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Abstract

Filter bank based multicarrier is an evolution with many advantages over

the widespread OFDM multicarrier scheme. The author of the thesis stands

behind this statement and proposes various solutions for practical physical

layer problems based on filter bank processing of wireless communications

signals. Filter banks are an evolved form of subband processing, harnessing

the key advantages of original efficient subband processing based on the fast

Fourier transforms and addressing some of its shortcomings, at the price of a

somewhat increased implementation complexity. The main asset of the filter

banks is the possibility to design very frequency selective subband filters to

compartmentalize the overall spectrum into well isolated subbands, while still

making very efficient use of the assigned bandwidth.

This thesis first exploits this main feature of the filter banks in the sub-

band system configuration, in which the analysis filter bank divides the original

signal into its subbands and the subsequent synthesis filters reconstruct the

original signal in a properly processed form. Here the application is narrow-

band interference cancellation in a direct sequence spread spectrum system.

Using complex modulated filter banks, complex valued data is efficiently pro-

cessed and the interference notched out without its effect leaking to adjacent

subbands. Means for detecting and estimating the location and power of the

interferer are presented here, and a novel recursive excision algorithm leads to

enhanced interference mitigation performance.

In multicarrier communications, the filter banks are switched into the

transmultiplexer configuration, with a synthesis filter bank in the transmitter

and an analysis filter bank in the receiver. The high selectivity of the sub-

channel filters allows them to separate data streams as clusters of contiguous

subbands without the need of additional filtering. This raises the question:

How much processing can be moved to the low rate subband streams, af-

ter the analysis filter bank? Subcarrier-wise processing enables independent

processing of data streams allocated to different frequency blocks and sepa-
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ii ABSTRACT

rated by the filter bank selectivity. These blocks could correspond to different

users in an uplink, with different timing and frequency offsets that are difficult

to resolve from the compound high rate signal. Our research objective was

to perform subcarrier-wise channel estimation and synchronization, including

equalization, as well as narrowband interference cancellation when needed.

At the start of the studies of our research group, subchannel equalization

was not well understood. Its analysis resulted in efficient equalization meth-

ods and later in techniques to estimate the channel impairments to perform

the equalization. In this sense, this thesis presents alternative approaches

for estimating channel parameters, such as timing, frequency offset and chan-

nel frequency response. One estimation technique is pilot based, suitable for

systems in which the channel frequency response is almost flat within the

subchannels. The other relies on training sequences, an alternative that fits

well in implementations with moderate number of subchannels and mildly fre-

quency selective fading channel within the subcarriers. Both approaches are

known for the forerunner in multicarrier communications, OFDM, but here

the particular difficulties of the filter bank multicarrier signal are tackled.

The presented techniques result in a well performing and quite complete

multicarrier communications solution. Its application in a WiMAX-like setup

proved to provide throughput gains of up to 20% compared to the original,

OFDM based reference system. Based on the extended research and on the

results published in the publications that are compiled as part of this thesis,

the author strongly believes that the filter bank approach is the right direction

to follow in multicarrier communications.
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parents Edith and José Luis for everything, especially pushing me to discover

the wild wide world and then not complaining too much that I have not

returned yet. My brother Patrick for enduring all my teasing and still being

the coolest brother. Rhimo for being there from almost since I can remember.

And Kirsi, for her support, love, and understanding, especially when I take

my laptop to bed because I have another section to write. Turning my head

while typing and watching you calmly asleep next to me puts the important

things of life back into the correct perspective.

Tampere, October 2010

Tobias Hidalgo Stitz



Contents

Abstract i

Preface iii

Table of Contents v

List of Abbreviations vii

List of Principal Symbols ix

List of Figures xi

1 Introduction 1

1.1 Background and Motivation . . . . . . . . . . . . . . . . . . . . 2

1.2 Scope and Objectives of Research . . . . . . . . . . . . . . . . . 5

1.3 Outline and Main Results of the Thesis . . . . . . . . . . . . . 7

1.4 List of Publications . . . . . . . . . . . . . . . . . . . . . . . . . 9

2 Basics on Filter Banks 11

2.1 Multirate Filter Banks . . . . . . . . . . . . . . . . . . . . . . . 12

2.1.1 Basic Multirate Operations . . . . . . . . . . . . . . . . 13

2.1.2 Transfer Relations and Reconstruction Conditions . . . 17

2.2 Modulated Filter Banks . . . . . . . . . . . . . . . . . . . . . . 19

2.3 Filter Bank Implementation . . . . . . . . . . . . . . . . . . . . 22

2.3.1 Prototype Design . . . . . . . . . . . . . . . . . . . . . . 22

2.3.2 Efficient Implementation and Complexity . . . . . . . . 23

3 Filter Banks for Narrowband Interference Mitigation 27

3.1 Narrowband Interference Mitigation in Time Domain . . . . . . 31

3.2 Narrowband Interference Mitigation in Frequency Domain . . . 32

v



vi CONTENTS

3.2.1 NBI Detection . . . . . . . . . . . . . . . . . . . . . . . 35

3.2.2 Post-NBI-Mitigation Transient Mitigation . . . . . . . . 37

3.2.3 Recent Developments in NBI Mitigation . . . . . . . . . 37

3.3 Further Applications of Analysis-Synthesis Systems . . . . . . . 38

4 Channel Synchronization in FBMC 41

4.1 Channel Equalization . . . . . . . . . . . . . . . . . . . . . . . 42

4.1.1 Conditions for ISI and ICI Cancellation . . . . . . . . . 45

4.1.2 Low Complexity Subcarrier Equalization . . . . . . . . . 49

4.2 Narrowband Interference Suppression . . . . . . . . . . . . . . . 51

4.3 Channel Estimation and Synchronization . . . . . . . . . . . . 54

4.3.1 Data Aided Channel Estimation . . . . . . . . . . . . . 57

4.3.2 Timing Synchronization . . . . . . . . . . . . . . . . . . 62

4.3.3 Frequency Synchronization . . . . . . . . . . . . . . . . 67

4.3.4 Applied Synchronization and Estimation Schemes . . . 70

5 Conclusions 77

5.1 Summary of the Main Differences between OFDM and FBMC . 78

5.2 Suggestions for Future Research . . . . . . . . . . . . . . . . . . 80

6 Summary of Publications 83

6.1 Overview of the Publication Results . . . . . . . . . . . . . . . 83

6.2 Author’s Contribution to the Publications . . . . . . . . . . . . 86

Bibliography 89

Publications 105



List of Abbreviations

This is a list of the most important and recurrently appearing abbreviations

in this thesis.

AFB Analysis filter bank

AP-SCE Amplitude and phase subchannel equalizer

AWGN Additive white Gaussian noise

BER Bit error ratio

CDMA Code division multiple access

CFO Carrier frequency offset

CMFB Cosine modulated filter bank

CP Cyclic prefix

CR Cognitive radio

DFT Discrete Fourier transform

DSSS Direct sequence spread spectrum

ELT Extended lapped transform

EMFB Exponentially modulated filter bank

FBMC Filter bank based multicarrier

FB Filter bank

FFT Fast Fourier transform

FIR Finite impulse response

FTD Fractional time delay

ICI Intercarrier interference

IFFT Inverse fast Fourier transform

IIR Infinite impulse response

ISI Intersymbol interference

LMS Least mean squares

LT Lapped transform

LTE Long term evolution

vii



viii LIST OF ABBREVIATIONS

MC Multicarrier

MDFT Modified discrete Fourier transform

MIMO Multiple input multiple output

MMSE Minimum mean squared error

MSE Mean squared error

NBI Narrowband interference

NPR Nearly perfect reconstruction

OFDMA Orthogonal frequency division multiple access

OFDM Orthogonal frequency division multiplexing

OQAM Offset quadrature amplitude modulation

PAPR Peak to average power ratio

PHYDYAS Physical layer for dynamic spectrum access and cognitive radio

PN Pseudo noise

PR Perfect reconstruction

QAM Quadrature amplitude modulation

QPSK Quadrature phase shift keying

SC-FDE Single carrier frequency domain equalization

SC-FDMA Single carrier frequency division multiple access

SFB Synthesis filter bank

SMFB Sine modulated filter bank

SNR Signal to noise ratio

SS Spread spectrum

TMUX Transmultiplexer

WiMAX Worldwide interoperability for microwave access

ZF Zero forcing



List of Principal Symbols

This is a list of the principal symbols and notations used throughout the thesis.

Re[·] Real part of the argument ·
Im[·] Imaginary part of the argument ·
F[·] Fourier transform of the argument ·
∗ Complex conjugation operation

⋆ Convolution operation

M Filter bank size, total number of subchannels

k Subcarrier index, k = 0, 1, ...M − 1

K Overlapping factor

∆f Subcarrier separation

fs Sampling rate, at SFB output and AFB input

Ts Sampling interval at SFB output and AFB input, Ts = 1/fs
m Time index at high sampling rate fs, at SFB output and AFB input

n Time index at low sampling rate, at AFB output and SFB input

hp[m] Prototype filter

Hp(e
jω) Frequency response of the prototype filter, F[hp[m]]

fk[m] Analysis filter for subchannel k

gk[m] Synthesis filter for subchannel k

h(t, τ), h[n,m] Time-varying channel impulse response

ix



x LIST OF PRINCIPAL SYMBOLS



List of Figures

1.1 Spectral representation of the subcarriers in a multicarrier system. 3

1.2 OFDM symbols with cyclic prefix in time. . . . . . . . . . . . . 4

1.3 Spectra of OFDM and FBMC subchannels. . . . . . . . . . . . 5

2.1 Most general filter bank. . . . . . . . . . . . . . . . . . . . . . . 11

2.2 Subband system and transmultiplexer configurations. . . . . . . 12

2.3 Downsampling by N = 2. a) Time domain representation. b)

Frequency domain presentation showing the aliasing effect pro-

duced because the highest frequency of the input signal is larger

than π/2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.4 Decimation of a bandpass signal with complex filters. a) Spec-

trum of the input signal. b) Spectrum after bandpass anti-alias

filtering. c) Resulting spectrum after downsampling by N = 8. 15

2.5 Upsampling by N = 2. a) Insertion of the zero valued samples

in the time domain. b) Frequency domain representation with

imaging when ω > π/2. . . . . . . . . . . . . . . . . . . . . . . 16

2.6 Interpolation. a) Spectrum of the input signal. b) Spectrum of

the upsampled signal, highlighting the band of interest. c) Spec-

trum of the output signal, after complex anti-imaging bandpass

filter. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.7 Identities in multirate signal processing. . . . . . . . . . . . . . 17

2.8 Modulated filter banks with even and odd stacking. . . . . . . . 20

2.9 Efficient implementation of the EMFB based on cosine and sine

modulated filter banks. . . . . . . . . . . . . . . . . . . . . . . . 25

2.10 Efficient implementation of the FBMC/OQAM filter banks. . . 26

3.1 Constellation and spectrum of a QPSK signal affected by NBI. 28

3.2 Robustness against NBI in a spread spectrum signal. . . . . . . 29

xi



xii LIST OF FIGURES

3.3 Constellation of a QPSK signal affected by NBI and after exci-

sion of the NBI. . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

3.4 NBI excision on the frequencies at which the interference is

detected. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

3.5 Threshold detection principle. . . . . . . . . . . . . . . . . . . . 35

3.6 Transient occurrence after NBI mitigation. (a) Interfered sig-

nal and processed signal. (b) Processed signal only, for better

appreciation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

4.1 Efficient multicarrier transmission principle. . . . . . . . . . . . 42

4.2 Mildly frequency selective channel response in the subchannels. 43

4.3 TMUX with oversampled analysis bank and per-subcarrier equal-

izers in (a) EMFB implementation and (b) FBMC/OQAM im-

plementation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

4.4 Potential ICI spectrum affecting subchannel k = 0 in the odd

stacked EMFB implementation. . . . . . . . . . . . . . . . . . . 46

4.5 ISI from the folded spectrum of the overall transfer function

z̃k[m]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

4.6 Complex FIR subcarrier equalizer for equalization at 3 fre-

quency points. . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

4.7 Amplitude and phase subcarrier equalizer for equalization at 3

frequency points. . . . . . . . . . . . . . . . . . . . . . . . . . . 50

4.8 Three point equalization working principle. . . . . . . . . . . . 51

4.9 NBI mitigation in the adjacent subchannel. . . . . . . . . . . . 52

4.10 Locating NBI affecting two subbands. . . . . . . . . . . . . . . 54

4.11 Complex TMUX receiver with oversampled analysis bank and

per-subcarrier equalizers. . . . . . . . . . . . . . . . . . . . . . 56

4.12 Subchannel frequency response distortion due to CFO for nor-

malized frequency offsets ε = 0.01, 0.05, 0.1, and 0.2. . . . . . . 68

4.13 Subchannel receiver signal model in the presence of CFO, with

CFO compensation and subchannel equalization. (a) Basic

model. (b) Equivalent form. . . . . . . . . . . . . . . . . . . . . 70

4.14 Training sequence behavior in the frequency domain. . . . . . . 72

4.15 Extending the non-ambiguity ranges. . . . . . . . . . . . . . . . 74



Chapter 1

Introduction

There are two trends in modern telecommunications that can be recognized as

persistent. First, the continuous increase in data rates in digital communica-

tions. From the first Morse symbols per second in telegraph communications

[22] in the mid of the 19th century, continuing with the first landline modems

at hundreds of bauds (symbols per second) hundred years later [60], and the

9.6 kbps in early 2G [125] cellular communications, up to the over 300 Mbps

already considered in the long term evolution (LTE) [126] standards of next

generation mobile communications, the transmission speed has been rising at

a steady pace. Research in this field and development of applications that

benefit from the enhanced data rates or require even more throughput con-

tinue to fuel each other. The means for increasing data rates are widening the

transmission bandwidth and improving spectral efficiency, i.e, the data rate

that can be sent per unit bandwidth (bps/Hz).

The second trend is the growing ability to access and send any kind of

information independently of location or time. It was not so long ago when

two persons that wanted to communicate had to decide a fixed location and a

time to do so. Also, watching one’s favorite movie or program required that

the watcher be on a certain location such as home or the theaters. Mobile

telephony started to free us from these constraints in the 80ies and nowadays

high speed data communications independent from our location and in vehicles

moving at high speeds are becoming commonplace. The tool for enabling

this are wireless communications. Although most of the customers may take

it for granted, efficiently transmitting wirelessly over wide bandwidths and

at changing locations is a challenging task because of the difficult channel

conditions the signal encounters. Wideband signals are affected by frequency

1



2 INTRODUCTION

selective fading due to multipath propagation and can suffer from narrowband

interference within the desired signal bandwidth. Relative mobility between

transmitter and receiver and also the changing conditions of the propagation

channel produce time fading.

There are several physical layer choices to overcome the challenges of ef-

ficient wideband wireless communications. Among them we encounter spread

spectrum techniques [99], multicarrier (MC) communications, combinations of

both [11, 35], and even updated single carrier communication with frequency

domain receiver processing [30], which share the multirate signal processing

from the multicarrier systems. The main focus of this thesis is on communi-

cations that apply multirate signal processing.

1.1 Background and Motivation

In MC communications the data is transmitted over many frequencies instead

of a single carrier, dividing the wideband frequency selective communication

channel into several subbands with mildly selective fading. This leads to ad-

vantages in channel estimation and equalization, when performed at subcarrier

level. The composite MC symbol has much longer duration than the symbol

of a single carrier system transmitting within the same bandwidth, leading to

easier timing synchronization. Furthermore, limited narrowband interference

can be mitigated by shutting down the subchannels that are interfered. In

general, the option provided by MC systems to easily and conveniently sched-

ule data transmission over different subchannels at one’s will enables scalable

and flexible communications [133].

The main advantage from the efficiency point of view is that the carriers

can be selected to be orthogonal, in such a way that their spectra overlap but

without causing interference to the other carriers [23]. In digital communi-

cations, the inverse fast Fourier transform (IFFT) generates such a waveform

with little computational complexity [81]. The result is an orthogonal fre-

quency division multiplexed (OFDM) signal [133], which has been the most

prominent MC signal so far. In OFDM, frequency selective channels can be

elegantly equalized with a single complex coefficient at subcarrier level if a

cyclic prefix (CP) is appended to the OFDM symbol. This holds as long

as the CP covers the maximum delay spread of the channel. The interest-

ing properties of MC communications and the simplicity of OFDM have led

this scheme to be a fundamental part in a number of wireless communication

systems, including emerging cellular standards such as WiMAX (Worldwide
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frequency

Subcarriers

kk-1 k+1 k+2

Figure 1.1: Spectral representation of the subcarriers in a multicarrier system.

Interoperability for Microwave Access) [154] (based on the IEEE 802.16e [2]

standard) and E-UTRA LTE (Evolved UMTS Terrestrial Radio Access Long

Term Evolution) [126].

WiMAX and LTE are the remaining competing standards for evolving

third generation (3G) mobile networks towards 4G data rate, spectral effi-

ciency and flexibility requirements, after other (also OFDM-based) candidates

such as flash-OFDM [70] and Ultra-Mobile Broadband have lost momentum or

been discontinued, respectively. At the moment it seems that LTE is gathering

more industry support, although WiMAX has a small time advantage because

the first commercial networks have already been deployed. In their origins,

WiMAX evolves from fixed data communications and LTE has its roots in mo-

bile cellular networks. Nevertheless, both aim at improved power and spectral

efficiency and high data rates in the order of hundreds of Mbps at high mobil-

ities with the help of the OFDM air interface, multiple input multiple output

(MIMO) techniques and smart scheduling. The spectrum allocation in both

systems is scalable from around 1 MHz to 20 MHz, and the subcarrier sep-

aration is in the order of 10 kHz. Further, WiMAX and LTE are based on

an all-IP network architecture. Returning to the MC aspect, the two systems

exploit the flexibility of OFDM to also provide multiple access in time and

frequency through orthogonal frequency division multiple access (OFDMA).

However, the LTE uplink builds on DFT-spread-OFDM for providing single

carrier frequency division multiple access (SC-FDMA) [89] because it has a

lower peak to average power ratio (PAPR) and thus uses the mobile terminal

power more efficiently.
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Unfortunately, OFDM has some shortcomings. The cyclic prefix is a copy

of part of the transmitted OFDM symbol that is then appended at the begin-

ning of the OFDM symbol. This redundancy reduces the effective throughput

of the transmission as can be seen in Figure 1.2. Additionally to worsening

the spectral efficiency, transmit power is wasted on the CP. Furthermore, the

spectral localization of the OFDM subcarriers is weak, giving rise to spectral

leakage and interference problems with unsynchronized signals. These short-

comings have motivated researchers to develop alternative solutions overcom-

ing these problems, bringing filter bank (FB) processing into the spotlight as

an interesting alternative.

time

OFDM Symbol n   CP OFDM Symbol n+1CP

Figure 1.2: OFDM symbols with cyclic prefix in time.

