally in six new detectors. For the proposed S-CFAR
methods, we also propose a new threshold-setting strat-
egy to efficiently determine the threshold level under
given worst-case assumptions regarding the level of
NVU. Our extensive simulation results show that the
proposed detectors significantly outperform the state-
of-the-art BPSK signal detectors. This significant im-

provement in detection performance is due to the richer
feature space allowed for by the kernel-based approach,
where the simple similarity measure of inner product
in the conventional LRT is replaced with appropriate
polynomial kernel functions.

Inspired by the kernel theory and detection theory, the
main contributions of this article can be summarized as
follows:

• New SAD algorithms for binary-phase-shift-keying
(BPSK) signal detection are proposed. Specifically,
two general classes of kernelized-likelihood ratio
tests for BPSK signal detection based on the poly-
nomial kernel function are derived and formulated,
where we replace the inner products of tests statis-
tics with that of nonlinear mapped data in the
feature space or that of their polynomial kernel to
achieve improved detection performance.

• The principle of invariance is exploited to examine
the potential CFAR behavior of the proposed kernel-
based detectors against noise variance uncertainty
(NVU). It is shown that two of the proposed detec-
tors have CFAR property against the NVU, while
the other proposed detectors are of semi-CFAR (S-
CFAR) nature.

• Some of the proposed detectors build, in their basic
form, on exhaustive search, hence we also derive
and report new computationally efficient recursive
implementation structures. This results overall in six
alternative detectors, four of which possess CFAR
property while the two are of S-CFAR nature.

• For the S-CFAR methods and the well-known
energy detector (ED), we propose a new threshold-
setting strategy under NVU, such that the false
alarm probability is limited to a given upper bound
under the assumed worst-case NVU. In such scenar-
ios, we obtain closed-form expressions for the false
alarm and detection probabilities of the modified
ED, referred to as the fixed-level ED (FL-ED) in
the continuation. This assists in devising new an-
alytical threshold-setting strategies and to quantify
the effects of NVU on the detection performance of
the proposed FL-ED detector.

• Our extensive simulation results show that the pro-
posed S-CFAR detectors provide mutually compa-
rable detection performance, while outperforming
the state-of-the-art BPSK signal detectors by 2.4 dB
SNR gain under practical worst-case assumptions
of NVU, and by 5.7 dB under zero NVU. In case
of the proposed CFAR detectors, the corresponding
improvement in detection performance is about 1.8
dB. We also show that the proposed SC-CFAR
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methods significantly outperform the proposed FL-
ED detector.

• Assuming that each element of the vectors in the
considered test statistics is referred to as feature,
we will show that the features are all the monomials
of degree 1 in the classical BPSK signal detection
algorithms while being monomials of degree up
to d when transforming the original data into the
feature space equivalently through an appropriate
polynomial kernel functions of order d. The above
significant improvements in detection performance
are shown to be stemming from the exploitation of
this new richer space, the so-called feature space.
Thus, it is shown that in the original LRT detectors,
only the inner product of all monomials with degree
one is computed, while in case of the proposed
detectors, the inner product of all monomials up
to degree d are computed.

The rest of this paper is organized as follows: in
Section II, the SAD problem of BPSK signals is shortly
formulated as a composite hypothesis testing problem,
and the LRT-based algorithm of this problem is pre-
sented, for reference and comparison purposes, based on
[19] and [20]. In Section III, firstly, some preliminaries
about kernel theory are shortly introduced. Then, we
propose and formulate two general classes of kernelized
SAD methods. In Section IV, we investigate the CFAR
property of the proposed detectors and introduce a new
threshold-setting strategy to tailor the detection thresh-
olds of the proposed S-CFAR detectors. Additionally,
we formulate the new energy-based detector under NVU
and obtain its closed-form expressions for the false alarm
and detection probabilities. Computationally efficient re-
cursive structures of the proposed kernel-based detectors
are described in Section V. Extensive simulations results
are provided and analyzed in section VI, while Section
VII provides the conclusions of the work.

Notation: Throughout the paper, scalars are denoted
by non-boldface type, vectors by boldface lowercase
letters, and matrices by boldface uppercase letters. The
superscripts T and H denote matrix or vector transpose
and hermitian, respectively, while I denotes the identity
matrix. We use the notation CN (µ,C) to denote the
circularly symmetric complex Gaussian distribution with
mean vector µ and covariance matrix C. The modulus of
x is denoted by |x|. The inner product of two complex
vectors a and b is defined as aHb and is denoted by
〈a,b〉.

II. PROBLEM FORMULATION

We consider the SAD problem introduced in [19] and
[20] to decide if a BPSK signal is present (i.e., H1

hypothesis) or not (i.e., H0 hypothesis). It is further as-
sumed that there is a set of N discrete-time received sam-
ples available, expressed as a vector y = [y1, ..., yN ]T .
The SAD problem can thus be expressed as a composite
hypothesis testing problem, written as [19]{

H0 : y = w
H1 : y = αs + w. (1)

where
• The noise vector w ∈ CN is a circularly symmetric

complex Gaussian (CSCG) random vector with zero
mean and a covariance matrix σ2I with unknown
σ2, i.e., w ∼ CN (0, σ2I).

• The scalar α = |α|ejφ is an unknown complex gain
of the received BPSK signal, if present, accounting
for the channel effects.

• The elements of the vector s ∈ CN are contained to
the set of BPSK alphabets B = {−1, 1}, i.e, s ∈ BN
or sn ∈ B where sn is the n-th entry of the vector
s.

• Similar to [19] and [20], we assume that there is no
intersymbol interference (ISI) and that there are no
inaccuracies in time or carrier synchronization.