During the research that resulted in this thesis, the scientific community

witnessed the rise of a new paradigm in telecommunications: Cognitive Radio

(CR) [41, 88]. CR is a response to the problem of suboptimal use of spec-

tral resources in licensed bands. The available communication channels are

not being occupied at all locations and all possible times. A cognitive radio

is a device that possesses the intelligence to sense the spectrum (SSA, spec-

trum sensing and awareness) and recognize the transmission opportunities,

also called spectral white spaces, to dynamically utilize them (DSA, dynamic

spectrum access) for information transmission. CR can be expected to bring

a wide reaching revolution in wireless communications. From the physical

layer point of view, multicarrier waveforms are an excellent match to perform

spectral sensing and to dynamically access free bands because of their intrin-

sic property of dividing the spectrum into small portions. Especially filter

banks, with their efficient and isolated compartmentalization of the subbands,

appear as strong candidates for cognitive radio signal processing. This obser-

vation gave a timely motivational push to continue with the research on the

capabilities of filter banks for the wireless communications physical layer.
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1.2 Scope and Objectives of Research

Filter bank based multicarrier (FBMC) modulation can be considered an

evolved OFDM due to the advantages it presents over it. Furthermore, one way

of implementing the filter banks is by building on the core blocks of OFDM,

i.e., the IFFT/FFT pair [118]. The filter banks address the main drawbacks

of OFDM mentioned in the previous section: Firstly, their subchannels can be

optimally designed in the frequency domain to have desired spectral contain-

ment [81]. Secondly, FBMC systems do not make use of the redundant CP,

enabling a more efficient use of channel resources. The subchannel filters are

designed with the Nyquist pulse shaping principle [99], which means that the

consecutive symbol waveforms are overlapping in time.

The excellent spectral containment achieved in FBs is crucial for avoiding

distortion from asynchronous signals in adjacent bands. This contrasts with

the mere 13 dB by which the adjacent subbands are attenuated in OFDM. In

this sense, further spectral efficiency advantages appear at the edges of the

transmission band, where one subchannel suffices as guard band to the next

transmission band. An OFDM system with slowly decaying sidelobes needs

many more subbands acting as guard band or unrealistically sharp additional

filtering to provide similar attenuation at frequencies adjacent to the transmis-

sion band. The different power spectral densities of OFDM and FBMC with

pulses that overlap over 4 symbols are presented in Figure 1.3. The lower level

of subchannel sidelobes, resulting in smaller potential intercarrier interference

(ICI) between non-adjacent subchannels is evident from the figure.

0 2 4 6 8 10 12 14 16

−60

−40

−20

0

dB

subchannel #

Frequency response of OFDM and FBMC subchannel filters
FBMCOFDM

Figure 1.3: Spectra of OFDM and FBMC subchannels.

With high enough out of band attenuation of the subband filters, the filter

bank itself can provide sufficient frequency isolation to efficiently implement
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the needed reception band selectivity. This enables moving all signal process-

ing functions after the filter bank, to the low sampling rate. Further, the

channelization can be done in a dynamically adjustable manner, efficiently

suppressing immediately adjacent and even narrowband interference compo-

nents falling within the transmission bandwidth. OFDM cannot offer this

advantage due to the low containment of its subchannel filters.

In the context of CR, where a secondary user scans the spectrum assigned

to primary users for a transmission opportunity, the high spectral definition of

FBMC is especially valuable. The performance of Haykin’s method of choice

for radio scene analysis [42], the multitaper method [123], can be well approx-

imated using FBs with greatly reduced complexity [33, 34].

The main research objective of our small team within the Digital Trans-

mission Group at the Tampere University of Technology has been to prove

that filter banks are a viable alternative for an evolved and efficient physical

layer in wireless communications. Under the lead of Prof. Markku Renfors,

Dr. Ari Viholainen, M.Sc. Tero Ihalainen and myself have researched over the

last decade the broad aspects and problems present in a complete communica-

tion system with filter banks. The general plan included the design of efficient

filter banks for processing complex valued signals. The filter banks were then

used in different applications for wireless communications, in single carrier and

in multicarrier environments, with research branching into several areas such

as synchronization and equalization, multiantenna communications, cognitive

radio capabilities and more. Original research on filter bank design led to the

dissertation of Dr. Viholainen [143], while more recent results on communica-

tion aspects are the main constituents of M.Sc. Ihalainen’s doctoral thesis and

of this document. Even nowadays, filter banks in wireless communications are

a rather open research topic with challenges to be tackled, such as efficient

space-time coding, among others.

In this context, this thesis addresses two research questions: Firstly, how

well and with what implications can an analysis-synthesis filter bank pair

efficiently mitigate narrowband interference at a receiver in a single carrier

system? Intentional jamming of military communications and also the possi-

bility of better spectral usage with overlaid signal spectra led to long lasting

research in interference mitigation in spread spectrum signals. Here the re-

search objective was to exploit the better spectral containment of the filter

banks for performing accurate excision of a narrowband interferer within the

signal bandwidth without power leakage to adjacent bands, as is the case in

FFT-based excision.



1.3 Outline and Main Results of the Thesis 7

The second research problem faced the synchronization, channel estima-

tion and channel equalization in FBMC communication systems, in which the

synthesis-analysis configuration is used. The objective was the study of the

channel impairments and the solutions to combat them at the receiver in order

to build them into a multicarrier communication alternative capable of com-

peting with the omnipresent OFDM. These crucial stages for the transmission

chain can substantially differ depending on the applied FBMC approaches.

Our research objectives included two implementations. One focused on a

multicarrier system working with a moderate number of subchannels, only a

fraction of the number used in OFDM. In this case, flat channel fading cannot

be assumed anymore at subchannel level. The second approach was devel-

oped envisioning an FBMC system to substitute a currently existing OFDM

scheme, maintaining the global transmission parameters.

1.3 Outline and Main Results of the Thesis

The main objective when writing this thesis was to provide a fluent summary of

the ideas, analysis and results included in the appended publications [P1]-[P5].

The background and results regarding narrowband interference mitigation and

channel synchronization, estimation and equalization are the subject matter

of Chapters 3 and 4. The next paragraphs give a brief outline of the contents

of this thesis.

In this introductory chapter the motivation for the research leading to this

dissertation is presented. The research problems posing the objectives of this

work are introduced to define the scope of the thesis. Its contents are outlined,

indicating the main results of the research, where applicable. This thesis is

presented as a compilation of publications. At the end of this chapter we list

the relevant publications that are appended in the second part of the thesis.

Additionally, a list with some supplementary publications in which the author

was involved is presented. Their results are not directly under the scope of

this dissertation, but are closely related.

Chapter 2 introduces the concept of multirate filter banks and refreshes

the basic multirate operations. The two configurations of the filter bank pairs,

namely subband system (analysis-synthesis) and transmultiplexer (synthesis-

analysis) are described. The special case of modulated filter banks is reviewed,

since these are the types of filter banks relevant to this thesis. Finally, imple-

mentation issues such as prototype filter design and efficient implementation

structures are briefly revisited.
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In Chapter 3 the application of filter banks to mitigate the problem of nar-

rowband interference in direct sequence spread spectrum signals is discussed.

State of the art methods at the time of the research that led to [P1] are intro-

duced. At that time, the methods for combating the interference were mainly

subdivided into time-domain and frequency-domain methods. This division

is maintained to localize the filter bank based method as belonging to the

latter group. The main problems arising in the filter bank based narrowband

interference detection and mitigation are introduced, shortly indicating also

the devised solutions: The adaptive detection threshold and the shortened de-

spreading for efficient transient mitigation. Also in Chapter 3, a more modern

classification of the mitigation methods is cited, and several research results

that have surfaced after publication of [P1] are presented. At the end of the

chapter, some other applications of the filter banks in the subband system

configuration are listed.

Chapter 4 describes how FBs have been applied in this thesis in the TMUX

configuration for FBMC and how the channel effect has been countered. For

equalization, subcarrier equalizers (SCE) of few taps are able to equalize each

subchannel better than the multiplication by a single complex coefficient, if

the channel frequency response is not flat within the subchannel. As a result,

the use of higher order SCEs enables to increase the relative subchannel band-

width, because the subchannel responses are allowed to take mildly frequency

selective shapes. Another interpretation is that the number of subchannels to

cover a given signal bandwidth by FBMC can be reduced. In general, higher

order SCE structures offer a trade-off between the number of required sub-

channels and complexity of the subcarrier equalizers, providing flexibility and

scalability to the system design. Also in this chapter, a narrowband interfer-

ence mitigation technique that makes use of the low complexity equalizers, is

presented. After the equalization problem is solved, the channel parameter

estimation that feeds the equalizers is discussed. Similar estimation methods

as in OFDM can be applied, taking into account the particularities of the

FBMC signal, i.e., the inherent complex interference introduced by the filter

bank. In this chapter, analysis for channel estimation and synchronization

is presented and two practical estimation approaches are proposed: One for

wider subchannels is based on training sequences. The other, in which the

channel fading within the subchannels can be considered flat, uses scattered

pilots. The research introduced in this chapter is a crucial component of the

simulation testbed for the complete FBMC system that resulted from the joint

efforts of our research team.
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Chapter 5 draws final conclusions of the thesis, briefly summarizes the main

differences between OFDM and FBMC, and offers possible future research

directions. A short summary of the results published in [P1]-[P5] is given

in Chapter 6, where also the author’s contributions to these publications are

clarified.

The compilation of the publications included in this thesis can be found

after the Bibliography.

1.4 List of Publications

This thesis consists of the following publications, which in the text are referred

to as Publications [P1]-[P5]. The first three publications are journal publica-

tions, while [P4,P5] were papers presented at conferences. The author of this

thesis is the main contributor to [P1], [P3]-[P5], and has decisively contributed

to [P2].

[P1] T. Hidalgo Stitz, and M. Renfors, “Filter-bank-based narrowband in-

terference detection and suppression in spread spectrum systems” in

EURASIP Journal on Applied Signal Processing, 2004 (Jan. 2004), pp.

1163-1176.
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Chapter 2

Basics on Filter Banks

In the most general sense, a filter bank is an array of M filters that processes

its M input signals to produce M outputs.

h0[m]

hk[m]

hM-1[m]

x0[m] y0[m]

xk[m] yk[m]

xM-1[m] yM-1[m]

Figure 2.1: Most general filter bank.

If all the inputs in Figure 2.1 are connected together, then the same signal is

sent through the filter bank, i.e., xi[m] = x[m], k = 0, 1, ...,M −1. In this case

the bank can be considered to be analyzing the input signal x[m] according

to the characteristics of each filter. Hence this filter bank is called analysis

filter bank (AFB). Although any imaginable filtering may be applied, a logical

way to analyze the input signal of the AFB is to look at its characteristics at

different frequency subbands.

Conversely, if individual signals are filtered and the outputs connected to-

gether, adding up all the outputs, a new, composed signal y[m] =
∑M−1

k=0 yi[m]

is synthesized. Therefore, the name of this configuration is called synthesis

filter bank (SFB).

11
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Subband System Transmultiplexer

0[ ]x n

[ ]x m

1[ ]f m N

0[ ]f m N

N1[ ]Mf m−

S
u
b
b
a
n
d
 P
ro
c
e
s
s
in
g

ˆ[ ]x m

1[ ]g mN

0[ ]g mN

1[ ]Mg m−N

[ ]x n

1[ ]g mN

0[ ]g mN

1[ ]Mg m−N

1[ ]x n

1[ ]Mx n−

1[ ]f m N

0[ ]f m N

1[ ]Mf m− N

0ˆ [ ]x n

1̂[ ]x n

1ˆ [ ]Mx n−

SFBAFB AFBSFB

Figure 2.2: Subband system and transmultiplexer configurations.

2.1 Multirate Filter Banks

In subband processing, the outputs of the analysis filters retain desired por-

tions of the spectrum of the input signal for further processing. The resulting

signal occupies only a fraction of the original spectrum and the sampling rate

can be reduced to lower the number of operations without losing the original

signal information, as long as the Nyquist-Shannon sampling theorem [93, 117]

is fulfilled. In an analogous manner, the input signal of the SFB can be up-

sampled and filtered to occupy a desired spectral region. By adding signals

that occupy different portions of the spectrum, a broader bandwidth signal

can be synthesized. Filter banks that work at different sampling rates are

called multirate filter banks and are key elements in multirate signal process-

ing [24, 27, 36, 81, 129].

The real power of the filter banks is harnessed when they are used in

pairs, combining them as subband systems (analysis-synthesis configuration)

or transmultiplexers (synthesis-analysis configuration), as indicated in Figure

2.2. In the figure, it is assumed that rate conversions by N are the same in all

subbands. An example application using a subband system is an equalizer, in

which the subbands of a signal are amplified as required. On the other hand,

the transmultiplexer configuration is applied in multicarrier communications

[129].

Figure 2.2 also shows the input signals x[m] and xk[m] to the subband

system and the transmultiplexer subbands, respectively. Furthermore, the

outputs are labeled x̂[m] and x̂k[m], hinting to their relation with the corre-

sponding inputs. As a matter of fact, it is desirable that the input and the

output are as similar as possible, if no further processing apart from the filter

banks takes place. If the filter banks are designed so that the inputs and the
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outputs of the filter bank pairs are exactly the same, except for the process-

ing delay, the filter banks are called perfect reconstruction (PR) filter banks.

Another design possibility is to permit a limited distortion, in which case a

nearly perfect reconstruction (NPR) is obtained [129, 130].

The design conditions necessary for obtaining these filter bank types can

be deduced from the transfer functions that relate the input and the output

of the banks with the help of the multirate operations presented next.

2.1.1 Basic Multirate Operations

The described operations of rate reduction or increase, preceded or followed

by filtering, respectively, are the basic multirate operations. They are respec-

tively known as decimation and interpolation, and are briefly described in the

following subsections [25, 129].

Decimation

Decimation takes place in the AFB and consists of the filtering of the input

signal (anti-aliasing filtering) and the subsequent downsampling, as can be

seen in the branches of the analysis filter banks of Figure 2.2. Downsampling

reduces the sampling rate by only selecting every Nth sample of the filtered

signal

vk[m] = x[m] ⋆ fk[m] =

L−1∑
r=0

x[m− r]fk[r], (2.1)

where ⋆ denotes the convolution sum and L is the length of the analysis filter

fk[m], assumed to be a finite impulse response (FIR) filter here. Downsam-

pling can be expressed mathematically in the time domain and the z-transform

domain as follows:

yk[n] = vk[Nn], (2.2)

Yk(z) =
1

N

N−1∑
l=0

Vk

(
z1/Ne−j2πl/N

)
. (2.3)

In the transmultiplexer configuration of Figure 2.2, yk[n] ≡ x̂k[n], and in the

subband system, yk[n] are the inputs to the subband processing block.

In the frequency domain, the output spectrum is formed by a repetition of

N shifted replicas of the input spectrum expanded by the factor N . The size

of the shift in frequency is 2π, as can be deducted from equation (2.3). Figure

2.3 graphically presents the effect of equations (2.2) and (2.3). The figure also



14 BASICS ON FILTER BANKS

b)

|Vk(e
jw)|

|Yk(e
jw)|

Aliasing

a)

m

vk[m]

n

yk[n]

Figure 2.3: Downsampling by N = 2. a) Time domain representation. b)

Frequency domain presentation showing the aliasing effect produced because

the highest frequency of the input signal is larger than π/2.

presents the aliasing problem, which appears when the filtering prior to the

downsampling is not sharp enough.

The previous equations can be extended to include the anti-aliasing filter

fk[m]:

yk[n] = vk[Nn] =

L−1∑
r=0

x[Nn− r]fk[r]. (2.4)

In the z-domain,

Vk(z) = Fk(z)X(z), (2.5)

Yk(z) =
1

N

N−1∑
l=0

Vk

(
z1/Ne−j2πl/N

)
=

1

N

N−1∑
l=0

Fk

(
z1/Ne−j2πl/N

)
X
(
z1/Ne−j2πl/N

)
. (2.6)

Figure 2.4 details the frequency domain representation of the signals at differ-

ent stages of the decimation, for N = 8.

Interpolation

The interpolation is the dual operation to the decimation, and takes place

in the SFB. It consists of an upsampler and an interpolation filter gk[m], as
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|X(ejw)|a)

|Vk(e
jw)|b)

|Yk(e
jw)|c)

Figure 2.4: Decimation of a bandpass signal with complex filters. a) Spec-

trum of the input signal. b) Spectrum after bandpass anti-alias filtering. c)

Resulting spectrum after downsampling by N = 8.

depicted in the SFB branches of Figure 2.2. The upsampler raises the sampling

frequency by N and introduces N − 1 zero samples between the low sampling

rate symbols. This can be described in time- and z-domains by equations (2.7)

and (2.8), respectively.

wk[m] =

{
xk[m/N ] if m/N ∈ Z
0 otherwise.

(2.7)

Wk(z) = Xk

(
zN
)
, (2.8)

where wk[m] and Wk(z) represent the signal after the upsampler in time- and

z-domains, respectively. The effect in time and frequency domains is sketched

in Figure 2.5. It can be seen that the signal spectrum is compressed and that

the images that were beyond half the sampling frequency appear now inside

the sampling range, at a frequency shift of 2π/N . The interpolation filter

interpolates between the actual upsampled symbols and eliminates the images

that have appeared inside the sampling range. Therefore, the interpolation

filter is also called anti-imaging filter.
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Image

a)

wk[m]

m

xk[n]

n

b)

|Xk(e
jw)|

|Wk(e
jw)|

Figure 2.5: Upsampling by N = 2. a) Insertion of the zero valued samples

in the time domain. b) Frequency domain representation with imaging when

ω > π/2.

To include the filter effect in a similar manner as in the decimation def-

inition above, the equations including the filtering by the anti-imaging filter

gk[m] are given next:

x̃k[m] = wk[m] ⋆ gk[m] =

r=L−1∑
r=0

gk[r]wk[m− r] =

r=L−1∑
r=0

gk[r]xk[(m− r)/N ],

(2.9)

and

X̃k(z) = Gk(z)Wk(z) = Gk(z)Xk

(
zN
)
. (2.10)

Therefore, x̃k[m] is the high rate version of xk[m]. In the subband system of

Figure 2.2, x̂[m] =
∑M−1

k=0 x̃k[m].

Figure 2.6 details the frequency domain representation of the signals at the

different stages of the interpolation. Here, N = 8, and the interpolation filter

is bandpass, therefore locating the resulting high-rate signal around a desired

frequency.

Multirate Identities

To finalize this section, it is practical to recall the identities in multirate sig-

nal processing in Figure 2.7. These multirate identities permit switching the

order of the up/downsampling operation with the corresponding filters. Now
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|Xk(e
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c) | (e
jw
)|kX�

Figure 2.6: Interpolation. a) Spectrum of the input signal. b) Spectrum of

the upsampled signal, highlighting the band of interest. c) Spectrum of the

output signal, after complex anti-imaging bandpass filter.

≡ Fk(z
N
) NFk(z)N

Gk(z) N Gk(z
N
)N≡

Figure 2.7: Identities in multirate signal processing.

the filtering takes place at the lower rate, and with decimated filters, which

allows for more efficient and less complex processing. The identities are ex-

ploited when aiming for implementing the filter bank in an efficient manner,

as described in Section 2.3.