For the above SAD problem, the LRT (or GLRT) has
been derived [19] and can be expressed as

T1(y) =
maxs∈BN

{
|〈s,y〉|2

}
〈y,y〉

H1

≷
H0

η1 (2)

where 〈u,v〉 denotes the inner product of vectors u
and v, defined as uHv. Additionally, the LRT can be
expressed in an alternative form as

Λ1(y) = max
s∈BN

{
|〈s,g〉|2

} H1

≷
H0

ζ1 (3)

where g = y
‖y‖ , η1 and ζ1 are, respectively, the detection

threshold of the LRT detectors presented in (2) and (3)
to obtain a desired false alarm probability denoted by
pfa.

For comparison purposes, we also describe and con-
sider the energy detector (ED), expressed as

l1(y) =
||y||2

σ2n
=
〈y,y〉
σ2n

H1

≷
H0

ς1(σ
2
n), (4)

where ς1(σ2n) is the detection threshold. It is generally
well-known in the literature that the detection perfor-
mance of the ED is significantly degraded in the presence
of the NVU. In Section IV, we will thus propose a
modified ED under the NVU challenge.
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III. KERNELIZED LRT-BASED DETECTORS

A. Kernel Theory Basics

In kernel-based methods, in general, the original input
data belonging to the data space O ⊆ CN is mapped to a
new space F ⊆ CL with L >> N , known as the feature
space [1]. In general, this mapping can be represented
by a nonlinear mapping function ϕ, i.e.,

ϕ : O → F , y→ ϕ(y), s→ ϕ(s), g→ ϕ(g)
(5)

where y and s are input vectors in O which are mapped
into a potentially much higher-dimensional feature space
F . Then, a given similarity measure (i.e., the inner
product) in the original space can be replaced with that
of the feature space. To this end, we build on the idea that
the original space is limited in resolution, and expressive
power and thus the input space O does not necessarily
provide best support for simple inner product type of
similarity measure [1]. To circumvent this, the original
data space is mapped into the feature space, aiming to
obtain a richer space, while the similarity between the
two mapped vectors ϕ(s) and ϕ(y) can be measured us-
ing the corresponding inner product 〈ϕ(s), ϕ(y)〉. Based
on this, the LRT detectors of (2) and (3) can now be re-
expressed as

T2(y) =
maxs∈BN

{
|〈ϕ(s), ϕ(y)〉|2

}
〈ϕ(y), ϕ(y)〉

H1

≷
H0

η2 (6)

and

Λ2(y) = max
s∈BN

{
|〈ϕ(s), ϕ(g)〉|2

} H1

≷
H0

ζ2 (7)

where η2 and ζ2 denote the new detection thresholds to
achieve a given false alarm probability. It should be
noted that the relationships between the feature space
thresholds η2 and ζ2 and the original thresholds η1 and
ζ1 are not necessarily easy to obtain even when we know
the nonlinear mapping function ϕ.

In general, due to the high dimensionality of the
feature space F , implementing the algorithm directly
in the feature space is not necessarily straight-forward
or computationally efficient. For example, if ϕ is a
polynomial of order d, then each entry of mapped data
ϕ(y) is a monomial of order d. It can be easily shown
that the number of different monomials is equal to
(N+d−1)!
d!(N−1)! , which is a large value if either N or d is

large. In addition, it should be noted that computing
the similarity measure 〈ϕ(s), ϕ(y)〉 is possible only if
the feature mapping ϕ is explicit. In the kernel-based
methods, the mapping function can be defined implicitly.

Specifically, we need to define a function, called a kernel,
such that [1]

K(s,x) = 〈ϕ(s), ϕ(x)〉 (8)

where s ∈ O and x ∈ O. Thus, the kernel function
computes the similarity using the kernel function K
in the input space O instead of the feature space F .
In such cases, we do not require to know the explicit
form of the feature map ϕ, but instead, it is implicitly
defined through the corresponding kernel function. This
approach is generally known as the kernel trick in the
kernel theory. To illustrate this in a concrete manner, we
consider the polynomial kernel function with order d and
bias parameter c, defined as [1]

K(s,x) = (〈s,x〉+ c)d (9)

To show (8), we consider a simplified example, in which
we utilize second-order real polynomial (SORP) kernel,
i.e., d = 2, and assume that N = 2 and c = 0.
Additionally, we consider two real vectors s and x,
represented as [s1, s2]

T and [x1, x2]
T , respectively. In

such case, the SORP kernel can be expanded as

K(s,x) = (s1x1 + s2x2)
2

= 〈ϕ(s), ϕ(x)〉 = ϕ(s)Tϕ(x)
(10)

where
ϕ(s) = [s21, s

2
2,
√

2s1s2]
T (11)

ϕ(x) = [x21, x
2
2,
√

2x1x2]
T (12)

This clearly shows that the direct computation of the
inner product in the feature space and that obtained
from the SORP kernel are exactly the same. Thus, using
kernels, we never need the coordinates of the data in the
feature space since the detection algorithms (6) and (7)
only require the inner products between data in the fea-
ture space. Additionally, it is useful to note that the use
of kernels makes it possible to map the data implicitly
into a feature space, i.e., we do not need to represent the
feature vectors explicitly. Thus, the number of operations
required to compute the inner product by evaluating the
kernel function is not necessarily proportional to the
number of features.

Remark 1: Let us consider (3) and (7), as examples.
Let us call the two vectors ϕ(s) and ϕ(g) as feature
vectors. Now, each element of vectors s, g, ϕ(s) and
ϕ(g) can be considered as feature in the original (input)
or feature (transformed) spaces. In (3), the features are
the monomials of degree 1. In contrast, in (7), there
are (N+d−1)!

d!(N−1)! distinct features, containing monomials
up to and including degree d when transforming the
original data (i.e., s and g) into the feature space (i.e.,
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ϕ(s) and ϕ(g)) through appropriate polynomial kernel
functions of order d. This can be seen in (10)-(12) for
the special case of d = 2. Thus, it is shown that with
the conventional detector in (3), only the inner product of
all monomials with degree one is computed, while in the
case of the kernelized detector in (7), the inner product
of all monomials up to degree d is computed, allowing
for richer feature space to be deployed in the detection.
Based on this, it can be argued that the kernelized
detectors can offer performance improvements compared
to the original detectors.

Remark 2: In general, there are two general classes
of the real-valued kernel functions, namely i) projec-
tive kernel functions such as monomial, polynomial,
exponential and sigmoid, and ii) radial kernel functions
including Gaussian, Laplacian, multi-quadratic and in-
verse multi-quadratic [1], [2]. The most common ones
are the real polynomial K(s,g) = (sT1 g + c)d and the
real Gaussian radial basis function (GRBF) K(s,g) =
exp (−||s− g||2/2σ2g), where the single parameter σg >
0 is called the width of Gaussian RBF. In our case,
however, we cannot utilize any of the radial kernel
functions due to the maximization over s in the con-
sidered detectors, which would essentially result in zero
detection probability. Among projective kernel functions,
the polynomial kernel function is the most common
kernel with feasible computational complexity. Besides,
the polynomial kernel can be used in complex domains,
defined as K(s,g) = (sHg + c)d with d > 0, where
the monomial kernel is its special case for c = 0.
We will show that in our detector applications, the
polynomial kernel has wider applicability as compared
to the monomial one.

B. Kernel-based Detectors

Now, building on the kernel trick, the kernel-based
detectors corresponding to (6) and (7) can be represented
as

T3(y) =
maxs∈BN

{
|K1(s,y)|2

}
K2(y,y)

H1

≷
H0

η3 (13)

and

Λ3(y) = max
s∈BN

{
|K (s,g)|2

} H1

≷
H0

ζ3 (14)

where we consider generally different kernel functions
K1 and K2 in the numerator and denominator of (13),
respectively. In the kernel theory, it is known that differ-
ent kernel functions can produce nonlinearities in very
different ways while can also facilitate different sets of

parameters to be tuned or optimized. In general, deter-
mining the best kernel functions and optimizing their
parameters are open problems, and are also application
dependent.

In contrast to existing works on SAD problems with
kernels (e.g., [9], [15]), which utilize the Gaussian kernel
function, we cannot use this well-known kernel func-
tion due to the maximization over s in the considered
detectors, which would essentially result into zero de-
tection probability. Instead, in the following, we adopt
polynomial kernels and seek to tune or optimize their
parameters to achieve maximum detection probability. To
this end, by considering (13) with different polynomial
kernels in the numerator and denominator, the polyno-
mial kernelized-LRT detector can now be expressed as

T4(y) =
maxs∈BN

{∣∣(〈s,y〉+ c1)
d1
∣∣2}

(〈y,y〉+ c2)d2

H1

≷
H0

η4 (15)

where η4 is the decision threshold that can be chosen
such that a desired false alarm probability, denoted as
pfa, is obtained. In the above expression, c1 and c2 are
the bias parameters of the considered polynomial kernels
in the numerator and denominator, respectively, while d1
and d2 denote the polynomial orders. It is generally noted
that the threshold η4 is a function of N , pfa, d1, d2, c1,
and c2.

Similarly, by considering (14), the polynomial
kernelized-LRT can be expressed as

Λ4(y) = max
s∈BN

{
|(〈s,g〉+ κ)υ|2

} H1

≷
H0

ζ4 (16)

where υ denotes the polynomial order and ζ4 is the
corresponding detection threshold. This detector can be
re-expressed equivalently as

max
s∈BN

{
|〈s,g〉+ κ|2

} H1

≷
H0

ζ
1

ν

4 (17)

This means that the proposed detector in (17) does not
depend on the polynomial degree υ. This shows the
wider applicability of the polynomial kernel compared
to the monomial one.

It can be shown that the proposed detectors in (16)
and (17) have the same performance as the original LRT
detector introduced in (3). Thus, to introduce a new
detector, we express (16) using an alternative form as

Λ5(y) = max
s∈BN


∣∣∣∣∣
υ∑
k=0

(
υ

k

)
〈s,g〉kκυ−k

∣∣∣∣∣
2


H1

≷
H0

ζ5

(18)
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Here, we have assumed that ν takes integer values and
we have used the binomial expansion of (〈s,g〉 + κ)υ

to get (18). Now, performance improvement can be
obtained through an appropriate approximation that ex-
ploits selected terms of (18). Specifically, by considering
the even values of k, we can obtain a detector of the form

Λ6(g) = max
s∈BN

{
|L(g; υ)|2

} H1

≷
H0

ζ6 (19)

where

L(g; υ) =

υ∑
k=0:even

(
υ

k

)
〈s,g〉kκυ−k (20)

In practical example cases υ = 2 and υ = 4, we get

L(y; υ) =

{
〈s,g〉2 + κ2, υ = 2,
〈s,g〉4 + 6〈s,g〉2κ2 + κ4, υ = 4.

(21)

In order to maximize the detection performance, one can
optimize the values of κ. This is discussed and pursued
further in Section IV along the numerical results.