2.1.2 Transfer Relations and Reconstruction Conditions

Using the introduced multirate processing equations, the input-output rela-

tions for the subband system of Figure 2.2 can be written in the z-domain

as
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X̂(z) =
1

N

M−1∑
k=0

Fk(z)

N−1∑
l=0

Gk

(
ze−j2πl/N

)
X
(
ze−j2πl/N

)
. (2.11)

The elements of the summations can be redistributed and grouped to yield

X̂(z) = T0(z)X(z) +

N−1∑
l=1

Tl(z)X
(
ze−j2πl/N

)
, (2.12)

where

T0(z) =
1

N

M−1∑
k=0

Fk(z)Gk(z) (2.13)

and

Tl(z) =
1

N

M−1∑
k=0

Fk(z)Gk

(
ze−j2πl/N

)
. (2.14)

The distortion transfer function T0(z) measures the distortion between the

original signal and the reconstructed one coming from the convolution of the

analysis and synthesis subband filters. Additionally the aliasing transfer func-

tion Ti(z) quantifies the effect of the aliasing spectra of the replicas that appear

in the downsampling operation at the analysis bank.

Similarly, in the transmultiplexer configuration of Figure 2.2, we obtain

X̂i(z) =
1

N

N−1∑
l=0

Gi

(
z1/Ne−j2πl/N

)M−1∑
k=0

Fk

(
z1/Ne−j2πl/N

)
Xk(z). (2.15)

This equation can be reordered into

X̂i(z) = Tii(z)Xi(z) +
M−1∑
k=0
k ̸=i

Tik(z)Xk(z), (2.16)

where

Tii(z) =
1

N

N−1∑
l=0

Gi

(
z1/Ne−j2πl/N

)
Fi

(
z1/Ne−j2πl/N

)
, (2.17)

is the transfer function that links the subband input and output signals of

subband i. Moreover,

Tik(z) =
1

N

N−1∑
l=0

Gi

(
z1/Ne−j2πl/N

)
Fk

(
z1/Ne−j2πl/N

)
, k ̸= i (2.18)
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describes how much of the signal of subband k leaks into subband i.

Therefore, to accomplish perfect reconstruction in the subband system,

Tl(z) = 0, for l = 1, 2, ..., N − 1 and T0(z) = z−Nd , i.e., a pure delay of Nd

samples. Analogously, Tii(z) and Tik(z) have to be a pure delay and 0, respec-

tively, to obtain a PR transmultiplexer. If these conditions are only approxi-

mately fulfilled, then a NPR system is obtained. If the systems are critically

sampled, i.e., if M = N , the problem of designing a PR analysis-synthesis

system and a PR transmultiplexer are equivalent, since the systems are dual

if the transfer functions are a function of z−M [140]. This does not impose a

great limitation in the design, since the system can be devised with arbitrary

delay due to the filters and the required additional delay to fulfill the indi-

cated condition for the transfer functions can be artificially added to one of

the banks [129]. Filter banks in which N < M are oversampled filter banks.

2.2 Modulated Filter Banks

Uniform filter banks divide the spectrum into subbands of the same size and

in which the subchannels have similar sampling rate conversion [129]. Other

choices of dividing the spectrum are also possible, for example octave filter

banks or wavelet filter banks [36]. Historically, uniform filter banks started

out in the mid-seventies as the quadrature mirror filter (QMF), a two-channel

system [26]. In the next decade, the QMF bank idea was generalized to the

case of M -channel filter banks. The first approach was to use the QMF as a

repeating base element in a nested tree structure, in which each subchannel

is divided recursively into smaller subbands by using the two-channel bank.

The same properties as for the building block are conserved for the overall

structure [119, 120, 144]. The next step was the introduction of a parallel M -

channel structure, instead of the tree configuration [90, 139]. One important

finding was that perfect reconstruction without aliasing is possible even with

subchannel overlapping, if the filters are designed to cancel the aliasing [138].

In the nineties, a special class ofM -channel PR filter banks was developed:

the modulated filter banks. This class is founded on the idea of a prototype

filter that gets modulated, for example with a cosine modulation, to yield the

channel filters of the filter bank [82, 112]. This simplifies the design process of

the filter bank to the optimization of the prototype filter. Although there are

modulated filter banks that use infinite impulse response (IIR) filters as the

prototype [92], we only focus on finite impulse response (FIR) filters here. The

modulation can be obtained by multiplication by a cosine, a sine or a complex
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Figure 2.8: Modulated filter banks with even and odd stacking.

exponential. In the last case, a most general way to write the impulse response

of the subchannel filters hk[m] is

hk[m] = hp[m]e−j∆f(k+k0)(m+m0), (2.19)

where ∆f is the subband frequency separation. Usually, in anM -channel filter

bank, ∆f = 2π/M . This expression coincides with the definition of the gener-

alized DFT (GDFT) [17] filter banks, wherem0 and k0 permit setting the time

and frequency origins as desired. For example, depending on the frequency ori-

gin, the filter banks can be even or odd stacked. In an even stacked filter bank,

h0[m] is centered around DC, whereas in the odd stacked case the first and last

modulated filters h0[m] and hM−1[m] are symmetrically placed next to DC.

These stacking options are depicted in Figure 2.8. The exponentially modu-

lated filter bank (EMFB) [7, 8, 143] utilized in the narrowband interference

cancellation scheme of Chapter 3 is odd stacked. An example for even stacking

is the FBMC/offset QAM (FBMC/OQAM, also called OFDM/OQAM) [118]

filter bank used in most of the multicarrier research of Chapter 4.

First, orthogonal cosine modulated filter banks appeared [129], where the

same prototype is used to obtain the subband filters in the analysis and in the

synthesis bank. The orthogonality term comes from grouping equations (2.11)-

(2.14) into matrices that relate the input signal and its aliased versions with

the output and its aliased versions. The transfer functions of the subchannel

filters and their aliased versions stack up to matrices and perfect reconstruction

can be obtained if the matrices of the analysis filters and the synthesis filters

are orthogonal to each other, i.e., one is the conjugate transpose of the other.

This leads to the property that the analysis filters fk[m] and the synthesis

filters gk[m] are just the complex conjugated and time reversed version of each

other, i.e.,

gk[m] = f∗k [Lp − 1−m], (2.20)
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where ∗ is the complex conjugation operator. If the filters are real valued

and have linear phase, then the analysis and synthesis subband filters are the

same. It was shown in [8], that a PR prototype filter designed for an M -

channel cosine modulated filter bank also yields perfect reconstruction for a

similarly sized sine modulated filter bank. Moreover, the same prototype filter

can provide PR in a complex modulated filter of 2M channels [66]. There is

a small possibility for confusion here, since in real modulated filter banks the

number of subbands is referred to half of the spectrum and in complex filter

banks it is referred to the whole spectrum. In anM -channel cosine modulated

filter bank, each subchannel filter is separated from the next by π/M , and the

negative part of the spectrum is not considered because the signals and the

filter bank are real. In complex modulated filter banks, theM subchannels are

separated by 2π/M from their neighbors. Since this thesis basically builds on

complex filter banks, M is from now on associated with the whole spectrum

from −π to π. With this notation in mind, the analysis filters of length Lp
in the EMFB and in the FBMC/OQAM implementations can respectively be

expressed as [56]

f
FBMC/OQAM
k [m] = hp[m]e

j 2πk
M

(
m−Lp−1

2

)
(2.21)

fEMFB
k [m] = hp[m]e

j 2π
M (k+ 1

2)
(
m+

M/2+1
2

)
, (2.22)

and the corresponding synthesis filters are obtained applying equation (2.20).

Here it is important to mention that critical sampling cannot directly be

obtained in linear-phase PR M -channel complex filter banks by changing the

sampling rate by M at once. Instead, real and/or purely imaginary subband

signals have to be used, together with up and downsampling of M/2 [143]. In

the even stacked modified DFT (MDFT) filter banks [66], this is implemented

by two-stage down- and upsampling. In the analysis bank subband filters,

first downsampling by M/2, duplication of the signal and delay of one sample

for one copy of it takes place, before the final downsampling by 2 and taking

the real or imaginary part, depending on the branch. The inverse process-

ing takes place at the synthesis bank. In the exponentially modulated filter

banks of [143], critical sampling is achieved when taking the real part of the

subband signals after analysis, downsampling by M/2 and possible processing

at oversampled rate. This does not signify a disadvantage, for example when

comparing the transmission rates of EMFB with OFDM in multicarrier com-

munications. Transmitting two real valued symbols at subcarrier rate fs/
M
2

is equivalent to transmitting one complex symbol at subcarrier rate fs/M .
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2.3 Filter Bank Implementation

There are some important aspects that have to be considered when imple-

menting a modulated filter bank. The prototype filter has to be designed and

optimized to fulfill the criteria established by the application for which the

bank is going to be used. Then, the implementation of the modulated bank

with the designed prototype offers some alternatives with effect on compu-

tational complexity. These aspects interact with each other and are briefly

introduced in the following subsections. For detailed analysis and further in-

teresting implementation issues, such as the effect of quantizing the subband

filter coefficients with a limited number of bits, the interested reader is referred

to [143].

2.3.1 Prototype Design

Orthogonal modulated filter banks are often designed by modulating a linear-

phase lowpass FIR prototype filter with good spectral localization. Since

bands of 2π/M bandwidth are desired, the cut-off frequency of the prototype

filter is ωc = π/M and the stopband edge ωs depends on the excess bandwidth

or roll-off factor ρ as

ωs =
(1 + ρ)π

M
. (2.23)

The roll-off factor ρ > 0 determines how much adjacent filters overlap. For

example, if ρ = 1 the stopband edge is located at the center of the adjacent

subchannels, i.e. only adjacent subbands overlap. Assuming that the filter has

been designed with good selectivity, the effect of frequencies further away from

the stoppand edge is negligible. The subchannel filter examples in Figures 1.2

and 2.8 have ρ = 1 and the cut-off frequency of the subband filters is the point

where the frequency responses of adjacent filters cross each other.

Prototype filters of order KM−1, where K is an integer, have been proven

to result in highly frequency selective PR filter banks [82]. The overlapping

factorK indicates how much time overlap there is in consecutive filtered blocks

of M/2 samples at high rate. The term ”overlapping” comes from the inter-

pretation of the PR filter banks as orthogonal transforms in which the basis

functions (subchannel filters) overlap in time, such as the extended lapped

transform (ELT). For K = 1 and K = 2 there are closed form analytical ex-

pressions for the prototype filter that provides PR in a cosine modulated filter

bank [81], and therefore also in the complex modulated filter bank.
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For higher overlapping factor values, the prototype filter has to be designed

by optimizing its coefficients to fulfill the desired conditions. They are usually

stopband attenuation level, cut-off frequency, passband transition width and

PR constraints. If NPR is desired, then the PR constraints are relaxed and

acceptable distortion and aliasing levels are defined to be met by the system.

Generally, when using NPR prototype filters, the same attenuation as in PR

can be achieved with shorter filter lengths, or, conversely, filters of the same

length as PR prototype filters can achieve higher stopband attenuation. Dif-

ferent criteria to optimize the prototype filter are described in [18, 142, 143]:

Least squares: This criterion aims to minimize the energy of the stopband

of the prototype filter. It presents low stopband attenuation at the stop-

band edge, but the attenuation quickly increases when moving further

away from the passband.

Minimax: The objective here is to minimize the maximum ripple value of

the frequency response in the stopband. The stopband attenuation at

the edge is high, but the stopband level has an almost constant value

over the whole stopband, with increased total energy.

Peak constraint least squares: Intermediate solution that minimizes the

stopband energy subject to a maximum ripple value.

Total interference: In NPR designs, this criterion, which complements the

desired spectral mask constraints, has as a goal to minimize the total

interference originating from the filter bank, i.e., intersymbol and inter-

carrier interferences (ISI & ICI).

2.3.2 Efficient Implementation and Complexity

The modulated filter banks can be implemented directly by obtaining the

modulated versions of the prototype filter optimized above and then filtering

and downsampling in the analysis bank or upsampling and filtering in the

synthesis part. However, this implies filtering at the high rate and then, in

the analysis case, discarding N − 1 samples after downsampling by N . This

is clearly not efficient and leads to a high number of operations. Instead, the

multirate identities in Figure 2.7 can be used to perform the filtering at low

rate, along with exploiting other characteristics of the prototype filter and the

modulation part.
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Cosine and sine modulated filter banks can efficiently be implemented with

the help of the discrete cosine or sine transforms (DCT/DST) and preceding

logic [81, 143]. One solution is based on the fast ELT. The DCT-IV (DST-IV

for sine modulated filter banks) performs the modulation and the prototype

filter is obtained from cascaded and orthogonal structures defined by butterfly

matrices in which only the diagonal and anti-diagonal are non-zeros. In the

analysis bank, the filter is first implemented by the butterflies after downsam-

pling and then the block transform is applied. These operations are performed

in the inverse order in the synthesis bank.

Another efficient implementation structure is based on the polyphase de-

composition of the filter bank. In the analysis bank, a polyphase filter struc-

ture follows the downsampling. Then a cosine or sine modulation block that

can be built using DCT-IV or DST-IV, respectively, is applied. These blocks

are configured in inverse order at the synthesis bank. The polyphase structure

can be divided into polyphase component pairs sharing a common delay line.

In the case of PR banks, the polyphase component pairs can be represented

by two-channel lossless rotation lattices [129].

Applying the mentioned structures, the number of multiplications and ad-

ditions needed in the filter banks can be reduced from a quadratic order of the

number of subbands M to a log-linear order (O(M2) → O(M log(M))).

The filter banks utilized during the research leading to this thesis are com-

plex filter banks for efficient processing of complex signals. Therefore, it is

interesting to build them based on efficient implementation structures, too. In

the case of the odd stacked EMFBs, the efficient structures mentioned above

for the sine and cosine modulated filter banks can be combined to yield an

efficient EMFB implementation. The way to connect them to yield the de-

sired subbands in the analysis-synthesis configuration is presented in Figure

2.9 [143], [S1]. For the 2x oversampled transmultiplexer configuration that is

useful in multicarrier signal processing, an implementation based on DFT and

polyphase filters has also been proposed in [141].

More recently, we have been using the even stacked FBMC/OQAM filter

banks. The FBMC/OQAM model is equivalent to the MDFT model [66, 118],

and has efficient implementation structures based on the inverse and forward

fast Fourier transforms, (IFFT/FFT), at the synthesis and analysis bank, re-

spectively. The fast Fourier transforms are accompanied by polyphase filtering

[13], to implement the subchannel selectivity. Efficient implementation struc-

tures for the analysis and synthesis banks are sketched in Figure 2.10 [56].

Here it is necessary to say that, although the implementations of EMFB and
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Figure 2.9: Efficient implementation of the EMFB based on cosine and sine

modulated filter banks.

FBMC/OQAM depicted in Figures 2.9 and 2.10 may seem very different, both

approaches are very closely related to each other. In [143] the relation between

an EMFB bank with subbands carrying real valued Q-level modulated sig-

nals and an MDFT (FBMC/OQAM) with subbands carrying complex valued

Q2-level modulated signals is detailed with the help of the GDFT. Therefore,

signal processing solutions based on one implementation can easily be adjusted

with minimal modifications to work with the other implementation.

These efficient implementation structures for the complex filter banks dras-

tically reduce the amount of operations compared to the direct implementa-

tion. Nevertheless, it is necessary to point out that the computational com-

plexity (number of multiplications) is still considerably higher than when com-

paring with the basic FFT-based OFDM [56].
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Figure 2.10: Efficient implementation of the FBMC/OQAM filter banks.



Chapter 3

Filter Banks for Narrowband

Interference Mitigation

A narrowband interference or interferer (NBI) is an additive signal that dis-

torts a desired signal by occupying only a small fraction of its bandwidth. In

a simple AWGN channel model, one can write the received signal r(t) as

r(t) = s(t) + i(t) + η(t), (3.1)

where s(t) is the desired signal, i(t) is the NBI and η(t) is the AWG noise.

The interferer can be generated on purpose to interfere with the given signal

as for example in intentional jamming in military electronic warfare. It can

also be a signal that appears inside the bandwidth of the signal of interest, for

example in overlaid transmission, or a spurious spectral component produced

by RF imperfections in a transmitter. Figure 3.1 shows how a QPSK signal

and its constellation are distorted by a continuous wave interference with the

same power.

Spread spectrum (SS) communication techniques are a form of transmis-

sion that count inherent robustness against NBI among their advantages [99].

In spread spectrum communications, the transmitted signal occupies (much)

more bandwidth than theoretically necessary to transmit the desired infor-

mation. Its exciting history [98, 116] originates at the beginning of the 20th

century, but it is during World War II that the use of SS communications

lifts off in military applications, finally finding its way to commercial applica-

tions since the 1980ies. A curious anecdote is that Hollywood actress Hedy

Lamarr was granted a patent [84] on one type of spread spectrum implemen-

tation, namely frequency hopping spread spectrum. In frequency hopping or

27
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Figure 3.1: Constellation and spectrum of a QPSK signal affected by NBI.

time hopping SS, the signal hops among pseudorandomly changing frequency

or time allocations, respectively. Other implementations are direct sequence

(DS) SS, and chirp SS, in which chirp modulation [15] is used to generate the

spectrally spread signal. DSSS is used in code division multiple access systems

(CDMA) like IS-95 [10] and the third generation CDMA based standards such

as wideband CDMA (WCDMA) and CDMA2000 [1, 62]. Chirp SS is found in

the low rate wireless personal area network (WPAN) standard IEEE 802.15.4a

[4].

The loss in spectral efficiency because of using a higher bandwidth than

needed is compensated by the following advantages of SS communications [99]:

• Good performance in environments with interference compared with con-

ventional narrowband modulation techniques.

• Low power spectral density, which permits communications with a low

probability of detection and intercept, and is especially interesting for

military applications.

• Resistance to multi-path fading, because of the signal’s similarity to white

noise. The autocorrelation function of the spread signal is like an impulse

function and different multi-paths can be independently detected and

coherently combined to effectively raise the signal to noise ratio (SNR).

The RAKE Receiver takes advantage of this property.
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Figure 3.2: Robustness against NBI in a spread spectrum signal.

• Privacy and selective addressing capability for multiple access communi-

cations. The signal of each user is spread by a unique spreading signal,

in principle only known to the communicating parts, and, also after de-

spreading, it looks like noise to other users with other spreading signals.

The research relevant to this chapter was performed with DSSS signals, in

which every original data bit is multiplied by a pseudorandom (or pseudonoise

(PN)) sequence of ’chips’ (0s and 1s). This increases the bandwidth by the

length of the sequence, also referred to as spreading gain. At the other end,

the received signal is despread: the received chips are correlated with the same

sequence. Despreading yields the originally transmitted low bandwidth bits.

By carefully designing the PN-sequences with the adequate autocorrelation

and cross-correlation properties, only the desired signal is recovered into the

low bandwidth. Other wideband signals, e.g., other code division multiplexes

or noise, remain additive white Gaussian noise (AWGN) -like. Narrowband

signals falling inside the spread spectrum are whitened at the despreading

stage, as sketched in Figure 3.2. Only some residual, AWGN-like distortion

remains. Nevertheless, the depicted robustness to the NBI is limited, and
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when the interferer is much stronger than the desired signal, the whitened

interference remainder might well be strong enough to render the resulting

signal useless. This is not such an unlikely case, since very often SS signals

are transmitted at very low powers, as explained above. In this case, NBI

mitigation techniques have to be applied to enhance the quality of the received

signal [99].

The narrowband interferer’s property of spectral localization makes it eas-

ier to mitigate its effect, compared to other more common distortion types,

such as additive white Gaussian noise (AWGN) or multipath channel propaga-

tion. Ideal mitigation means removing the interfering signal without affecting

the desired signal. Not affecting the signal is almost impossible, and the com-

mon approach is to excise the interferer, by filtering it out of the signal band-

width. Even though part of the signal is also removed, the BER performance

is improved [87], as exemplified in Figure 3.3.
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Figure 3.3: Constellation of a QPSK signal affected by NBI and after excision

of the NBI.

If the receiver has multiple antennas, spatial filtering (beamforming) [134]

can be applied to steer a null antenna gain towards the direction of interference

and thus silencing it to the receiver. However, this is a technique that can be

applied to all kinds of interference coming from a known direction, not only

NBI, and is not further pursued here. The focus of the research in this part

was the mitigation of NBI affecting a single DS-SS signal. Milstein’s milestone
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review of early methods to achieve that objective can be found in [87], with

further developments being reviewed in [95] and [71] A more recent review,

focusing on NBI mitigation in the multiuser application of DS-SS as multiple

access method, namely CDMA, has been published by Buzzi et al. [20].

The NBI interference mitigation methods can be classified into time and

frequency domain methods, as for example in [87]. With the advent of more

advanced, non-linear mitigation techniques, the classification was reformulated

into linear and non-linear methods, including the frequency domain techniques

in the former group [71, 95]. Here we stick to the first interpretation, briefly

introducing the time domain methods. Then the focus is directed to the

frequency domain methods, since our filter bank based approach belongs to

this group of techniques.

3.1 Narrowband Interference Mitigation in Time Do-

main

Time domain NBI mitigation is mainly based on filters that estimate the nar-

rowband interferer to then subtract it from the received signal, hoping that

an interference-less signal remains. Exploiting the narrowband properties of

the interference, the result is notch filtering or whitening of the received sig-

nal. To estimate the NBI, linear predictor filters, such as the Wiener filter,

or interpolation filters can be used. Both make use of the fact that the nar-

rowband interference samples are correlated. For example, it can be modeled

as an autoregressive process [99]. Hence, the current value of the interference

can be predicted from the previous samples (predictor) or from the previous

and future samples (interpolator). The prediction or interpolation filter can

be implemented with a one sided or two sided tapped delay line, respectively

[87]. The result is equivalent to whitening the input signal.

Some improvement can be obtained, if instead of whitening the input sig-

nal, only the noise and interference is whitened. This can be achieved by using

a estimate of the NBI-free signal after mitigation and feeding it back to the

interference rejection filter. By subtracting that estimate from the input, ide-

ally the noise and the NBI is sent through the estimation filter and a better

elimination of the NBI is obtained. Direct feedback is susceptible to error

propagation, but in [121] it is shown, that this effect is negligible.

Other approaches reviewed in [71, 87], not directly related to digital signal

processing, include adaptive analog-to-digital conversion and estimation of the
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NBI with help of a phase locked loop (PLL). If the interference is narrow and

strong enough, the PLL can lock its phase to the NBI and this estimate can

be used to remove it from the signal of interest.

Usually, the underlying statistics of the AR process modeling the NBI are

not known or the interferer is non-stationary, changing in time. In these cases,

adaptive algorithms [43], such as for example least mean squares (LMS) have

to be applied to update the filter coefficients. The reviewing papers cited in

this section describe several variations and evolutions of adaptive algorithms

for NBI rejection, trying to improve the trade-off between the NBI estimation

accuracy and the convergence speed of the adaptive methods. Some authors

[74, 113] propose the adaptive lattice filter structure for faster convergence

and because the convergence of each lattice is independent of each other.

The previously presented methods to estimate the NBI assume that the

signal in which it is embedded is Gaussian. In that case, the linear predic-

tion/interpolation is optimal in the minimum mean squared error (MMSE)

sense. In the 1990ies the research shifted towards non-linear prediction/inter-

polation filters based on the knowledge that the DSSS signal is not Gaussian

and the linear approaches cannot yield optimal solutions[95, 99]. Poor and

Rush [95] model the CDMA signal as having a binomial density function. The

same authors assume that the interferer can be a digitally modulated signal,

for example an overlaid communication with CDMA, and introduce the use

of multiuser detection techniques. The NBI is then modeled as a virtual user

of the CDMA signal and the multiuser detection techniques are applied to

separate it from the useful signal. In [20], different adaptive multiuser detec-

tion algorithms are reviewed and compared. More recent research (after the

publication of [P1]) focuses on locally optimum detection [106, 107].

3.2 Narrowband Interference Mitigation in Frequency

Domain

The rationale for mitigating NBI in the frequency domain seems quite obvious.

A strong interferer with small bandwidth compared to the spectrally relatively

flat signal of interest will stand out in the form of a peak if looking at the

spectrum of the composite signal. The spectral representation is obtained

by means of its transform to the frequency domain. Here, the frequencies

containing NBI can be processed independently to mitigate the interference.

The affected frequencies can be nulled, notching out the jammer, as shown in
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Figure 3.4: NBI excision on the frequencies at which the interference is de-

tected.

Figure 3.4. This is often called interference excision. The performance of the

excision method can be bounded by calculating the degradation of the SNR

due to ’biting off’ a chunk of the DSSS signal. Approximating that the excised

spectral region is the rectangular band wrd and the overall bandwidth of the

spread spectrum signal is wrd, the SNR degradation compared to the NBI-less

case in AWGN is [96]

∆
S

N
= 10 log10

(
1− wrd

wsp

)
. (3.2)

Other choices are scaling the frequency components such as to whiten the

spectrum [65, 97] or substituting the interfered frequencies with other values

exploiting some knowledge of the desired signal [28]. After processing, the

inverse transform is applied to obtain the interference-less signal. The subband

system from Figure 2.2 is a valid means for performing these operations.

The resolution of the processed band depends on the transformation, there-

fore it is usually not possible to exactly match the interference when removing

its band. On the other hand, no further assumptions about the NBI are made,

so it can have any statistics as long as it has narrow bandwidth with respect

to the signal of interest. The main advantage of using transform domain

mitigation is that it can adapt faster to changing interference environments,

compared to adaptive filtering in time domain approaches [5, 96].

First approaches in the frequency domain used real-time Fourier trans-

forms on the continuous-time received signal to obtain its frequency distri-

bution [86, 87]. As processing moved from the analog to the digital side of

the receivers, the discrete version of the Fourier transform (DFT) and its fast

implementation, the FFT, was applied to yield the necessary frequency repre-
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sentation of the received signal. However, the FFT has the problem of slowly

decaying sidelobes. The first ones reach only 13 dB of attenuation, as described

in Section 1.2 and depicted in Figure 1.3. A strong interference will not only

appear in its corresponding frequency bins, but it will also be present, atten-

uated only by the limited attenuation provided by the FFT, in neighboring

frequency bins. The stronger the interference, the wider its energy will leak

around its frequency location. One way to improve the sidelobe performance

in the FFT is to apply prior windowing [69], although this degrades the de-

sired signal when the NBI power is low [39, 148]. Another line of research, at

the change of the millennium, focused on applying other types of transforms,

moving from block transforms to lapped transforms (LTs) [5, 44], such as the

modulated lapped transform (MLT) and ELTs and the closely related filter

banks. In the LTs, the spectral containment is a design parameter, so the

spectral leakage can be avoided very effectively.

Our Publication [P1] follows this line of research successfully applying the

exponentially modulated filter bank in Figure 2.9 to excise the interferer. By

using a complex filter bank, which can be implemented for example with the

ELT, complex signals can be processed. This is useful for efficient processing of

the interfered DSSS signal at baseband. Our research attempted to expand the

results by applying the methods presented in [28]: The fact that the desired

signal was real, suggested to clone the symmetric frequencies with respect to

DC (the frequency origin), after taking the complex conjugate, to fill the gap

left after excision. Unfortunately, the performance did not improve in our

results.

As already mentioned in Chapter 2, the computational complexity of the

EMFB is higher than the FFT. Nevertheless, with the technology of 2002 [S2]

it was already viable to implement the whole excision system with overlapping

factor K = 5 on a single TMS320C6414 digital signal processor (DSP) with

sampling rate in the order of 6 to 9 MHz, depending on the size of the filter

bank.

Here it is also worth mentioning that when the spectral containment is in-

creased, the basis functions of the transforms (length of the subchannel filters

in the filter bank interpretation) become increasingly long. The abruptness

in frequency comes at the cost of expansion in time domain, which in turn is

not favorable when the interference is quickly changing its frequency position.

This could happen for example if the interference or the reference system

includes frequency hopping features. Therefore, some research has concen-

trated on analyzing the narrowband interference as accurately as possible in
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Figure 3.5: Threshold detection principle.

the time-frequency plane to optimize the trade-off between the spectral and

time containments. For example, in [5] an adaptive time-frequency excision

scheme decides in which domain it is more convenient to perform NBI miti-

gation. The authors in [85] use the wavelet transform, in which the trade-off

between the time and frequency resolution can be tuned.

3.2.1 NBI Detection

Detecting presence of an NBI is a binary hypothesis testing problem. Recently,

fueled by the research in the cognitive radio field of spectral sensing, this

area has gained momentum and efforts are focused toward detecting a low

energy signal (primary user) embedded in noise [122]. Fortunately, the NBI

affecting a DSSS signal has to be quite powerful to affect the performance due

to the processing gain of the spreading code and the interference can be easily

detected using thresholds. This is sketched in Figure 3.5.

The threshold could be fixed, but it is more logical to have a threshold

that adapts to the signal conditions. In any case, it is important to carefully

set it, since too high a threshold might lower the probability of detection of

the NBI and too low a threshold might return false positives. In [96] differ-

ent approaches to set the threshold in an AWGN channel are explored. The

general idea is to obtain an estimate of the energy in the subbands after the

transformation into frequency domain for calculating an estimation of what

subband power should be expected. A certain safety margin tf is then added
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and all the subbands that exceed the computed threshold θth apply mitigation

processing as described above: excision, scaling, etc. The authors in [96] con-

clude that using the arithmetic mean to calculate the subband energy averages

yields best performance. Therefore, this was the approach utilized in [P1]. For

example, in the excision case, assuming zero mean subband signals,

x̂k[n] =

{
xk[n] if xk[n] < θth

0 if xk[n] ≥ θth,
(3.3)

where

θth =
tf
M

M−1∑
k=0

E
[
|xk[n]|2

]
. (3.4)

Here, xk[n] and x̂k[n] are the subband signals before and after the excision

processing, respectively.

Figure 3.5 also reflects a possible shortcoming of the presented way for cal-

culating the threshold. A very narrow interferer mainly affects one subband

(number 3 in the Figure). However, because neighboring subbands overlap as

described in Chapter 2, the NBI is also present in the neighboring subband.

With a strong interferer, it might be that the average power calculated for

setting the threshold θth is so high that the interfered subband (2) is not de-

tected as such and excision does not take place there. In [P1] we present a

recursively adaptive threshold that iterates the calculation of θth after elim-

inating the interfered subbands. The computation is iterated until no more

subbands are left that exceed θth. The iteratively adaptive threshold can be

described by

θ
(i)
th =

tf

M (i)

M−1∑
k=0
k ̸∈R(i)

E
[
|xk[n]|2

]
, (3.5)

where R(i) is the set of indices of subbands in which a NBI has been detected

before iteration i and M (i) is the difference between M and the number of

elements in R(i). This iteratively adaptive approach increases the excision

performance and has been independently studied by Henttu and Saarnisaari,

who were granted several patents on it [45, 46, 47].

Further fine tuning could be obtained by adapting tf in equations (3.4) and

(3.5). Furthermore, if transmission occurs through a frequency selective chan-

nel and channel knowledge is available, the threshold can be shaped according

to the frequency response of the channel.
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Figure 3.6: Transient occurrence after NBI mitigation. (a) Interfered signal

and processed signal. (b) Processed signal only, for better appreciation.

3.2.2 Post-NBI-Mitigation Transient Mitigation

When the interference frequency changes or appears or disappears instanta-

neously, it is natural to use relatively short processing blocks of an integer

multiple of the symbol interval. In such an environment, excising strong NBI

with the filter bank leads to transients similar to the edge effects in transform

domain image processing. The effect is visualized in Figure 3.6. Plot (a) shows

the samples of the signal without interference suppression and the same signal

with the interference removed. Plot (b) shows only the signal in which the

interference has been removed, and now the transients are clearly visible at

the beginning and the end of the sample sequence. These transients are an

important source of bit errors after despreading, if no further correction takes

place. In [P1], a shortened despreading approach is proposed to reduce the

number of errors without having to give up the leading and/or trailing bit.

3.2.3 Recent Developments in NBI Mitigation

The research that culminated with publication [P1] was performed during the

first years of the century. After the publication in 2004, the author’s focus

moved to filter bank based multicarrier development as described in Chapter 4.

Nevertheless, the research in NBI mitigation has continued to produce a vast

amount of results since then. The advances are in many areas, like perfecting



38
FILTER BANKS FOR NARROWBAND INTERFERENCE

MITIGATION

the performance in different interference scenarios, various spectrum spread-

ing techniques, statistical signal processing methods and so on. For example,

[108] proposes applying jammer knowledge to optimize the performance in fre-

quency hopping minimum frequency shift keying satellite SS communications.

A recent overview of the research up to 2005 can be found in [109]. One line of

research follows the path of [20] already mentioned above, in which multiuser

detection techniques are applied to improve detection performance and syn-

chronization in the presence of one or several narrowband interferers [19, 152]

and using statistical knowledge of the interference to improve performance

[147]. More closely related to the presented filter bank approach, [148, 149]

use the modified DFT to achieve NBI mitigation. Another interesting ap-

proach is to adaptively apply the most convenient transform before removing

the interferer [79, 136] or to adaptively select the most convenient suppression

algorithm after the frequency domain transformation [21]. The authors in [75]

propose estimating the tone interferer in the frequency domain to generate an

error signal to subtract from the interfered signal, avoiding thus the inverse

transform. The generalization of multiple antenna receivers and the increasing

computational power of the hardware permit complex statistical methods like

independent component analysis for blindly estimating the interference and

its direction of arrival for subsequent cancellation [101].

As a final remark to this section, it is delightful to notice that a lot of the

results in this field originate from Finland, especially, but not only, from CWC

at the University of Oulu. References [44, 45, 46, 47, 69, 96, 97, 101, 109, 136]

above were published by Finnish authors, and the research leading to [S2] was

done in Finland, although the main author is not Finnish. The interested

reader can find much more literature regarding NBI mitigation from these

authors than the references briefly introduced here.

3.3 Further Applications of Analysis-Synthesis Sys-

tems

In the spirit of advocating for the use of filter banks, the author would like to

mention several other applications of the filter banks in the analysis-synthesis

configuration, although not directly related to the problem of narrowband

interference mitigation. Subband systems can be used for subband coding,

for example for compression of video and audio signals. Other applications

include error correction coding, where the filter banks are used with different
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sampling rate conversion factors, and signal enhancement. Subband systems

are also used for audio and image enhancement. Using an analysis-synthesis

filter bank pair at both transmitter and receiver, low probability of intercept

transmissions can be generated. Descriptions of these and other applications

can be found in [5, 81]. Different types of transforms or filter banks are derived

depending on the requirements of each application.

Closer related to the type of filter banks used in our research group, an

interesting communications application is the frequency domain equalization

in single carrier systems (SC-FDE) [30]. The transmitted signal is modulated

onto a single carrier, avoiding problems such as the effect of high peak to av-

erage power ratio of multicarrier signals. At the receiver, the subband system

permits frequency domain equalization [157] and also the use of the equalizer

for reducing the effect of NBI [S3]. In [53], a filter bank based approach for

SC-FDMA (also known as DFT-spread-OFDMA) [89] is presented under the

name of FB-spread-FBMC. Here, the analysis-synthesis bank with different

down- and upsampling factors is used in the transmitter to spread a user’s

data and allocate it to the desired spectral bands. At the receiver, a subband

system performing the inverse operation recovers the originally transmitted

data.
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Chapter 4

Channel Synchronization in

FBMC

The principle of efficient multicarrier transmission is conceptually quite simple.

Data is modulated onto different carriers, called subcarriers and multiplexed in

frequency. Using orthogonal transforms, the spectra of the subcarriers can be

overlapping, leading to better usage of the spectral resources. The idea, using

a synthesis filter bank at the transmitter, is sketched in Figure 4.1. The figure

also shows the simplicity in spectrally shaping the transmitted signal. At the

receiver, the analysis filter bank implementing the inverse transform recovers

the data, ideally free of system induced distortion. The simplest way to imple-

ment this technique is by means of the FFT. The sidelobe limitations already

mentioned in the previous chapter have motivated research in modulated filter

banks with pulse shapes that can provide better spectral containment.

Pulse shaping in multicarrier transmission dates back to the early work of

Chang [23] and Saltzberg [110] in the 60’ies. Since then, various multicarrier

concepts based on the Nyquist pulse shaping idea with symbols that overlap

in time and bandlimited subcarrier signals have been developed by Hirosaki

[49], Le Floch et al. [72], Sandberg and Tzannes [111], Vahlin and Holte [128],

Wiegand and Fliege [153], Nedic [91], Vandendorpe et al. [135], Van Acker

et al. [131], Siohan et al.[118], Wyglinski et al. [155], Farhang-Boroujeny

[31, 32], Phoong et al.[94], and others. One central ingredient in the later de-

velopments is the theory of efficiently implementable, modulation-based uni-

form filter banks, developed by Vetterli [137], Malvar [81], Vaidyanathan [129],

Karp and Fliege[66] and Viholainen [143], among others. The implementations

used in our research are based on the EMFB concept with ELTs in [143] and

41
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Figure 4.1: Efficient multicarrier transmission principle.

the FBMC/OQAM [118], efficiently implemented with DFT and polyphase

filtering as in Bellanger and Daguet [13].

In Chapter 1 we introduced the advantages of MC modulation, counting

among them the easier channel equalization. In OFDM, a cyclic prefix longer

than the channel delay spread converted the propagation channel into flat

fading at subcarrier level. FBMC lacks the CP but the frequency flatness of

subchannel responses is approximately valid if the ratio between subcarrier

spacing and the coherence bandwidth of the channel is small enough, i.e., for

high M . Otherwise, the channel becomes frequency selective at subcarrier

level, usually mildly, as exemplified in Figure 4.2. This fact is the starting

point of this chapter, which builds on the analysis of the subchannel response

of the propagation channel to propose a low complexity subchannel equalizer.

The derived equalizer is tuned for NBI notching in Section 4.2. Then we study

the means of estimating channel parameters to feed the equalizer for tuning

its coefficients and for synchronizing the communications.