The kernelized ED can, in turn, be represented as

l2(y) =

(〈
y

σn
,
y

σn

〉
+ cED

)dED H1

≷
H0

ς2(σ
2
n). (22)

where dED and cED denote the order and bias parameters
of the corresponding polynomial kernel, and ς2 is the cor-
responding detection threshold. This can be equivalently
written as

l3(y) =

〈
y

σn
,
y

σn

〉 H1

≷
H0

ς3(σ
2
n), (23)

where ς3 = ς
1

dED

2 (σ2n) − cED. By comparing (4) and
(23), we find that the kernelized ED and the original
ED have identical performance. This shows that it is
not necessarily always possible to improve the detector
performance through the kernelization approach.

IV. THRESHOLD-SETTING STRATEGY

In general, a detector is said to possess the CFAR
property against noise variance uncertainty (NVU), if its
false alarm probability is independent of the NVU or
the detector statistic is invariant to scale transformation.
To investigate the former we need to obtain a closed-
form expression for the false alarm probability, while in
the latter case it can be examined through the use of
the invariance theory. In particular, the CFAR property
implies that the detection threshold can be adjusted
to attain a desired false alarm probability without the

knowledge of the NVU. Before proceeding further, let
us introduce two new concepts, i) the level of a test
and ii) the size of a test. Assume that empirical false
alarm and desired false alarm probabilities are denoted
by Pfa and pfa, respectively. Now, we say that the
devised detector has false alarm probability (Pfa) of size
pfa provided that Pfa = pfa. In contrast, it has a false
alarm probability (Pfa) of level pfa when Pfa ≤ pfa.
The first detector is called size-pfa detector (i.e., CFAR
detector), while the later one is level-pfa detector [21],
[22], [23].

To facilitate efficient operation of the ED under the
NVU, we next obtain a closed-form expression for
the false alarm probability of ED. This enables us to
introduce a new threshold-setting strategy to adjust the
threshold of ED under the NVU. To do this, let us define

l
(a)
1 (y) =

l1(y)

ρ
=
〈y,y〉
σ2a

H1

≷
H0

ς1(σ
2
n)

ρ
. (24)

where ρ is called the NVU value, defined as

ρ =
σ2a
σ2n

> 0 (25)

In (25), σ2a represents the actual noise variance, while
σ2n is the value of noise variance by which the detection
threshold of the ED detector is defined (i.e., the nominal
value).

If we assume that y ∼ CN (0, σ2aI), then it is easy
to show that l(a)1 (y) follows a complex central Chi-
square distribution with N degrees of freedom under null
hypothesis, i.e., l(a)1 (y)|H0 ∼ X 2

N . Thus, the false alarm
probability of the ED can be evaluated as

P
(ED)
fa = Pr

(
l
(a)
1

∣∣∣H0 >
ς1(σ2

n)
ρ

)
= QX 2

N
( ς1(σ

2
n)

ρ ),

(26)

where Pr(.) is probability operator, and QX 2
N

(.) denotes
the right tail of the probability density function (pdf) of
X 2
N . Since the function QX 2

N
(.) is a decreasing function

of its argument, the false alarm probability of ED in-
creases by increasing ρ. This is not desirable for signal
detection problems. To achieve P

(ED)
fa ≤ pfa in the

presence of the NVU, we should thus adjust the ED
threshold according to the maximum value of ρ, say
ρmax, such that

ς1(σ
2
n) = ρmaxQ

−1
X 2
N

(pfa), (27)

where Q−1X 2
N

(.) is the inverse of QX 2
N

(.). The above
condition is referred to as the worst case condition of the
NVU to ensure that P (ED)

fa is always below a pfa level.
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As such, the ED with fixed level pfa can be implemented
as

l1(y) =
〈y,y〉
σ2n

H1

≷
H0

ρmaxQ
−1
X 2
N

(pfa). (28)

This new modified ED is called the fixed-level ED,
abbreviated to as FL-ED in the following.

In a similar manner, we can show that l(a)1 follows a
complex central Chi-square distribution with N degrees
of freedom and with non-centrality parameter δ =
|α|2
σ2
a
||s||2 under H1 hypothesis, i.e., l(a)1 |H1 ∼ X 2

N (δ).
Hence, the detection probability of ED can be computed
as

P
(ED)
d (δ) = Pr

(
l
(a)
1

∣∣∣H1 >
ς1(σ2

n)
ρ

)
= QX 2

N (δ)

(
ς1(σ2

n)
ρ

)
,

(29)

where QX 2
N (δ)(.) denotes the right tail of the pdf of

X 2
N (δ). In the case of P (ED)

fa ≤ pfa, as discussed above,
the detection probability can be computed as

P
(ED)
d (δ) = QX 2

N (δ)

(
βDQ

−1
X 2
N

(pfa)
)
, (30)

where

βD =
ρmax
ρ

, (31)

is called induced NVU (INUV) factor in the detection
probability. From (30), it is seen that the detection
probability of ED is a decreasing function of INUV.

For the proposed kernelized detectors, we exploit
the principle of invariance to investigate their potential
CFAR behavior against NVU since it is not easy
to obtain closed-form expressions for their false alarm
probabilities. In general, the goal in the invariance theory
is to find transformations leaving the considered hypoth-
esis testing problem invariant [24], [25]. In our case,
we say a detector with test statistic λi(y) has CFAR
property against the NVU provided that it is invariant
under the scale transformation, i.e., λi(

√
ρy) = λi(y).