4.1 Channel Equalization

At the time of our research leading to [P2], the problem of equalizing the fading

frequency-selective channel in the FBMC context was not so well understood
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f

( )H f

Figure 4.2: Mildly frequency selective channel response in the subchannels.

as in the DFT based systems. Three main approaches to solve this problem can

be found in the literature. The first uses well localized FBMC waveforms i.e.,

the pulse energy both in time and frequency domains is well contained to limit

the effect on consecutive symbols and neighboring subchannels [72, 118, 128].

In this context, a basic subcarrier equalizer structure of a single complex coeffi-

cient per subcarrier is usually considered. Another approach uses FIR filters as

subcarrier equalizers with cross-connections between the adjacent subchannels

to cancel the intercarrier interference (ICI) [111, 135]. A third line of stud-

ies applies a receiver filter bank structure providing oversampled subcarrier

signals to avoid the cross connections between subchannels, and performs per-

subcarrier equalization using FIR filters [49, 91, 131, 153, 155]. More recently,

Waldhauser et al. have presented MMSE and decision feedback subcarrier

equalizers explicitly designed for FBMC/OQAM [12, 145, 146]. The main

idea here is that equalization of the oversampled subcarrier signals restores

the orthogonality of the subcarrier waveforms and there is no need for cross-

connections between the subcarriers. Our research contributed to this line of

studies by developing low-complexity linear per-subcarrier channel equalizers

for FBMC. Implementation examples as block diagrams for the EMFB and

FBMC/OQAM types of transmultiplexers can be seen in Figure 4.3 a) and b),

respectively. In the figure, the receiver with oversampled processing can be

distinguished. The earlier contributions either lack connection to the theory

of efficient multirate filter banks, use just a complex multiplier as subcar-

rier equalizer or, in case of non-trivial subcarrier equalizers, lack the analysis

of needed equalizer length in practical wireless communication applications

(many of such studies have focused purely on wireline transmission). Also

various practical issues like peak-to-average power ratio and effects of timing

and frequency offsets had not properly been addressed in this context before

publication of [P2].
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The oversampled receiver is essential for the equalization studied in [P2].

In case of roll-off ρ = 1.0 or lower, non-aliased versions of the subchannel

signals are obtained in the 2x-oversampled receiver, when complex (I/Q) sig-

nals are sampled at the symbol-rate, and complete channel equalization in an

optimal manner is possible. As a result of the high stopband attenuation of

the subchannel filters, there is practically no aliasing of the subchannel sig-

nals in the receiver bank. Thus, perfect equalization of the distorting channel

within the subchannel passband and transition band regions would restore the

orthogonality of the subchannel signals [91], completely eliminating ICI and

the intersymbol interference (ISI).

4.1.1 Conditions for ISI and ICI Cancellation

The detailed derivation for canceling ISI and ICI can be found in [P2]. There,

the analysis was performed for the odd stacked EMFB but the general results

are valid for any of the related FBMC implementations with an oversampled

receiver, taking into account the different subchannel filter definitions. Only

the main results will be concisely summarized here.

With ideal sampling and no channel or with channel and ideal equaliza-

tion, the desired subchannel signal, carried by the real part of the complex sub-

channel output, is orthogonal to the contiguous subchannel signal components

occupying the imaginary part. The orthogonality between the subchannels is

introduced when the linear-phase lowpass prototype hp[m] is exponentially

frequency shifted as a bandpass filter, with 90-degree phase-shift between the

carriers of the contiguous subchannels. This is the reason for taking the real

part at the receiver to recover the desired signal, free from interference from

the neighboring subchannels.

In practice, the non-ideal channel causes amplitude and phase distortion.

ISI is mainly caused by the amplitude distortion. The phase distortion results

in rotation between the I- and Q-components of the neighboring subchannel

signals causing ICI or cross-talk between the subchannels. Limiting the sources

of interference to the closest neighboring subchannels is justified if the filter

bank design provides sufficiently high stopband attenuation, as visualized in

Figure 4.4 for the first subband (k = 0).

The analysis in [P2], valid for PR filter banks and approximately for NPR

designs, provides proof for this statement, yielding the following results for

ICI and ISI cancellation at subchannel level:

Looking at Figure 4.3, the equalizer for subchannel k can be identified
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Figure 4.4: Potential ICI spectrum affecting subchannel k = 0 in the odd

stacked EMFB implementation.

after the oversampled analysis bank and can be defined by wk[n]. Using the

multirate identities in Figure 2.7, an upsampled and non-causal version of it

is denoted by

w̄k[m] =

{
wk[2m/M ], if m = nM/2, n ∈ Z
0, otherwise.

(4.1)

After rearranging the subchannel filter blocks and the channel with instanta-

neous impulse response in the baseband model h[m], the compensated, overall

response of the channel and equalizer cascade is

ck[m] = h[m] ⋆ w̄k[m], (4.2)

and its version translated to baseband

c̃k[m] = ck[m]e−jmk2π/M , (4.3)

Cancellation of ICI is achieved when simultaneously

Im [c̃k[m]] = 0

Im
[
c̃k[m]e−jm2π/M

]
= 0. (4.4)

In frequency domain, the equalized channel frequency response is required to

have symmetric amplitude and anti-symmetric phase with respect to both of

the frequencies k2π/M and (k + 1)2π/M to suppress both ICI components.

Naturally, the ideal full-band channel equalization (resulting in constant am-

plitude and zero phase) implies both conditions. In our FBMC system, the
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equalization is performed at low-rate, after filtering and decimation by M/2,

and the mentioned two frequencies in the EMFB implementation correspond

to 0 and π, i.e., the filtered and down-sampled portion of H(ejω) in subchannel

k multiplied by the equalizer Wk(e
jω) must fulfill the symmetry conditions for

zero ICI. In this case, both symmetry conditions are equivalent (i.e, symmetric

amplitude around 0 ⇐⇒ symmetric amplitude around π, and anti-symmetric

phase around 0 ⇐⇒ anti-symmetric phase around π).

The intersymbol interference is suppressed when additionally

Re [c̃k[m]] = δ[m] =

{
1, if m = 0

0, otherwise.
(4.5)

The above conditions were derived in the high-rate, full-band case, and if the

conditions are fully satisfied, ISI within the subchannel and ICI from the lower

and upper adjacent subchannels are completely eliminated. In practice, the

equalization takes place at the decimated low sampling rate, and the target

of the subchannel equalizer is to approximate ideal channel equalization over

the subchannel passband and transition bands (assuming roll-off ρ ≤ 1.0) with

sufficient accuracy. The ICI and ISI components outside the equalization band

are proportional to the stopband attenuation of the subchannel filters and can

be ignored.

Interference Optimization Criteria

The analysis that led to the ICI and ISI cancellation criteria can be used for op-

timizing the parameters of the equalizer in order to minimize the interference.

With a given equalizer, the ICI power in subchannel k is well approximated

by

P ICIk =

M2

16

∫ π
M

−π
M

∣∣∣Hp

(
ej(ω−

π
M

)
)
Hp

(
ej(ω+

π
M

)
)∣∣∣2(∣∣∣C̃Qk (ejω)∣∣∣2+∣∣∣C̃Qk (ej(ω+ 2π

M
)
)∣∣∣2)dω,

(4.6)

where

Hp(e
jω) = F{hp[m]} (4.7)

C̃Qk (e
jω) = F{c̃Qk [m]} (4.8)

are the Fourier transforms of the prototype filter hp[m] and the imaginary part

of c̃k[m] from equation (4.3), i.e.,

c̃Qk [m] = Im [c̃k[m]] . (4.9)
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Figure 4.5: ISI from the folded spectrum of the overall transfer function z̃k[m].

Only the residual imaginary part of ck[m] is relevant for the ICI. We can see

the cross-talk spectra (shaded in Figure 4.4) represented in the multiplication

of the shifted frequency responses of the prototype filter.

The ISI power can be calculated with the help of the aliased spectrum of

the overall transfer function

z̃k[m] = Re [t0,0[m] ⋆ c̃k[m]] (4.10)

as

P ISIk =

∫ 2π
M

0

∣∣∣∣∣M2 −
1∑

l=−1

Z̃k(e
j(ω+ l2π

M
))

∣∣∣∣∣
2

dω. (4.11)

In equation (4.10), t0,0[m] is the TMUX transfer function for subchannel 0,

obtained from convolving the synthesis filter f0[m] and the non-causal zero-

phase form of the analysis filter g0[m] (see also Section 2.1.2). The Nyquist

criterion in frequency domain is used: in ISI-free conditions, the folded spec-

trum of the overall subchannel response Z̃k(e
jω) = F{z̃k[m]} adds up to a

constant level M/2, a condition equivalent to the overall impulse response be-

ing a unity impulse. By calculating the difference between this ideal reference

level and the actual spectrum, the spectrum resulting from the residual ISI

can be extracted. Integration over this residual spectrum gives the ISI power,

according to equation (4.11), as sketched in Figure 4.5.
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Finally, the noise enhancement introduced by the equalizer is calculated

as

βηk =
1

2π

∫ π

−π

∣∣∣∣Wk(e
jω)Hp(e

j
ω∓π

2
M/2 )

∣∣∣∣2 dω, (4.12)

whereWk(e
jω) is the response of the subchannel equalizer. The − and + signs

are valid for even and odd subchannel indexes of the EMFB, respectively.

4.1.2 Low Complexity Subcarrier Equalization

Having developed a tool for evaluating the equalizer performance, we focused

on the design of the low complexity equalizer. Early channel equalization so-

lutions for FBMC suffered from insufficient performance when the channel is

even mildly frequency selective, as in the case of a single complex multiplier

[50]. Alternative solutions had relatively high implementation complexity, as

in the FIR based approach described, e.g., by Hirosaki in [49]. To overcome

these problems, specific equalizers that concentrate on a few chosen frequency

points are considered. The point-wise equalization principle proceeds from the

consideration that the subchannel equalizers are designed to equalize the chan-

nel optimally at certain frequency points within the subband. At those fre-

quency points, the equalization aims to invert the channel, i.e., the coefficients

of the equalizer are set such that the equalizer amplitude response optimally

approaches the inverse of the determined channel amplitude response and the

equalizer phase response optimally approaches the negative of the determined

channel phase response. Between these considered points, the optimal linear

equalizer is approximated and the residual ICI and ISI interference powers

depend on the degree of inaccuracy with respect to the zero ICI/ISI condi-

tions. On the other hand, the level of inaccuracy depends on how much the

channel frequency response varies within the subchannel, i.e., the relation of

the channel coherence bandwidth [99] to the size of the filter bank, and on the

order of the point-wise per-subcarrier equalizer. For mildly frequency selective

subband responses low-order equalizers are sufficient to keep the residual ICI

and ISI at tolerable levels.

A complex FIR (CFIR) of a few taps is a straightforward solution for

point-wise equalization. Another choice is the amplitude and phase subcarrier

equalizer (AP-SCE) introduced in [P2]. The AP-SCE independently equalizes

the channel phase with allpass IIR filters and the channel amplitude with a

linear-phase FIR filter. An example CFIR and AP-SCE that are able to equal-

ize at three frequency points are shown in Figures 4.6 and 4.7, respectively.
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Figure 4.7: Amplitude and phase subcarrier equalizer for equalization at 3

frequency points.

Note that in the AP-SCE the operation of taking the real part of the signal

for detection is moved before the real allpass phase correction stage. This

does not affect the output of the AP-SCE, but reduces its implementation

complexity. In the figures, the double lines indicate that the signal on them is

complex valued, whereas the single line indicates real valued signals.

The equalizer coefficients can be calculated by evaluating the frequency

responses of the equalizer at the desired frequencies and forcing the equalizer

to adopt desired target values there. The target values optimally equalize the

channel at their frequency locations in the zero forcing (ZF) or mean squared

error sense (MSE) [73], [99]. With three frequency points, the most convenient

and computationally least complex choice is to equalize at the center of the

subchannel and at the subband edges.

Figure 4.8 presents the working principle of a three point ZF equalizer in

which the channel is inverted with the target equalizer amplitude points ϵi
and phase points ξi.



4.2 Narrowband Interference Suppression 51

−1 −0.9 −0.8 −0.7 −0.6 −0.5 −0.4 −0.3 −0.2 −0.1 0
0

0.5

1

1.5

2

2.5

3

3.5

Normalized Frequency in Fs/2

A
m

pl
itu

de
 in

 li
ne

ar
 s

ca
le

Amplitude equalizer

Channel response
Equalizer target points ε

i

Equalizer amplitude response
Combined response of channel and equalizerε

0
 

ε
1
 

ε
2
 

(a) Zero forcing amplitude equalization

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
−60

−40

−20

0

20

40

60

Normalized Frequency in Fs/2

P
ha

se
 in

 d
eg

re
es

Phase equalizer

Channel response
Equalizer target points ξ

i

Equalizer phase response
Combined response of channel and equalizer

ξ
0
 

ξ
1
 

ξ
2
 

(b) Zero forcing phase equalization

Figure 4.8: Three point equalization working principle.

The results in [P2] showed an excellent match between system simulations

with these equalizers and semianalytical predictions based on the derivations

presented above in Section 4.1.1. The introduced equalizers present very good

equalization performance for subchannels of the order of 100 kHz and the ITU

Vehicular-A channel model [61]. This permits the design of MC communica-

tion systems with a fraction of the subchannel number used in OFDM systems,

allowing for significant complexity reduction, especially in the downlink.

Doctoral candidate Tero Ihalainen is currently experimenting on increas-

ing the number of points to equalize (=increasing the number of taps of the

equalizer) to improve performance with severe fractional time delay (FTD) or

strongly frequency selective fading at subchannel level. Moreover, he has ex-

tended the point-wise equalization concept to the multiantenna case in FBMC

[55]. Also other equalization strategies, such as a different distribution of the

frequency points within the subchannel band are possible. In fact, the flexi-

bility and expandability is a definite virtue of the applied frequency sampling

approach. Furthermore, the AP-SCE has the advantage over the CFIR that

it can be optimized in a more flexible manner, since the amplitude and phase

sections are independent of each other.

4.2 Narrowband Interference Suppression

The point-wise equalization introduced in the previous chapter can be applied

to interference mitigation by placing notches at the equalization points. The
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Figure 4.9: NBI mitigation in the adjacent subchannel.

main objective is to partially save information from the subchannels that are

affected by the NBI. Successful achievement of this objective makes it possi-

ble to consider wider subchannel spacing in NBI scenarios. Publication [P4]

explores this application in the case of adjacent subchannel interference, as

seen in Figure 4.9, in which the NBI falls on the roll-off band of the studied

subchannel. Mitigation within the subchannel directly hit by the interferer

is expected to be only successful if it is very narrow and falls exactly on an

equalization point. Mitigation at other than these two subchannels is not nec-

essary if the subchannel filters are highly selective, as we have assumed so far

in our FBMC models.

Since only the roll-off band is affected by the interferer, the notch is applied

on the subband edge equalization point. However, we showed in [P4] that

best performance is obtained if the notch does not completely null out the

equalization frequency, but is scaled according to the NBI power. In absence

of interference, the equalizing MSE target amplitude in subchannel k is

ϵik =
|hik|

|hik|2 + σ2N
, (4.13)

where hik is the channel response at the considered frequency point i and σ2N
is the noise power. If a NBI is distorting the neighboring subchannel, the

MSE criterion can be slightly modified to improve the BER performance by

updating equation (4.13) into

ϵik =
|hik|

|hik|2 + σ2N + σ2I
, (4.14)



4.2 Narrowband Interference Suppression 53

where σ2I is the NBI power. In both equations we assume that the signal is

normalized to unity power. Note that this modification does not suppose any

additional complexity for the equalizer. Obviously, in practice σ2I needs to be

calculated, adding some complexity to the estimation subsystem.

Publication [S3] develops this idea considering the interference power es-

timation problem. The system in which the subband equalizer and NBI mit-

igation are applied is of the single carrier type with frequency domain equal-

ization. Nevertheless, the NBI estimation approach can be used similarly in

the FBMC context. The idea is that if the channel gains in subchannel k are

known at the subband edges (subindex i = 0, 2) and at the center of the sub-

band (subindex i = 1), then one can estimate the expected signal and noise

power present in the subband as

P̂k =
|h0k|2 + 2|h1k|2 + |h2k|2

4
+ σ2N. (4.15)

The estimates of the channel gains could be obtained for example by inter-

polating from the gains estimated in neighboring, interference-free subbands.

In case the measured power Pk exceeds P̂k by a certain amount determined

by an NBI detection threshold, the subband can be considered as affected by

interference. A good estimate for the NBI power present in subchannel k is

σ̂2Ik = Pk − P̂k, (4.16)

and the total NBI power to be used as the attenuation factor in equation (4.14)

can be calculated as

σ̂2I =
∑
k

σ̂2Ik. (4.17)

Here k indexes the subbands affected by the interferer, normally two adjacent

subbands, as in Figure 4.9.

Furthermore, the approximate interferer location within the subchannels

can be estimated with help of σ̂2Ik from equation (4.16) and the frequency

response of the prototype filter as the low rate ω = ω̂I that fulfills∣∣Hp

(
ej2ω/M

)∣∣2∣∣Hp

(
ej2ω/M−2π/M

)∣∣2 =
σ̂2Ik
σ̂2Ik+1

. (4.18)

Here, the prototype filter Hp is assumed to be symmetric and the obtained ω̂I

is the distance from the center frequency of the analysis subchannel filter k to

the interference, assuming it to be located between subchannel k and k + 1.

Figure 4.10 clarifies this concept.
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Figure 4.10: Locating NBI affecting two subbands.

The presented approach for NBI mitigation in FBMC is capable of reduc-

ing the impact of the interferer so that the adjacent subchannel does not need

to be discarded for reception. In the FBMC case studied in the previous sec-

tion we have seen that the subchannel bandwidth can be in the order of 100

kHz, which is a considerable amount of bandwidth that is saved for transmis-

sion. An FBMC system could now be dimensioned to have wider subcarrier

spacing without sacrificing a whole subchannel in NBI scenarios. Further-

more, if subchannel equalizers such as the low complexity CFIR or AP-SCE

are implemented in the receiver, they can be readily used to perform the NBI

mitigation, without adding complexity to the equalization stage.

4.3 Channel Estimation and Synchronization

After understanding how to efficiently and effectively equalize the channel in

our FBMC proposal, the logical continuation was to research the means for

obtaining the channel information that the equalizer needs in order to perform

its task. Closely related to channel estimation is the synchronization problem

because again propagation parameters are estimated. Often, channel estima-

tion and synchronization parameter estimation is done with the same means.

Actual synchronization and equalization can then be performed separately,

or up to a certain degree jointly, for example with the help of the subcarrier

equalizers presented in Section 4.1.2.
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In order to synchronize and equalize the channel, there are methods to

perform timing, carrier frequency offset (CFO) and channel estimation. In

the MC context, timing estimation involves locating the start of a transmis-

sion burst, finding the first multicarrier symbol, and estimating the fractional

time delay (FTD), which is a fraction of the multicarrier symbol period. Since

OFDM is the most widespread MC technique, many methods for synchroniza-

tion and channel estimation can be found for it. They are based on scattered

pilots and training sequences [83, 100], on exploiting the redundancy of the

CP [132] or even blind methods that do not make use of overheads in the

signal [100].

Due to the different nature of the FB waveforms, some of the OFDM meth-

ods can be applied to FBMC and others, such as the CP based ones, cannot.

Although there exist preamble based [9, 38, 67, 76] and blind [16, 32, 80] ap-

proaches, we focus our interest here towards low rate training sequence and

scattered pilot based approaches [63, 77]. In the context of this thesis, it is

interesting to note that the authors of [63] present an approach to perform full

synchronization in both FBMC/OQAM and OFDM/QAM systems based on

scattered pilots. There, the time domain properties of the regularly scattered

pilots are exploited and synchronization takes place in the time domain, in-

stead of subcarrier-wise. Further, the preamble based approach in [9] performs

synchronization of FBMC signals in a setup with parameters similar to the

well established IEEE 802.11a [3] standard.

When using efficient FB implementations, as for example FBMC/OQAM

[118], the application of low rate training sequence and scattered pilot based

approaches for synchronization and channel estimation is not as straightfor-

ward as in OFDM. The reason is the imaginary interference, inherent to the

filter bank, that a real-valued low-rate symbol suffers from adjacent symbols

in time and frequency. This has motivated different proposals for generating

pilots [64, 76] compatible with the filter bank class of interest. In our re-

search, we first investigated the training sequence approach in the EMFB case

[P5] and then built a synchronization and channel estimation subsystem for

FBMC/OQAM based on pilots and auxiliary pilots similarly to [64] because

of good estimation performance [P3]. It should be noted, however, that since

both FB implementations are closely related, the estimation approaches can

both be applied with simple updates in the signal models to the implementa-

tion for which they were not originally conceived.

The general receiver concept with the estimation, synchronization and

equalization subsystems can be summarized in Figure 4.11. It includes the
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Figure 4.11: Complex TMUX receiver with oversampled analysis bank and

per-subcarrier equalizers.

possible feedback before the AFB to compensate large CFOs and FTDs by

tuning the numerically controlled oscillator and the correct sampling moment.

When studying the effect of a linear multipath channel with AWGN, frac-

tional time delay and carrier frequency offset, the baseband signal model at

the receiver input can be written as

r(t) = (s(t) ⋆ h(t, τ) ⋆ δ(t− τFTDT ))e
j2π ε

T
t + η(t), (4.19)

where ⋆ represents the convolution operation, s(t) is the continuous time ver-

sion of the SFB output at the transmitter, h(t, τ) is the time-varying trans-

mission channel, and δ is the Dirac delta. The transmitter output s(t) varies

slightly depending on the FBMC implementation selected. Moreover, τFTD
is the fractional time delay as a fraction of the signalling interval T , ε is the

CFO as a fraction of the subcarrier spacing ∆f , and η(t) is complex valued

AWGN. At the receiver, r(t) is sampled at Ts =
T
M into r[m] and then passes

the analysis bank. Here it should be noted that in the following derivations

a slight change in notations is introduced to match the more compact nota-

tion from [P3], in which the FBMC/OQAM implementation is applied. The

time index at low sampling rate n is now placed as a subindex of the con-

sidered variable, i.e, xk,n ≡ xk[n], next to the subchannel subindex k. With

this in mind, the k-th subchannel sequence yk,n before the subchannel pro-

cessing stage (estimation and synchronization/equalization in our case) can

be expressed as

yk,n = [r[m] ⋆ fk[m]]↓M
2
=

k+1∑
i=k−1

vi,n ⋆ qi,k,n + ηk,n, (4.20)
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where

qi,k,n =

[
((gi[m] ⋆ h[n,m] ⋆ δ[m− τFTD

T

Ts
])ej2π

ε
M
m) ⋆ fk[m]

]
↓M

2

. (4.21)

Above, qi,k,n is the subchannel-dependent 2-dimensional impulse response, in-

cluding the channel effects, from subchannel i to subchannel k, and vi,n is the

input to the synthesis bank. In the FBMC/OQAM implementation (see Fig.

4.3 b)),

vi,n = θi,ndi,n, (4.22)

where

θk,n = ej
π
2
(k+n) = jk+n. (4.23)

The discrete-time time-varying channel is h[n,m], the delay τFTD
T
Ts

= τFTDM

is assumed to be an integer number of samples, for simplicity, and ↓ M
2 rep-

resents the downsampling by M
2 of the preceding expression included in the

brackets. The sampled and filtered noise is ηk,n. Equation (4.20) assumes a

sufficiently frequency selective prototype filter and roll-off ρ ≤ 1. Therefore

only adjacent subchannels overlap and have an effect on subchannel k of in-

terest. Further, we also assume here a reasonably small frequency offset ε, in

which case the overlaps with subchannels i = k ± 2 remain insignificant.

4.3.1 Data Aided Channel Estimation

In the following sections the term pilot is used to designate a transmitted

symbol that is known beforehand at the receiver, in order to sample the channel

by evaluating its effect on the pilot symbol.

In efficient modulated filter banks the use of scattered (in time and fre-

quency) pilot symbols or training sequences of pilot symbols at the low rate is

not that simple as in OFDM, as a closer look into equation (4.21) reveals. In-

deed, if we first remove all the channel effects in that equation, i.e., τFTD = 0,

ε = 0 and h[n,m] = δ[n], qi,k,n becomes the time- and frequency invariant

2-dimensional impulse response of the TMUX (see also Section 2.1.2), relating

the real valued input di,n with the received k-th subchannel signal before the

operation of taking its real part, ỹk,n. After multiplying in the FBMC/OQAM

model by θ∗k,n, we can rewrite (4.20) as

ỹk,n = dk,n +
k+1∑
i=k−1

∞∑
l=−∞

(i,l)̸=(k,n)

ji−kdi,lqi,k,n−l + ηk,n (4.24)

= dk,n +
(
ηNPR
k,n + juk,n

)
+ ηk,n. (4.25)
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Table 4.1: Interference weights for data surrounding the symbol in the center

of the table.

n = −4 n = −3 n = −2 n = −1 n = 0 n = 1 n = 2 n = 3 n = 4

k = −2 0 0.0006 -0.0001 0 0 0 -0.0001 0.0006 0

k = −1 0.0054 j0.0429 -0.1250 -j0.2058 0.2393 j0.2058 -0.1250 -j0.0429 0.0054

k = 0 0 -0.0668 0.0002 0.5644 1 0.5644 0.0002 -0.0668 0

k = 1 0.0054 -j0.0429 -0.1250 j0.2058 0.2393 -j0.2058 -0.1250 j0.0429 0.0054

k = 2 0 0.0006 -0.0001 0 0 0 -0.0001 0.0006 0

The elements ηNPR
k,n and uk,n within the parentheses of equation (4.25) are

obtained by respectively taking the real and imaginary part of the summation

term in equation (4.24) above. They can be considered interference on the

desired symbol dk,n. Now, even in a PR TMUX, in which the real-valued term

ηNPR
k,n = 0, the imaginary-valued interference juk,n does not add up to 0. The

transmultiplexer orthogonality is only obtained after taking the real part, i.e.,

this interference summation has only imaginary values [118]. In a good NPR

design, ηNPR
k,n is a small real-valued contribution, generally well below the level

of ηk,n, and can safely be ignored. Another property of the imaginary-valued

interference juk,n that can be deduced from equation (4.24) is that it is time-

varying, since it depends on the data in the adjacent channels and on the

symbols preceding and following dk,n, weighted by the transfer function of the

TMUX.

Table 4.1 presents the interference weights that multiply neighboring sym-

bols in the case of an NPR prototype designed with the frequency sampling

method in [14] and with an overlapping factor K = 4. We can see that the

interference from subchannels not adjacent to the subchannel of interest have

negligible effect and that in time direction the interference goes K symbols

from the symbol of interest in both directions. With this NPR design, the

residual distortion on the real part is less than −65 dB compared to the ac-

tual data.

It is clear that a known data symbol located at subcarrier kp and time np
cannot be immediately recovered even if the channel at that subcarrier is a

simple complex coefficient Hkp,np (flat fading), because the pilot information

and the complex-valued, time-varying and data-dependent interference will

be mixed by the channel. In the following paragraphs we point out several
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alternative methods that can be used to handle the described complex-valued

interference in order to make data-aided channel parameter estimation feasible.

The interested reader is referred to the cited references for detailed description

of the methods.

Auxiliary Pilots

This approach is based on an elegant idea presented in [64]: An auxiliary pilot

located at ka, na, adjacently to the pilot kp, np, cancels the interference ukp,np

of equation (4.24). We further develop and apply this idea in Publication [P3]

to generate scattered pilots. The advantage of eliminating the interference

is that the pilots can be used at the receiver in a similar fashion as OFDM

pilots are used: the estimate of the channel at the pilot location is the received

symbol normalized by the known transmitted symbol, i.e,

Ĥkp,np = ỹkp,np/dkp,np . (4.26)

This assumes that the channel is constant over the whole subchannel band-

width. The auxiliary pilot is indeed one element of the sum in equation (4.25)

and has to be calculated on-line with data transmission every time a pilot is

inserted since the interference terms vary with the data. In [64], the auxil-

iary pilot is chosen to cancel the interference from the 8 surrounding symbols.

This is a good approximation in well time-frequency localized prototype fil-

ters, such as the ones based on the isotropic orthogonal transform algorithm

(IOTA) function [72]. In [P3] we chose to include more terms in the calculation

of the interference because also symbols located further away can significantly

contribute to it.

In typical filter bank designs it is wise to locate the auxiliary pilot imme-

diately preceding or following the pilot, i.e., na = np − 1 or na = np + 1. This

is because when computing the auxiliary pilot, its expression is normalized

by the interference weight of the auxiliary pilot affecting the actual pilot. In

Table 4.1 we see that with this choice the magnitude of the auxiliary pilot am-

plitude is minimized on the average (the interference weight next to the pilot

at (kp, np) = (0, 0) is the highest). Consequently, less transmission energy is

wasted on the pilot/auxiliary pilot pair and possible negative effects on the

peak to average power ratio (PAPR) due to excessively strong auxiliary pilots

are prevented.

As an example, with the prototype filter presented above, it is sensible to

use the shaded area of Table 4.1 for the computation of the interference and
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the auxiliary pilot. This leaves the residual imaginary interference power −38

dB below the average level of data. Further, if the auxiliary pilot is chosen to

precede or succeed the pilot, then the auxiliary pilot power is on the average

3.3 dB stronger than the data surrounding the pilot/auxiliary pilot pair. The

next best choice for the auxiliary pilot location adds almost 6 dB to its average

power.

Note that the use of two real-valued symbols as pilots does not mean a

penalty in overhead with respect to OFDM, since there the pilot is complex-

valued. This observation also applies to the next technique for FBMC pilot

design.

Pair of Pilots

The pair of real pilots (POP) [76] method also uses two consecutive OQAM

subsymbols within a subchannel to send known pilots, i.e., at locations (kp, np)

and (kp, np+1). In the simplest case the pilots are similar. Ignoring the noise

and assuming that the channel remains unchanged during both subsymbols,

an equation system yields the equalizer coefficient (the same for both pilots)

that restores the pilots to their original phase and amplitude. The estimate for

the channel at the positions of the POP is obtained by inverting the computed

equalizer coefficient. This method places the computational complexity on the

receiver part and has the advantage that it is independent of the prototype

filter design, since the interference term is not used explicitly in the equations.

However, if the noise is not negligible, it will be enhanced in a random fashion,

depending on the data surrounding the pilots, which makes the performance

unpredictable and generally worse.

Interference Approximation Method

The authors of [76] also present the interference approximation method (IAM).

The philosophy here is that most of the symbols surrounding the pilot in time

and frequency are fixed and known at the receiver. In this case, the interference

ukp,np can be approximatively calculated with equation (4.24), which leads to

the channel estimate

Ĥkp,np = ỹkp,np/
(
dkp,np + jukp,np

)
. (4.27)

The more symbols in the shaded area of Table 4.1 are fixed, the better is

the approximation of ukp,np . Unfortunately, this approach leads to an unac-

ceptable overhead if a good approximation of the interference, necessary for
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accurate channel estimates, is desired. Therefore, it is practical only in situ-

ations in which pilots are packed closely together, e.g., in training sequences,

such as in Publication [P5], where the fixed symbols can be simultaneously

utilized by nearby located pilots. Of course, the symbols closer to the edge

of the training sequence will be more exposed to the effect of the following

random data and the approximation of ukp,np on them is worse.

Other Pilot Approaches

More sophisticated methods for scattered pilot-based channel estimation in

FBMC/OQAM are presented in [77]. By means of an orthonormal transfor-

mation of the data around the pilot, the imaginary-valued term can be nulled

while simultaneously avoiding the use of an auxiliary pilot with increased

power. This implies an advantage in the transmit power efficiency compared

to the auxiliary pilot approach, at the cost of increasing the computational

complexity. Nevertheless, it is still necessary to fix one of the surrounding

symbols, which cannot be used for data transmission. Another approach in

[77] and in [78] consists of iteratively approximating ukp,np at the receiver with

help of the detected data. At first, it is considered that ukp,np = 0, and the

channel is estimated based on this assumption. The equalization and detec-

tion then yield estimates of the data surrounding the pilot, which, in turn,

permit calculating a better estimate of ukp,np . The authors in [78] show that

the technique converges in 3-4 iterations.

The methods presented above provide a way of sampling the time-varying

frequency response of the transmission channel. The estimates required at

the remaining subchannels and time-instants can be obtained by interpolating

between the estimates obtained at the pilot locations. Note that for the 3-

tap subcarrier equalizer presented in Section 4.1.2, the interpolation has to

return estimates not only at the center frequencies of the subcarriers, but

also at the subband edges in the middle of those frequencies. In general,

if a higher order frequency sampling equalizer is used, the estimation and

interpolation solution needs to provide estimates at the frequency locations at

which the equalizer is designed to optimally invert the channel. Studying how

improved interpolation techniques [100] affect the FBMC channel estimation

performance is an interesting subject for future research.
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4.3.2 Timing Synchronization

Timing synchronization can be divided into frame location and fine timing

synchronization. The frame location aims to find the start of the transmitted

frame in order to continue with the remaining synchronization operations.

The objective of the fine timing synchronization is to estimate and correct the

possible fractional time delay.

Frame Synchronization

Frame synchronization usually relies on correlating the received signal with

a known training sequence [100, 115]. The transmitter sends the sequence

embedded in the transmitted frame and the receiver correlates the received

sample stream with the known sequence and uses the peak of the correlation

to detect the beginning of the frame. The same sequence can be used to

perform also FTD estimation [37, 124]. Often, these methods are time-domain

methods [37, 38], i.e., they are performed before the AFB. In publication [P5],

we transmit known training sequences on each subchannel and perform the

correlation subcarrier-wise, i.e., after the AFB. Therefore, each subchannel

correlation returns a peak that indicates the start of the frame:

nk,0 = argmax
n

(
LTR∑
r=0

dTR
k,nỹk,n+r

)
. (4.28)

Here, dTR
k,n is the training sequence of length LTR in subchannel k. Note

that the filter bank interference has to be taken into account, for example by

including the known interference (see IAM method above in 4.3.1) to dTR
k,n.

Selecting a sufficient amount of strong subcarriers (not attenuated by the

channel) and selecting the most frequently appearing peak position in these

subcarriers, the estimation can be made more robust. In [P5] we achieved

also certain robustness against CFO when the absolute values of the received

signal and training sequence were used in the correlation.

The training sequences utilized here are a few times longer than the se-

quences used in time domain synchronization. However, the training sequences

from [P5] not only synchronize the frame, but also perform CFO and chan-

nel estimation at subcarrier level, and therefore implicit FTD estimation, as

presented in Section 4.3.4.
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FTD Synchronization and Correction

Assuming that the coarse location of a transmission frame is obtained for

example as described in the previous subsection, the effect of fractional time

delay, can be understood with help of equation (4.21). In the frequency domain

it can be expressed as equation (4.29), which shows that the FTD introduces

a phase term that linearly varies with the frequency:

Qi,k
(
ejω
)
=
[((

Gi
(
ejω
)
Hn

(
ejω
)
e−jωτFTDM

)
⋆ δ (ω − 2πε)

)
Fk
(
ejω
)]

↓M
2

=
[(
Gi

(
ej(ω−2πε)

)
Hn

(
ej(ω−2πε)

)
e−j(ω−2πε)τFTDM

)
Fk
(
ejω
)]
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2
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=
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)
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e−j(ω−2πε)τFTDM

]
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2

.

This frequency-dependent phase term destroys the orthogonality of the sub-

channels and causes the appearance of ICI.

For estimation purposes, let us first assume that there is neither channel

distortion nor CFO present. In this case it seems straightforward to estimate

the FTD from a transmitted pilot at kp, np, allowing for some uncertainty

caused by the ICI. In practice, the estimate is obtained from the phase dif-

ference between two pilots separated by ∆k subcarriers, since the signal can

have a constant random phase rotation that is eliminated when calculating

the phase difference. If Ĥkp,np is the estimated channel or, equivalently, the

normalized transmitted pilot if no channel is considered, at the location kp, np
following equation (4.26) or (4.27), then

τ̂FTD =
∠
(
Ĥkp,np

)
− ∠

(
Ĥkp+∆k,np

)
2π∆k

(4.30)

where ∠(·) is the phase of (·).
This result limits the carrier separation for the pilots, if unambiguous phase

differences are to be calculated. The phase difference becomes ambiguous,

that is it exceeds π, if τFTD∆k >
1
2 . For example, if pilot subcarriers are

separated by ∆k = 10, only a delay of ±⌊M20 ⌋ samples (⌊·⌋ rounds to the

closest smaller integer) can be estimated without phase ambiguity. If the pilot

separation is expected to exceed the non-ambiguous FTD estimation range,

phase disambiguation techniques have to be applied.

The estimate can be improved by averaging techniques such as least squares

linear curve fitting over all pilot pairs that are sufficiently closely placed within
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a frame. In case of CFO, consecutive symbols within a subcarrier are rotated

with respect to each other, as discussed in the coming Section 4.3.3. This

forces the estimation averaging to be independently done over the subchan-

nels for every MC symbol time to avoid more complex estimation solutions

that take into account the CFO-induced rotation in the time direction. The

CFO additionally increases the additive distortion. Finally, in presence of the

transmission channel, the (flat-fading) channel coefficient within the subchan-

nel of interest also multiplies the transmitted signal, introducing additional

rotation. Since in general this rotation is different at different subcarriers,

it would be expected that this method cannot be used anymore with prac-

tical transmission channels. Nevertheless, if the effect of the FTD on the

phase is predominant, the phase difference introduced by the channel co-

efficients will add up as noise at the end. Consequently, we can consider

∠
(
Ĥkp+∆k,np

)
= ∠

(
Ĥkp,np

)
+ 2π∆kτFTD + ηφ, where ηφ is an additive phase

term, which depends on how much the channel is correlated in frequency direc-

tion at the pilot distance. Again, averaging over a sufficient number of pilots

reduces the harmful effect of this additional phase term. In general, the FTD

estimation can be seen as a problem of phase slope estimation over the active

subcarriers.