This is pursued next.
In the kernelized detector of (15), T4(

√
ρy) = T4(y)

implies that c1 = c2 = 0 and d1 = d2. As such, it is
easy to show that the kernelized detector (15) and that
of (2) are equivalent, resulting in the same performance.
Then, in order to exploit the advantage of kernel theory,
we rewrite the decision rule of (15) to obtain

T5(y) =
maxs∈BN

{∣∣(〈s,y〉+ c)d
∣∣2}

〈y,y〉

H1

≷
H0

η5(σ
2
n)

(32)

Applying the scale transformation to (32) results in
T5(
√
ρy) = ρd−1T5(y) when c = 0. For d 6= 1,

this means that this new detector does not possess the
CFAR property against the NVU when transforming
the receiver noise samples from y|H0 ∼ CN (0, σ2nI)
to
√
ρy|H0 ∼ CN (0, σ2aI). As a result, the detection

threshold of test statistic T5(y) depends on the noise
variance, denoted by η5(σ2n). Under NVU of ρ, we can
reformulate (32), expressed as

T6(y) =
maxs∈BN

{∣∣〈s,y〉d∣∣2}
〈y,y〉

H1

≷
H0

ρd−1η5(σ
2
n) (33)

In general, in practical situations, the value of ρ is
not known a prior; however, we can consider a max-
imum value for it to set the new detection threshold
ρd−1η5(σ

2
n). Additionally, under UVN, we should limit

the false alarm probability to an upper bound by using
a threshold- setting under the worst-case condition. By
doing so, we obtain

T7(y) =
maxs∈BN

{∣∣〈s,y〉d∣∣2}
〈y,y〉

H1

≷
H0

ρd−1maxη5(σ
2
n) (34)

In general, it should be noted that the new detector
does not have the CFAR property. However, since the
denominator of (34) represents a noise variance estimate
under the hypothesis H0, we refer to it as a semi-CFAR
(S-CFAR) detector. In the sequel, this detector is called
polynomial kernel and S-CFAR LRT-based detector,
abbreviated as PK-SC-LRT detector. It should be noted
that the proposed PK-SC-LRT has CFAR property when
d = 1, which is equivalent in performance with the
classical LRT-based one. This means that the previously
proposed LRT detector can be considered as a special
case of the proposed one.

In contrast to (34), the proposed test statistics Λi(y)
for i = 2, ..., 6 have CFAR property against the noise
variance. Thus, they are invariant to any scale transfor-
mation, i.e.,

Λi(
√
ρy) = Λi(y) (35)

for i = 2, ..., 6. In the following, the detector in (17)
is called the polynomial kernel and CFAR LRT-based
detector, namely PK-C-LRT. Similarly, the proposed
detector presented in (19) is referred to as the approxi-
mated polynomial kernel and CFAR LRT-based detector,
namely APK-C-LRT detector.

V. SIMPLIFYING THE PROPOSED KERNEL- BASED

LRT DETECTORS

The proposed detectors in the previous subsection ba-
sically need an exhaustive search due to the maximiza-
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tion over s. Thus, they are computationally expensive
and thus impractical in real communication systems,
especially for larger values of N . Thus, to assist practical
implementations, we seek next simplified implemen-
tation forms of the proposed kernelized detectors. To
do this, we firstly introduce in detail the simplified
implementation of the detector in (3), while then apply
similar approach with the selected actual detectors. Let
us denote the estimate of the nth entry of vector s as
ŝn. In [19], firstly, the entries of s = [s1, ..., sN ]T are
approximately estimated, expressed as

ŝn = argmaxsn |rn−1 + s∗ngn| (36)

where rn , rn−1+ ŝ∗ngn for n = 2, ..., N , and r1 = ŝ∗1g1
with ŝ1 being chosen arbitrarily from B = {−1, 1}. This
has been obtained based on the fact that the inner product
〈s,g〉 in (3) can be obtained recursively as

〈s,g〉 = 〈s(−N),g(−N)〉+ s∗NgN (37)

with s(−N) and g(−N) denoting the subvectors that are
formed from vectors s and g by removing the N-th
entries, respectively. Then, the detector in (3) can be
approximately implemented as

Λ1(y) ≈ |rN |2
H1

≷
H0

ζ ′1 (38)

This, in turn, allows us to implement the LRT statistic
with computational complexity (CC) of the order of
O(N |B|) instead of an exhaustive search of the order of
O(|B|N−1) associated to the original LRT detector. This
simplified LRT is referred to as SLRT [19]. It can be
seen that the block estimation of vector s in the LRT
detector is replaced with a corresponding symbol-by-
symbol estimation in the SLRT detector. However, it can
be shown that the detection performance of the SLRT is
comparable with that of the LRT detector with much
lower complexity.

Through the above approach, we can pursue simplified
kernel-based detectors. Based on (37) and following
similar steps as in the SLRT derivation, the proposed PK-
SC-LRT, PK-C-LRT, and APK-C-LRT detectors can be
simplified to obtain new detectors called PK-SC-SLRT,
PK-C-SLRT and APK-C-SLRT, where the resulting pro-
cessing steps are summarized in Algorithms 1-3, respec-
tively. The proposed kernel-based detectors are listed
in Table I, where their properties and kernel parameters
are also summarized for readers’ convenience. It is easy
to check that the proposed kernelized detectors have the
same computational complexity orders as compared with
their original counterparts, while the original detectors
can basically be considered as special cases of the

Algorithm 1 Proposed PK-SC-SLRT detector, simplified
version of (34).

1: Input: σ2n, ρmax, η5(σ2n), s, y, c, d.
2: Set η′7 = ρd−1maxη5(σ

2).
3: Select ŝ1 ∈ B arbitrarily and set r1 = ŝ∗1y1,
4: for n = 2 : 1 : N ; do
5: Estimate ŝn using

ŝn = argmaxsn |rn−1 + s∗nyn|
rn , rn−1 + ŝ∗nyn

6: end for
7: Compute the PK-SC-SLRT statistic, given by

T ′7(y) = |(rN+c)d|2
〈y,y〉

8: Compare T7(y) with the detection threshold η′7,

i.e., T ′7(y)
H1

≷
H0

η′7.