The training sequences utilized in [P5] additionally permit estimating the

mildly selective fading channel within the subchannel. This makes it possible

to calculate the FTD within each subchannel, without need of resorting to the

phase difference between subchannels with pilots.

The equalizers presented in Section 4.1.2 are well suited for compensating

the FTD, since they can be designed to reverse the effect of the frequency-

varying phase by including the FTD effect on the phase of the channel esti-

mates at the subband edges.

Joint FTD and Channel Estimation Based on Iterative Interference

Cancellation

The analysis above shows a clear interplay between the quality of the esti-

mates and the presence of FTD and CFO. Therefore, it is desirable to apply

the information of the estimated synchronization parameters to the estimated

pilots in order to improve the quality of all the pilot-based estimates. One

way to achieve this is by estimating both the subcarrier-wise channel coef-

ficients and the phase slope in a joint manner. This is done in [P3], where

we presented a new iterative interference canceling approach that utilizes the
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FTD-induced linear phase slope within each pilot subcarrier. For the deriva-

tion of the joint FTD estimator and channel equalizer, we assume a simplified

signal model where the amplitude response is assumed to be constant within

each subchannel and the phase is assumed to be a linear function of frequency.

This is motivated by equation (4.29) and by the observation that, in system

configurations with high M , a 1-tap equalizer is able to equalize the channel

quite well in the absence of timing offsets. The joint channel-FTD estimation

includes two parts: estimation of the complex channel coefficient for each pi-

lot, and estimation of the phase slope jointly for all pilots participating in the

estimation window ΩJE .

In the FBMC/OQAM model, in which the downsampled signal is centered

around DC, the FTD-compensating target response of the 3-tap subcarrier

equalizer presented in Section 4.1.2 can be written as

Wk,n

(
e−j

π
2

)
= wk,ne

jψ

Wk,n

(
ej0
)
= wk,n (4.31)

Wk,n

(
ej

π
2

)
= wk,ne

−jψ,

where the equalizer phase difference correction between the subchannel center

frequency and the edge is

ψ = −πτFTD. (4.32)

Deriving the transfer function of the equalizer and applying a simplification

assuming small ψ, the equalized signal can be approximated as

d̃k,n + jũk,n ≃ wk,nỹk,n + ψwk,n∆̃yk,n, (4.33)

where we define

∆̃yk,n = −j (ỹk,n−1 + ỹk,n+1) /2. (4.34)

If the EMFB implementation is used, equation (4.31) has to be modified to

accommodate the odd stacking of the filter bank. For even subchannels, the

evaluation points are 0, π/2 and π, and for odd subchannels −π,−π/2 and 0.

This leads to a slightly different definition of ∆̃yk,n for EMFB:

∆̃yk,n = ±j (ỹk,n−1 + ỹk,n+1) /2, (4.35)

where the sign depends on whether the subchannel k under consideration is

even (+) or odd (−).

At the pilot locations, the 3-tap equalizer can be adjusted to approximate

the transmitted known symbol d̃k,n + jũk,n, with known ũk,n in the IAM
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method or ũk,n = 0 using auxiliary pilots. Taking this case as example, for

the pilot symbols the ideal output is dk,n (the subindices (·)p are dropped here

for readability) and the channel equalization problem can be formulated as:

{
ψ̂, ŵk,n

}
= argmin

ψ,wk,n

 ∑
k,n∈ΩJE

∣∣∣dk,n − (wk,nỹk,n + ψwk,n∆̃yk,n)
∣∣∣2
 , (4.36)

where ΩJE is the set of subcarrier symbols used in the joint estimation. The

objective is to optimize ψ and wk,n in such a way that the difference between

the equalizer output and the known pilot dk,n is minimized in the least-squares

sense. This is a nonlinear optimization problem, which can be solved for ex-

ample by iterating the following two steps:

1) Assuming that the phase slope is known from the previous iteration (0

in the beginning),
{
wik,n

}
are solved from pilots ỹk,n+ψi−1∆̃yk,n in equation

(4.33). Note that the index i here represents the iteration number.

2) Assuming that
{
wik,n

}
are known, the observation is a linear function

of ψ and the optimum ψ̂ can easily be calculated with the derivative of the

expression in brackets in equation (4.36) with respect to ψ and setting the

result to 0, yielding

ψ̂ =

∑
k,n∈ΩJE

dk,nRe
[
wk∆̃yk,n

]
− |wk|2Re

[
ỹk,n∆̃y

∗
k,n

]
∑

k,n∈ΩJE

∣∣∣wk∆̃yk,n∣∣∣2 , (4.37)

which, from equation (4.32), yields τ̂FTD = −ψ̂/π. Note that wk is here the

average of wk,n within subchannel k.

In Publication [P3] we saw that this process converges typically in 5-10

iterations, depending on the FTD and ΩJE . Moreover, the estimates ψ̂ are

quite accurate even for higher values of ψ, exceeding greatly the estimation

range imposed by the pilot separation in a scattered pilot setting. However,

with higher mobility or lower SNR, the performance suffers more than the

classical FTD estimation presented in the previous subsection. Therefore,

this iterative approach could be better suited for initial locking to the correct

timing and then the fine tuning can be done with the classical estimation.
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4.3.3 Frequency Synchronization

Carrier frequency offsets have several effects on the transmitted signal. These

effects can be analyzed with help of equations (4.19), (4.21) and (4.29). The

main observation is that before the AFB, the complex exponential represent-

ing the frequency shift induces a linearly time-varying phase rotation of 2π ε
M

on consecutive high-rate samples. Recall that ε is the normalized CFO with

respect to the subcarrier separation ∆f . After the receiver bank and down-

sampling byM/2, the phase rotation between two consecutive symbols at rate

2/T is πε radians. This leads to ISI from symbols in the same subchannel and

ICI from symbols in neighboring subchannels at earlier and later time-instants.

The neighboring symbols located at the same time instant n have the same

phase rotation as the symbol under study, so they do not contribute to ICI.

The linearly time-varying phase rotation is the property exploited in the fol-

lowing pilot-based CFO estimation and permits also to implement the basic

compensation scheme.

A further effect of the CFO that can be deduced from equation (4.29)

is that the subchannel filter at the AFB is not frequency-aligned with the

corresponding subchannel filter of the transmitter SFB anymore. This distorts

the effective impulse response of the synthesis-analysis cascade by a factor

FCFO
(
ejω
)
=
Hp

(
ej(2ω/M+2πε/M)

)
Hp

(
ej2ω/M

) , (4.38)

where ω is the normalized angular frequency at subchannel sample rate and

Hp

(
ej2ω/M

)
is the prototype filter frequency response in the filter bank design.

In filter banks with linear-phase channel filters in the analysis (and synthe-

sis) filter banks and in the zero-phase subchannel processing model, only the

magnitude of the distorting frequency response is significant, the phase is con-

stant over the subchannel band (but still dependant on ε). The magnitude

of the described distortion on the frequency response for the prototype filter

introduced above is shown in Figure 4.12 for some selected CFO values. In

the figure, the subband edges correspond to the normalized frequencies ±0.5.

Finally, there are some effects like aliasing effects close to the subband edges

and the appearance of distortion from the subchannel located 2 subcarrier

spacings away. These effects can be considered minor with reasonable CFOs

expected in a pilot-based estimation and tracking scenario.

Based on the CFO effects described above, pilot-based frequency offset

estimation is straightforward: If a pilot at kp, np is followed by another one

∆n samples later at kp, np +∆n, the phase rotation between them will cover
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Figure 4.12: Subchannel frequency response distortion due to CFO for nor-

malized frequency offsets ε = 0.01, 0.05, 0.1, and 0.2.

∆φ = πε∆n radians, assuming that the ISI introduced by equation (4.38) can

be neglected and the channel does not vary in time. This yields an estimate

ε̂ =
∆φ

π∆n

ε̂ =
∠
(
Ĥkp,np

)
− ∠

(
Ĥkp,np+∆n

)
π∆n

. (4.39)

The performance of the estimation can be improved by averaging over many

pilots to reduce the effect of the distortion. For example, if pilots are all

separated by the same number of samples, the following expression [68] can be

used for estimating the CFO, while simultaneously weighting the subcarrier

pilots according to their powers:

ε̂ =

∠
( ∑

(k,n)∈ΩCFO

Ĥk,n+∆nĤ
∗
k,n

)
π ·∆n

. (4.40)

This way, stronger subcarriers are favored over weaker ones. Again, the

subindices (·)p indicating pilot locations are not included in the equation for

readability. Here, ΩCFO is the set of pilot locations used for CFO estima-

tion. Note that the same problem of phase-ambiguity appears as in the FTD
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estimation above, when ε∆n ≥ 1. Clearly, if a training sequence is used

instead of scattered pilots, the range, in which the estimated CFO remains

non-ambiguous is maximized. This is because the known data comes as a

continuous stream (∆n = 1).

If the CFO is moderate, e.g., in CFO tracking scenarios, or the subchannel

signal modulation is robust, then the offset compensation can be performed

subchannel-wise, as sketched in Fig. 4.13a) with the multiplication by the

complex exponential sequence that undoes the frequency shift, that is, e−jπnε.

The frequency correction at subchannel level will obviously not recover the

information leaked to the neighboring channel nor get rid of the distortion

coming from 2 subchannels away, since the frequency shift is circular when

performed at subchannel level. Further, the amplitude distortion due to the

subchannel filter misalignments depicted in Fig. 4.12 also remains.

It is possible, however, to compensate for this amplitude distortion in a

simple way with the help of the low complexity frequency sampling equalizers

presented above. Similarly as with the phase slope in the presence of FTD, the

low complexity equalizer can approximatively correct the amplitude distortion

given by equation (4.38) setting the desired target responses to

Wk,n

(
ejω
)
=

1

FCFO (ejω)
. (4.41)

In the FBMC/OQAM implementation, the equation is evaluated at ω =

−π
2 , 0,

π
2 , whereas in the EMFB structure ω = 0, π2 , π and ω = −π,−π

2 , 0,

for the even and odd subchannels, respectively.

Figure 4.13 presents the subchannel model with the effect of the first two

mentioned distortion types, which are the predominant ones. It includes also

the basic subchannel-wise CFO correction that undoes the CFO phase rotation

according to the estimated frequency shift ε̂. In the equivalent model (b), the

effect of inaccurate CFO estimation is represented by the residual frequency

modulation ejπn(ε−ε̂).

Under serious carrier frequency deviations, the degradation of the received

subchannel signal advocates for time domain solutions (before the AFB) for

correcting and possibly also for estimating the CFO. In our research we ob-

served that the compensation performance degrades faster than the estimation

performance: With high values of CFO, the subcarrier-wise compensation can-

not recover enough of the signal of interest that has leaked to the neighboring

subchannel and eliminate the interference. In [48] and [P3] we conclude that

the detection performance for 64-QAM, after CFO estimation and compensa-

tion, degrades severely when |ε| > 0.05∆f , even in low noise scenarios. With
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Figure 4.13: Subchannel receiver signal model in the presence of CFO, with

CFO compensation and subchannel equalization. (a) Basic model. (b) Equiv-

alent form.

more robust modulations such as 4-QAM, the range with acceptable detection

performance is extended to over 20% of ∆f and the bottleneck becomes the

pilot separation. Usually, several pilots are used for CFO estimation and they

are generally sent on a robust modulation, such as BPSK with power boost

with respect to data. Because of this, it is possible that the CFO estimate

is still acceptable at CFOs at which the BER performance of 64-QAM data

transmission is unacceptable. In this case, the CFO may still be estimated at

subcarrier level, but compensation has to take place before the analysis filter

bank.

4.3.4 Applied Synchronization and Estimation Schemes

Our research group has applied two synchronization and estimation approaches

during our studies: Training sequence based channel parameter estimation was

reported in [P5]. In [P3] we presented channel parameter estimation based on

scattered pilots. Both approaches make use of the low-complexity frequency

sampled subband equalizers introduced in Section 4.1.2. It is worth underlin-

ing here that when multipath channel, FTD and CFO concur in a communi-

cation link, these equalizers can compensate for the three distortions at the

desired frequency locations by combining (multiplying) the target frequency

responses needed for correcting each of the estimated distortions.
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Training Sequences

After the success of the low complexity equalizers in the TMUX with moderate

number of subchannels M , our focus was on providing channel estimates to

the equalizer that could resolve the mildly fading channel response within the

subchannels. Scattered pilots are limited in this sense because they provide

at most the information of the average complex gain of that subchannel at

the pilot moment. Thus, training sequences were used at the beginning of a

transmission burst. In the EMFB implementation, where even subchannels

alias at baseband to the positive side of DC and odd ones to the negative side,

we applied the repetition of following subsequences:

dTrk = ..., 1, 1, 0, 0, ..., if k even,

dTrk = ..., 0, 0,−1, 1, ..., if k odd. (4.42)

Shifting the training sequences by π/2, they could be used in a similar way in

FBMC/OQAM configuration.

The spectral content of these training sequences is concentrated on the

points of equalization for which we want to obtain the estimates, as shown in

Figure 4.14. These sequences have the advantage that the intercarrier interfer-

ence (ICI) is reduced, since even channels don’t transmit when odd channels

transmit their training sequence active symbols and viceversa. At the receiver

side, after correlation for burst location, a 4-point FFT is taken on the center-

most symbols of the training sequence of each subchannel, to minimize inter-

ference coming from random data symbols preceding or following the training

sequence symbols. Obviously, the training sequence length has to be at least

4 low rate symbols for performing the 4-point FFT. This way, the estimates

at the frequency points required by the equalizer are obtained. This is very

convenient from the complexity point of view, since only multiplications by

±1 and ±j are needed to implement the FFT.

When developing this model, we were not fully aware of the properties

of the interference coming from symbols further away than the immediately

neighboring ones. In practice, we measured this interference in the case of

training sequences not embedded in data and then removed this interference.

This practically amounts to applying the IAM pilot technique from [76] and

explained above in Section 4.3.1.

There are several ways of improving the estimates obtained with the train-

ing sequence by enhancing their signal to noise ratio. For example, one can
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Figure 4.14: Training sequence behavior in the frequency domain.

average the estimates at the overlap location between subchannels. Further

averaging is possible if the channel variation is so slow in time, that the es-

timates at two consecutive training sequences practically do not change. A

third approach, and the one that delivered best results in our simulations con-

sist in frequency domain windowing, to make the overall channel frequency

response smooth. Ideally, the window weights should follow the shape of

the spaced-frequency channel correlation function [99], but if the coherence

bandwidth is large enough compared to the subcarrier separation, a simple

averaging window performs well and avoids having to gain knowledge about

the spaced-frequency channel correlation function.

Scattered Pilots

Within the European Commission FP7 research program PHYDYAS, we re-

focused our interest on the FBMC/OQAM implementation of the complex

filter banks. The project set a defined target to improve WiMAX [154] per-

formance, so it was natural to use it as a reference system. The same pilot

configuration as in WiMAX was used in our research, i.e., scattered pilots at

the same locations. Since M = 1024, the channel was assumed flat fading at

subchannel level in most of the cases. We applied the auxiliary pilot princi-

ple to implement the scattered pilots and exploit the estimation techniques

described here.
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Although the auxiliary pilot approach performs as well as the pilots in

OFDM, the pilot location has to be considered carefully to avoid appearance

of other auxiliary pilots in the region of interference of a given pilot (see Table

4.1). If an auxiliary pilot falls into the shaded area of another pilot (e.g., at

k = −1 and n = 2), not the one corresponding to the auxiliary pilot, the calcu-

lation of the auxiliary pilots gets increasingly complicated. This is because the

auxiliary pilots cannot be computed independently anymore, first the ’over-

lapped’ auxiliary pilot has to be calculated before being able to compute the

auxiliary pilot that nulls the interference of the pilot under consideration, at

the center of the shaded area. With the pilot scattering defined in WiMAX we

easily achieved the separation of auxiliary pilots by alternatively placing the

auxiliary pilot before and after the pilot, as was more convenient for simple

computation. However, in more dense pilot configurations the placement can

become increasingly difficult, if interdependent auxiliary pilot calculations are

to be avoided.

The most striking result from our FBMC/OQAM research was that the

throughput can be up to 20% higher than in WiMAX, as results obtained from

an advanced simulator ready to be implemented into an actual demonstrator

unit showed in [105]. Our synchronization and channel estimation results for

the single antenna case are summarized in [P3]. All synchronization operations

can be performed after the analysis filter bank, at least in the tracking mode, if

the initial errors are not too large. The FBMC system was also capable of tak-

ing advantage of MIMO multiantenna transmission, including synchronization

and channel estimation in a WiMAX-like MIMO environment.

Additional Considerations

An interesting research topic, for which we unfortunately lacked resources,

is how to interpolate to obtain channel parameter estimates at all time and

frequency locations needed within a transmitted frame.

In the scattered pilot approach, when computing these estimates for all

subcarriers and time instants, the correct interpolation of the channel from

the estimates at the pilots is not a trivial problem in the case of FTD due to

the modulo 2π phase ambiguity. For example, if amplitude and phase are inter-

polated separately, in order to include the FTD estimation for compensating

the phase, 2π hops can result in a very unsmooth 2-D channel interpolation.

In our studies using very basic linear interpolation we obtained the smoothest

results by first eliminating the phase slope from the center frequencies of the
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Figure 4.15: Extending the non-ambiguity ranges.

pilots. Then, 2-D complex interpolation to obtain the channel estimates for

the data symbols both at the center and edge frequencies is performed, and

finally the phase slope is restored to the whole estimation matrix for final

calculation of the equalizer coefficients.

Also in the scattered pilot approach, the interpolation of the pilots could

be used to increase the non-ambiguity ranges discussed in the synchronization

sections above. Looking at Figure 4.15, consecutive pilots (marked with ’P’)

in frequency direction can be interpolated to estimate a pilot at the central

subcarrier on the figure (circle filled with stripes), at the instant of the current

pilots. Now the CFO estimation range within that subchannel is increased,

because the interpolation has put an (interpolated) pilot closer to the actual

pilot. Obviously, the pilot separation in frequency direction has to be within

the FTD non-ambiguity range to yield a correct interpolated pilot. Exchang-

ing frequency and time directions, the same holds for extending the FTD

estimation range based on scattered pilots.

In the training sequence approach, the frequency direction did not need

interpolation, but could take advantage of windowing, as mentioned above.

However, in case of mobility or varying channel conditions, time domain in-

terpolation between two training sequences is needed. We experimented with

linear interpolation, but it remained an open question for us to study the

trade-off among the interpolation method, the channel speed and the sepa-
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ration between training sequences. For example, if an efficiency similar as

in WiMAX is envisioned, 1/9 of the transmitted symbols are pilot overhead.

How well can the training sequences track changes in practical channel models

if they occupy 1/9 of the transmission time?

Another consideration when designing the data-aided estimation symbols

is the peak to average power ratio (PAPR). All MC systems generate high

signal peaks if the subchannel signals add coherently when synthesizing the

high-rate MC signal. These peaks are likely to be affected by the non-linear

elements such as the power amplifier, distorting the signal and inducing spec-

tral regrowth. Strong spectral regrowth threatens the very purpose of using

filter banks and their good spectral containment. In [P2] we study the effect

of the non-linear power amplifier on OFDM and FBMC signals, concluding

that both MC signals suffer similar spectral regrowth due to similar PAPR

characteristics of both waveforms.