Algorithm 2 Proposed PK-C-SLRT detector, simplified
version of (17).

1: Input: ζ ′4, s, y, κ.
2: Construct g = y

‖y‖ , where g = [g1, ..., gN ]T .
3: Select ŝ1 ∈ B arbitrarily and set t1 = ŝ∗1g1,
4: for n = 2 : 1 : N ; do
5: Estimate ŝn using

ŝn = argmaxsn |tn−1 + s∗ngn|
tn , tn−1 + ŝ∗ngn

6: end for
7: Compute the PK-C-SLRT statistic, given by

Λ′4(g) = |tN + κ|2
8: Compare Λ′4(g) with the detection threshold ζ ′4,

i.e., Λ′4(g)
H1

≷
H0

ζ ′4.

proposed kernelized ones. For instance, the proposed
PK-C-SLRT detector only needs more additions than
the C-SLRT detector. Similarly, the proposed PK-SC-
SLRT detector needs at most d− 1 more multiplications
and one more addition, when compared with its original
counterpart (i.e., the SC-SLRT detector).

VI. SIMULATION RESULTS

In this section, numerical simulation results are pro-
vided to examine the detection performance of the
proposed PK-SC-LRT, PK-SC-SLRT, PK-C-LRT, PK-C-
SLRT, APK-C-LRT, APK-C-SLRT detectors and com-
pare them to their classical counterparts (i.e., LRT and
SLRT). To do this, unless otherwise stated, the number of
received samples is set 6 (i.e., N = 6) and the desired
false alarm probability of pfa = 10−3 is considered.
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TABLE I
PROPOSED KERNEL-BASED DETECTORS AND THEIR PROPERTIES.

Proposed Detectors Properties Test statistic Kernel parameters
PK-SC-LRT Semi-CFAR against NVU T7(y) S = {d}
PK-C-LRT CFAR against NVU Λ4(y) or Λ4(y)

1
4 of (17) S = {κ}

APK-C-LRT CFAR against NVU Λ6(y) S = {κ}
PK-SC-SLRT Semi-CFAR against NVU, simplified version of PK-SC-LRT T ′7(y) S = {c, d}
PK-C-SLRT CFAR again st NVU, simplified version of PK-C-LRT Λ′4(g) S = {κ}

APK-C-SLRT CFAR against NVU, simplified version of APK-C-LRT Λ′6(g; υ) S = {κ}

Algorithm 3 Proposed APK-C-SLRT detector, simpli-
fied version of (19).

1: Input: υ, ζ ′6(υ), s, y, κ.
2: Construct g = y

‖y‖ , where g = [g1, ..., gN ]T .
3: Select ŝ1 ∈ B arbitrarily and set p1 = ŝ∗1g1,
4: for n = 2 : 1 : N ; do
5: Estimate ŝn using

ŝn = argmaxsn |pn−1 + s∗ngn|
pn , pn−1 + ŝ∗ngn

6: end for
7: Compute the APK-C-SLRT statistic, given by

Λ′6(g; υ) =

{
|p1 + κ2|2, υ = 2,
|p41 + 6p21κ

2 + κ4|2, υ = 4.
8: Compare Λ′6(g) with the detection threshold

ζ ′6(υ), i.e., Λ′6(g; υ)
H1

≷
H0

ζ ′6(υ).

In the following, for simplicity, we set σ2n = 1. Thus
ρ = σ2a and we generate noise samples according to
w ∼ CN (0, σ2aI). The empirical false alarm probability
(i.e., Pfa) and detection probability (i.e., Pd) of the above
detectors are determined by 108 and 104 Monte-Carlo
(MC) simulation runs, respectively.

To evaluate the detection performance of the proposed
detectors, we define input signal-to-noise ratio (SNR) as
SNR = |α|2

σ2
a

, where SNR[dB] = 10 log10(SNR), while
the channel gain α is scaled to achieve the desired SNR
over all MC simulations. In our case, the elements of
the vector s are taken from the BPSK alphabet (i.e., B =
{−1, 1}), with different random realizations for different
MC runs.

A. Verification of FL-ED Analytical Results

In Fig. 1, the probability of false alarm as a function
of ρ is plotted for different values of ρmax. The lines
with markers ”◦” denote the results using the theoretical
expression in (26), while the lines without markers
denote the MC results. It can be seen that the theoretical
results are consistent with the MC ones. Additionally,

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
10

-6

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

Fig. 1. Probability of false alarm versus noise variance uncertainty
ratio ρ for the FL-ED detector when the desired false alarm proba-
bility is set equal to pfa = 10−3.

we observe that the FL-ED detector attains the desired
level of 10−3 when its threshold is set according to
the worse case condition of ρmax = 2 dB, i.e., we
achieve Pfa ≤ 10−3 for ρ ≤ 2 dB, while it suffers from
excessive false alarm probability with ρmax = 0 dB for
ρ > 0 dB.

Fig. 2 presents the detection probability as a function
of SNR for different values of βD. The symbols ”◦”
denote the results computed with the theoretical expres-
sion in (30), while the lines without markers represent
again the MC results. We can observe that the theoretical
results match the MC ones very well. Additionally, we
observe that the detection performance of the proposed
FL-ED is degraded as βD increases.

B. False Alarm Regulation Evaluations of Kernelized
Detectors

In Fig. 3, the false alarm regulation of the ordinary
and kernelized detectors as a function of ρ is examined
for two cases of ρmax = 0 dB and ρmax = 2 dB.
It is seen that the LRT, SLRT, PK-C-LRT and PK-C-
SLRT detectors have CFAR property, while the pro-
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Fig. 2. Detection probability of the proposed FL-ED as a function
of SNR for different values of βD when ρmax = 2 dB.
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Fig. 3. Probability of false alarm versus noise variance uncertainty
ratio ρ for the proposed S-CFAR detectors when the desired false
alarm probability is set equal to pfa = 10−3.

posed PK-SC-LRT and PK-SC-SLRT detectors suffer
from excessive false alarm probabilities in the case of
ρmax = 0 dB. As can be seen form Fig. 3, the proposed
PK-SC-LRT and PK-SC-SLRT detectors are not CFAR
detectors, i.e., Pfa 6= 10−3 when their thresholds are
adjusted according to ρmax = 0 dB, while they have
false alarm probabilities of level pfa when we set their
thresholds by ρmax = 2 dB, i.e., Pfa ≤ 10−3. In
practical situations, it is required for S-CFAR detectors,
such as the proposed PK-SC-LRT and PK-SC-SLRT
detectors, to guarantee that the obtained false alarm
probability is always below a required level pfa. In
the following, we consider a worse case condition for
NVU, specifically ρmax = 2 dB, and set the thresholds
accordingly to achieve Pfa ≤ pfa.
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Fig. 4. Detection probability as a function of polynomial kernel’s
parameters of the decision rule of (32) for pfa = 10−3, βD = 0 dB
with ρmax = 2 dB and SNR = 5 dB.

C. Detection Performance Evaluations of Kernelized
Detectors

For the proposed kernelized detectors, firstly, we need
to select suitable parameters for the exploited polynomial
kernel functions. The best way of doing this would be to
maximize the detection probability under the constraint
that the empirical false alarm probability is less than the
desired false alarm probability pfa, i.e.,

max
Pfa(S)≤pfa

Pd(S) (39)

where S contains the kernel parameters of different
proposed detectors. For instance, we have S = {c, d},
and S = {κ} for the PK-SC-LRT (SLRT) and APK-C-
LRT(SLRT), respectively. Solving such non-linear opti-
mization problem1 is far from trivial, especially since the
closed-form expressions for false alarm probability and
detection probability are generally unknown. Thus, in
this work, we consider and adopt MC simulation based
approach to obtain proper parameters of the polynomial
kernel functions, where we fix the false alarm probability
and then seek to adjust the parameters of the polynomial
kernel functions to maximize the corresponding detec-
tion probability.

For the finalized PK-SC-LRT detector with kernel pa-
rameters S = {c, d}, we follow the above procedure and
plot the detection probability of the proposed decision
rule in (32) as a function of c and d while setting
pfa = 10−3 and for SNR = 5 dB. The corresponding
results are depicted in Fig. 4 for the case of βD = 0 dB

1Generally, the Pd and Pfa are nonlinear functions with respect
to kernel parameters; thus we encounter a nonlinear optimization
problem.
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Fig. 5. Detection probability as a function of d for different values of
c when the decision rule of (32) is used for pfa = 10−3, βD = 0 dB
with ρmax = 2 dB and SNR = 5 dB.

with ρmax = 2 dB. In such a case, it can be observed
from Fig. 4 that the values of d greater than 2 and c = 0
result in the best detection performance. This can also be
concluded from Fig. 5, where the detection probability
is plotted versus d for different values of c. Similar
results can be obtained for the PK-SC-SLRT detector. In
the following, we choose c = 0 and d = 3 to compare the
detection performance of the proposed PK-SC-LRT and
PK-SC-SLRT with that of the classical LRT and SLRT
detectors proposed in [19].

In Fig. 6, the detection probability of the semi-
CFAR detectors is compared when βD = 0 dB with
ρmax = 2 dB, which corresponds to the case of Pfa =
pfa = 10−3. In this case without any NVU, it is seen
that the proposed detectors significantly outperform their
classical counterparts, while all the proposed detectors
also perform better than FL-ED. Here, the proposed PK-
SC-SLRT detector has the same performance as that of
PK-SC-LRT with lower computational complexity. This
trend can be seen between the previously proposed LRT
and SLRT detectors. We see that the proposed PK-SC-
SLRT detector requires about 4.3dB to attain pd = 0.9
while it is 10 dB in the SLRT detector, resulting in an
SNR gain of about 5.7 dB.

In Fig. 7, the detection performance of the S-CFAR
detectors are compared in the case of βD = 2 dB with
ρmax = 2 dB (i.e., ρ = 0 dB)2. Comparing the detection
performances of the proposed detectors in Fig. 6 with

2As mentioned before, under noise variance uncertainty, we should
limit false alarm probability to an upper bound by using a threshold-
setting under the worst-case condition. Therefore, detection perfor-
mance should be examined with this type of threshold adjusting to
satisfy Pfa ≤ pfa.
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Fig. 6. Detection probability as a function of SNR for the proposed
S-CFAR detectors when we set d = 5, c = 0, pfa = 10−3 and
βD = 0 dB with ρmax = 2 dB. Pfa = 10−3 is achieved with the
considered detectors.

that in Fig. 7 indicates that the detection performances
of the proposed detectors have been degraded; however,
they have significantly better performances than the
LRT, SLRT and FL-ED detectors. This degradation in
performance is the price paid to attain detectors with
level pfa.

In the worse case condition of βD = 4 dB with
ρmax = 2 dB (i.e., ρ = −2 dB), we obtain the results
depicted in Fig. 8. In this case, the proposed S-CFAR
detectors have the same performance with an SNR gain
of about 2.4 dB compared with their counterparts. The
proposed detectors can also be observed to significantly
outperform the FL-ED. Interestingly, however, the FL-
ED outperforms the classical LRT and SLRT detectors,
as seen through Figs. 6- 8.

For the proposed CFAR detectors the above simulation
results are repeated. In Fig. 9, we are interested in
finding κ in the proposed PK-C-LRT and APK-C-LRT
detectors which maximize their detection probabilities.
It is seen that the value of κ = 0 leads to the same
performances of the proposed PK-C-LRT detector with
that of the conventional LRT detector, while the values
of κ greater than 3 results in the best performance for
the APK-C-LRT detector for different values of υ. In the
following, we use κ = 3 to evaluate the performance of
the proposed APK-C-LRT detector.

In Fig. 10, the detection performance of the four
proposed CFAR detectors are compared with that of
the LRT and SLRT detectors. It can be observed that
the proposed APK-C-LRT and APK-C-SLRT schemes
significantly outperform the proposed PK-C-LRT and
PK-C-SLRT detectors, respectively, while the two later
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Fig. 7. Detection probability as a function of SNR for the proposed
S-CFAR detectors when we set d = 5, c = 0, pfa = 10−3 and
βD = 2 dB with ρmax = 2 dB (i.e., ρ = 0 dB). We achieve Pfa <
10−3 for the proposed S-CFAR detectors while we have Pfa = 10−3

for the LRT and SLRT detectors.
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Fig. 8. Detection probability as a function of SNR for the proposed
S-CFAR detectors when we set d = 5, c = 0, pfa = 10−3 and
βD = 4 dB with ρmax = 2 dB (i.e., ρ = −2 dB). We achieve
Pfa < 10−3 for the proposed S-CFAR detectors while we have
Pfa = 10−3 for the LRT and SLRT detectors.

detectors are very close in performance to the LRT and
SLRT detectors, respectively.

Finally, the SNR gain as a function of ρ for the pro-
posed PK-SC-SLRT and APK-C-SLRT as compared to
the SLRT detector is plotted in Fig. 11, where we achieve
detection probability of 0.9 and Pfa ≤ 10−3. Fig. 11
shows how SNR gain varies with ρ for the proposed PK-
SC-SLRT, where the detection threshold of the proposed
PK-SC-SLRT is adjusted according to ρmax = 2 dB. For
the worse case condition, the SNR gain of the PK-SC-
SLRT detector is about 2.4 dB and it increases with ρ,
where the case of ρ = 2 dB corresponds to no NVU,

0 1 2 3 4 5

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Fig. 9. Detection probability as a function of κ for the proposed
CFAR detectors for different values of υ when we set pfa = 10−3

and SNR = 8.2 dB.
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Fig. 10. Detection probability as a function of SNR for the proposed
CFAR detectors when we set κ = 3 and pfa = 10−3.

resulting in the SNR gain of 5.7 dB. As can be seen
from Fig. 11, for the proposed APK-C-SLRT, we obtain
a fixed SNR gain of 1.8 dB, regardless of the values of ρ
due to its CFAR property. Interestingly, the performance
of the proposed S-CFAR methods is significantly better
than those of the proposed CFAR detectors even in the
considered worse case condition.

It is finally noted that the above improvements in
the detection performance through the proposed kernel-
based detectors are obtained due to exploiting the richer
features of the transformed data (i.e., monomial features
with degree up to d or ν) as compared to that of
the original data represented by monomials with degree
one. This is addressed in further details in Remark
1. Thus, while the original LRT detectors are efficient
in finding linear relations, the kernel-based detectors
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Fig. 11. Signal-to-noise ratio gain of the proposed PK-SC-SLRT
detector (with d = 5 and c = 0) and APK-C-SLRT detector (with
κ = 3 and υ = 2) as compared to the SLRT detector to achieve
Pfa ≤ 10−3 and detection probability of 0.9.

provide generally a richer space to exploit both linear
and nonlinear relations of the received data.

VII. CONCLUSION

In this article, two general classes of kernelized LRT
detector for BPSK signal detection were developed and
presented. The first class consists of two new detectors,
shown to possess the semi-CFAR property against the
noise variance uncertainty, while the proposed detectors
of the second class where shown to be of CFAR na-
ture. In deriving the detectors, the inner product of the
classical LRT test was replaced with selected polynomial
kernel functions, which enables us to exploit some richer
features of the transformed space, subsequently improv-
ing the detection performance of the proposed detectors.
In each detector class, also simplified implementation
structures and processing methods with reduced com-
putational complexity but comparable detection perfor-
mance were described. Although the proposed detectors
in the first class are not CFAR detectors with respect
to the noise variance uncertainty, we have introduced
a new threshold-setting strategy to obtain selected new
detectors with a fixed level of pfa. In this case, in the
presence of the noise variance uncertainty, we assumed
that the maximum variation of the noise variance uncer-
tainty ratio is given or fixed to be able to achieve an
empirical false alarm rate below a predetermined level.
While building on the polynomial kernel functions in
our problem, we optimized the corresponding parame-
ters of the functions to achieve a maximum detection
probability under a fixed level of false alarm probability.
Our simulation results illustrate the superior performance

of the proposed BPSK signal detectors over classical
LRT-based detectors. Additionally, the performance of
the proposed semi-CFAR methods was shown to be
significantly better than those of the proposed CFAR
detectors.

Finally, in the presence of NVU, we devised a new
fixed-level energy detector (FL-ED), while also derived
the corresponding closed-form expressions for both the
false alarm probability and the detection probability. It
was shown through numerical results that the proposed
FL-ED also outperforms the classical LRT and SLRT
detectors.
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