Furthermore, the regular pattern in which pilots are arranged within a

transmitted symbol increases the probability of generating peaks in the signal

after the synthesis bank. Thus, randomizing the pilots or training sequence

is a utilized approach for example in WiMAX [2] to avoid high PAPR due

to the training sequences. In [P3] we apply the pilot randomization of the

IEEE 802.16e standard. In the training sequence based approach of [P5] the

training sequences are multiplied with sequences that were optimized to mini-

mize the resulting PAPR. The optimization was performed with a brute force

algorithm, trying out different sequences and selecting the ones with reduced

PAPR. During our research we also considered the cubic metric [127] as an

optimization parameter, but the spectral regrowth did not vary much from

the case with PAPR optimization.

Regarding the general MC signal obtained from random data, we have

started to study other methods to reduce the PAPR in the FBMC signal in

[S4]. The methods presented there study the trade-off in BER and spectral re-

growth of different signal limitation methods to reduce the PAPR. Most recent

simulation results indicate that, in combination with a realistic power amplifier

model, feedforward linearization [40] of the PA produces the most promising

distortion reduction compared to PAPR reduction techniques based on signal

limiting. The PA model utilized is an adaptation of Rapp’s narrowband solid

state PA [102] based on actual simulations. More sophisticated broadband

PA models with memory and the mitigation of its effects, for example in the

receiver [151], are a subject for future research.
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Chapter 5

Conclusions

The first part of this thesis presented the motivation and background to the

research that resulted in the included publications. The research was per-

formed as part of several research projects and in cooperation with other

research groups. Publication [P1] was the result of the work funded by the

National Technology Agency of Finland (Tekes) “Digital and Analog Tech-

niques in Flexible Receivers” with the cooperation of Insta Group (formerly

Instrumentointi). Publications [P2,P4] were partly funded by Nokia and [P4]

was also supported by the Academy of Finland in the project “Advanced

Multicarrier Techniques for Wireless Communications.” The efforts in [P3]

were partly funded by the European Commission under Project PHYDYAS

(FP7-ICT-2007-1-211887).

Since the main tool applied in the research was the complex modulated

filter bank in the EMFB and FBMC/OQAM implementations, basics on filter

banks were introduced as a launcher for the remainder of the thesis. Chapters

3 and 4 paved the way towards the publications by presenting actual problems

in digital communications and how they can be solved by means of filter bank

based processing. First the case of narrowband interference suppression in a

direct sequence spread spectrum was presented. Then the main transmission

channel impairments and how they can be estimated and corrected in FBMC

communications were introduced.

The main results of the research of the thesis are presented in the publica-

tions [P1]-[P5] at the end of the thesis. They comprise successful narrowband

interference detection and mitigation with help of a subband system. In the

context of FBMC, the problem of channel equalization in an oversampled sys-

tem is analyzed and solved with low complexity subcarrier-wise equalizers.
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These equalizers are applied in different scenarios with subcarriers spanning

from a few kHz up to 100 kHz giving good equalization results. Furthermore,

the equalizers are useful in the synchronization of fractional time delay, they

can improve performance when correcting carrier frequency offsets and are

useful for mitigating in-subband narrowband interference. In order to feed

the subcarrier equalizers with required information to tune their coefficients,

channel impairment estimation methods for FBMCs were applied. We adapted

training sequence and scattered pilot based estimation to the filter bank par-

ticularities and showed that they produce useful timing and frequency offset

estimates, along with accurate channel state information. With the help of

the low complexity equalizer, the estimation range of fractional time delay can

be expanded well beyond the ambiguity limits imposed by the pilot separa-

tion in the scattered pilot-aided approach. One important detail not to be

missed is that all processing takes place at the low rate, after the analysis fil-

ter bank. Although synchronization may have to be coarsely performed before

the AFB, the results of this work show in what range the system can obtain

good estimates and correct synchronization errors subcarrier-wise. This en-

ables exploiting the high selectivity of the subchannel filters to take care of

the channelization filtering, i.e., separating different user bands.

5.1 Summary of the Main Differences between OFDM

and FBMC

In general, the results contributed in this thesis show that filter banks are

becoming a ripe technology that can offer the significant benefits sought after

in modern wireless communications: robustness and spectral efficiency. Filter

bank based multicarrier enjoys the advantages of multicarrier communica-

tions, namely simple wideband channel estimation and equalization, synchro-

nization, robustness to narrowband interference and the option to configure

the communication link with flexibility and scalability. The main enabler

of further advantages over simple FFT based solutions is the possibility of

designing the subchannels with desired stopband attenuation. This leads to

gains in throughput due to the reduction of needed subcarriers acting as guard

band and also because spectral leakage from strong adjacent non-synchronous

signals is better under control. Another reason for better throughput is the

lack of the cyclic prefix typical of OFDM. In the PHYDYAS project, WiMAX

was taken as a reference for an advanced OFDM-based wireless communi-
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cation system. A filter bank upgrade based on our research, together with

other PHYDYAS partners, showed in complete link-level simulations a gain

of around 20% [105] and a slow decay of the gain with increasing number of

uplink users [114]. Within the typical number of uplink multiplexed users in

WiMAX, the FBMC throughput still outperforms OFDM.

The reason for the capacity decrease with growing number of uplink users

lies in one of the main disadvantages of the filter banks: The overlapping

nature of the FB waveforms. This causes the transmission blocks to have pre-

ceding and trailing ’tails’ with a length depending on the overlapping factorK.

These tails are nevertheless important for correct transmission at subcarrier

level. Shortening them artificially or allowing overlap with other asynchronous

communications on the same band to increase efficiency can lead to degrada-

tion of performance in the first and/or last symbols of the burst. Additionally,

cutting the tails also induces spectral leakage into neighboring subchannels,

causing spectral regrowth. Optimization of the FBMC signal in the time di-

rection is actually an interesting challenge for future research. Initial studies

have been carried out within the PHYDYAS program and reported in [57].

The advantage of applying only one subchannel for separating signal mul-

tiplexes can be regarded as a disadvantage if it is compared to a quasi-

synchronous OFDM system, in which no guard band is needed. The more

users share a given bandwidth, the more unused subchannels appear in the

bandwidth, as also reported in the submission [114] mentioned above. How-

ever, if the OFDM system is not synchronized within the cyclic prefix length,

it would need a significantly higher number of subbands to separate the fre-

quency multiplexes.

With regard to advanced and sophisticated communication techniques,

current research is proving that FBMC can be applied in the MIMO con-

text, for example exploiting multiple transmit and receive antennas to obtain

spatial diversity gain [55, 58], or spatial multiplexing [29]. Nevertheless, not

all MIMO methods that work in OFDM are directly applicable to FBMC. This

is because of the characteristics of the FBMC subchannel signals, mainly the

data-dependent complex interference on a symbol at a certain time and fre-

quency locations, caused by the symbols surrounding it. For example, [58, 103]

show that the Alamouti space-time coding scheme [6] is not directly applicable,

turning this problem into an appealing research topic. In [103] a block-wise

Alamouti approach is proposed as a viable alternative for moderate mobilities.

A final shortcoming of the filter banks compared to plain FFT systems

is that FBs have a higher computational complexity. However, regarding the
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total system complexity, i.e., taking into account all the other functions such

as for example advanced channel decoding, it has been found to be only mod-

erately higher in the filter bank case [105]. More detailed numerical analysis

is expected to be presented in the closing PHYDYAS project documents.

The research presented here strongly focuses on filter banks and uses sim-

ple FFT-based references to benchmark the achieved improvements of the

FBs. There are also modifications that can be applied to OFDM systems,

in order to combat its disadvantage of slowly decaying sidelobes. The sim-

plest and commonly used solution is additional filtering of the OFDM signal

to better contain it to a certain frequency band. Typical solutions assume

still a relatively wide transition band, in the order of 10 to 20 % of the sig-

nal band, to achieve low implementation complexity. Filter banks have, no

doubt, higher complexity than the traditional basic approach, but on the other

hand they offer the highest possible flexibility in composing the used, possibly

non-contiguous signal band for transmission and reception, with the resolution

of subband bandwidth. Further, filter banks implement the channel filtering

jointly with subcarrier multiplexing. To achieve similar filtering characteris-

tics and similar implementation complexity, highly-optimized multirate signal

processing solutions would be needed for channel filtering. To achieve this to-

gether with high flexibility is an active topic in software radio oriented studies.

Other approaches increase their transmission overhead in order to obtain

lower sidelobes. For example, the authors of [156] propose precoding the data

before the IFFT at the transmitter. The method involves a precoding overhead

and also a complex optimization task to obtain the coding matrix. Further,

this matrix has to be calculated every time the configuration of active channels

varies, losing therefore the simplicity of OFDM. Additionally, the transition

band is still considerably wider than what can be achieved in a filter bank

design with similar stopband attenuation and relatively low overlapping factor.

One well-known method to reduce OFDM sidelobes is raised-cosine win-

dowing [150]. Our conclusion in [54] was that to obtain similar out of band

radiation as with FBs, the required length of the cosine window tails, which

is pure overhead, becomes prohibitive.

5.2 Suggestions for Future Research

The research within the PHYDYAS project chose WiMAX as the OFDM-

based reference. Now it seems that LTE is getting wider acceptance. Because

the LTE downlink is also based on OFDMA, similar conclusions as in the
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WiMAX studies can be drawn. Moreover, the minimal uplink allocation for

a user contains more subcarriers and more symbols in time domain than the

minimal WiMAX allocation (uplink PUSC):12 subcarriers x 7 OFDM sym-

bols, as compared to 4x3. A direct consequence is that in LTE there are less

allocations within one multiplex, leading to less guard band and guard time

overhead in a hypothetical LTE evolution based on FBs (i.e., uplink through-

put gain in the FBMC approach is not so much degraded by multiplexes with

full number of active users). Furthermore, LTE appears to prefer frequency

division duplexing (FDD) to the time division duplexing (TDD) favored in

WiMAX. In FDD mode, the tails around the main signal energy do not need

protection by guard times or in uplink are needed less frequently, again reduc-

ing the FB overhead.

At this point it is also interesting to mention publication [53], in which our

research group studies a filter bank based uplink waveform similar to LTE’s

SC-FDMA waveform. The synthesization of a filter bank-spread-FBMC wave-

form is possible, although the reduction in the PAPR of the signal compared

to the MC implementation is somewhat lower as in the DFT-spread-OFDMA

technique.

As a final comment regarding the comparison between the current con-

tenders in the race to 4G and FBMC, it is important to notice that in our

research we have tried to adapt the FBMC system to comply with WiMAX

parameters as much as possible. Developing an FBMC system optimized from

scratch according to its own peculiarities might be an interesting continuation

topic and might possibly return better throughput gains.

Regarding other future studies involving filter banks, a current and hot

field of research today is cognitive radio. The spectral properties of the filter

bank based systems are a great match to the requirements of the cognitive

radio paradigm. Our research group has proposed methods to perform spectral

sensing, exploiting the selectivity of the filter banks [51, 52]. Sensing bands

are introduced within the secondary user signal to sniff for the primary user,

without suffering from the distortion of the surrounding secondary user signal.

There are more exciting future research possibilities linking with the work

presented in this thesis and also the more extensive research performed at our

department and in the PHYDYAS project. One interesting direction is to

perfect the advanced simulators that were produced during this work, includ-

ing more elements that appear in actual transmission and how they affect the

filter bank based system. For example, the analysis and inclusion of the non-

linearities or IQ-imbalances of the transmission chain, and how these elements
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interact with the other subsystems. It would be a fantastic opportunity to

obtain feedback from the hardware demonstrator [59, 105] that resulted from

the PHYDYAS project in order to advance knowledge of practical issues in

FBMC transmission.

Finally, it would be exciting to surf the wave of cognitive radio and be able

to establish some day the supremacy of filter banks in this concept. Spectral

sensing and monitoring (detection of reappearance of a primary user during

secondary transmission) in the oversampled receiver is still an immature is-

sue. In this case it is particularly important to exploit the good selectivity

of the filter bank and to study the impairments that can negatively affect its

properties. An example is the non-linearity of the power amplifier, which can

easily degrade the good spectral containment of the FBMC signal and impair

spectral sensing.

As always when future interesting research topics are considered: Your

imagination is the limit.



Chapter 6

Summary of Publications

The second part of this thesis consists of five publications: Three articles

([P1]-[P3]) published in peer-reviewed scientific journals and two conference

papers ([P4,P5]). From these, [P2] is going to be used also in the dissertation

of doctoral candidate Tero Ihalainen and was mentioned in the thesis of Dr.

Tech. Mika Rinne as part of his extensive publication list. In Section 6.2 the

contribution of the author of this thesis to [P2] is clearly differentiated. All

the other publications are exclusively part of this thesis. In this chapter, the

results of the publications and the contributions of the author of the thesis

are summarized.

6.1 Overview of the Publication Results

In [P1] we study the application of an efficient, complex and critically deci-

mated PR filter bank in the subband system configuration to mitigate narrow-

band interference in a DSSS communication signal in AWGN. The complex

exponentially modulated filter bank permits efficient complex baseband pro-

cessing of the interfered signal. The high selectivity of the prototype filter

prevents the energy of the narrowband interference from leaking to adjacent

subbands even at very high interference-to-signal ratios, which is the main

problem in FFT based NBI suppression. Without the leakage of the NBI en-

ergy, the interference distorts only the subbands that correspond to its spectral

location and only they undergo mitigation processing. An improved adaptive

threshold NBI detection algorithm is introduced that leads to better iden-

tification of the interfered subbands. Furthermore, a shortened despreading

approach is proposed to fight the transients appearing due to the block pro-
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cessing nature of the algorithm. This improves the BER of the bits affected

by the transients almost to the performance obtained with the help of guard

bits. The results match very well with the predictions of a simplified SNR

reduction analysis due to elimination of useful signal bands. We also explore

the needed amount of data to obtain useful NBI estimates, which is interesting

for knowing how fast an interferer can change its frequency location and still

be excised by our NBI mitigation technique.

Publication [P2] addresses channel equalization in FB-based communica-

tions. At the moment of the research, the equalization in FBMC was not

well understood. Equalization is performed at a 2× oversampled AFB of the

transmultiplexer system, in order to place the desired information onto the

real part of the signal. Then final critical sampling by taking the real part of

the complex subband signal takes place. The paper presents the expressions

for calculating the ISI and ICI powers of the equalized system when selective

prototype filters with overlapping factor ρ = 1 are used. This enables sim-

ple semianalytic modeling of the PR TMUX with different equalizers. Since

FBMC does not use a CP like OFDM, the channel response in the subchan-

nels may be mildly fading, especially if M is relatively small. For this case,

we derive low-complexity equalizers and the calculation of their coefficients

to obtain the desired response in a frequency sampled manner. The ampli-

tude and phase subchannel equalizer (AP-SCE) provides a flexible means to

independently equalize amplitude and phase of the distorted signal. More-

over, some advantage with respect to a complex FIR equalizer can be gained

from equalizing the phase independently when the reception suffers from frac-

tional time delay. This equalization concept was rewarded with a patent [104].

Extensive simulations show a good match between the analytic and the sim-

ulated results. Moreover, scenarios with frequency and timing offsets, error

control coding and the effect of the power amplifier non-linearity are studied.

The BER performance and computational complexity of this approach is com-

pared to OFDM, showing a promising alternative to FFT based MC, especially

because most of the synchronization and equalization processing takes place

after the analysis bank.

The logical evolution of the research of [P2] is reported in [P3], which

concentrates on channel estimation and synchronization matters. Although

the FBMC/OQAM NPR filter bank is different from the one used in [P2],

the results are also applicable for that type of implementation. The research

that led to these results was part of a common effort of a multinational and

multidisciplinary research consortium within the European Commission FP7
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research program. One of its objectives was to prove the viability of a filter

bank basedWiMAX substitute, maintaining as much compatibility as possible.

In [P3], channel estimation and synchronization based on pilots arranged in

a similar way as in WiMAX is tested, after providing an analysis of both

problems and their interactions. Special pilot constructions are needed due

to the inherent interference arising from the filter bank. The auxiliary pilot

approach is chosen because it has the same bandwidth efficiency as common

OFDM pilots, and we suggest ways to arrange the pilot pair to minimize

computations. Also, a new iterative interference cancellation approach for

jointly estimating the channel and the FTD is introduced, overcoming the

limitations of the pilot separation for unambiguous FTD estimation. This

technique can prove especially useful when sparse pilot allocations are used,

such as in the MIMO scenario. In the multiantenna case, the pilot allocations

have to be shared by the antennas, so the pilots for each transmitter-receiver

stream are more separated, if the overhead due to the pilots is to remain the

same. Simulations in quite a number of different scenarios show that the filter

bank based WiMAX can perform as well as OFDM while providing a higher

throughput.

The filter bank based multicarrier implementation presented in the con-

ference papers [P4] and [P5] is the same as in [P2]: a PR EMFB TMUX with

2× oversampling at the receiver processing. In [P4], the same problem as in

[P1] is addressed, i.e., narrowband interference mitigation. However, now the

interference is affecting one or two subchannels in a MC transmission over a

multipath channel and the AP-SCE is applied to notch out the interference.

The equalizer gain closest to the NBI is tuned in an MSE-like way to provide

simultaneously channel equalization and NBI mitigation.

Finally, [P5] was published before [P3], although here we also discuss chan-

nel synchronization and estimation. In [P5] the EMFB-based FBMC system

is dimensioned so that the channel response at subchannel level is mildly fre-

quency selective and the advantages of the frequency sampled equalizer of

[P2] are better exploited. Contrasting with the scattered pilot methods of

[P3], in [P5] the estimation of the channel parameters is based on a training

sequence (preamble) in each subchannel. This is more convenient in the case

of wider subchannel bandwidths. With the proposed preambles, a low com-

plexity approach to estimating the channel parameters needed by the AP-SCE

is obtained. This publication also includes a study on how to perform frame

synchronization by correlation of the training sequence. A main result of [P5]

is that all the synchronization and channel estimation and equalization oper-
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ations are done in the frequency domain, after the AFB. This motivated our

team to pursue the same objective in the research with the narrower subbands

and the scattered pilot based estimation approach of [P3].

An important common factor in all the publications is that all processing

(detection, estimation, distortion correction) takes place after analysis filter-

ing, at low rate. The highly selective subchannel filters are able to provide

sufficient attenuation of non-synchronous signals so as to take care of the

channelization filtering.

6.2 Author’s Contribution to the Publications

The research that resulted in this thesis was carried out at the Department

of Communications Engineering of the Tampere University of Technology in

Tampere, Finland, with the support of Tekes, the Academy of Finland, the Eu-

ropean Commission, Insta Oy and Nokia. The author has been a member of an

active filter bank research group under close supervision of Prof. Markku Ren-

fors. The core of the research group was formed by Dr. Ari Viholainen, M.Sc.

Tero Ihalainen and the author of this thesis, but also Dr. Yuan Yang, M.Sc.

Juuso Alhava, M.Sc. Toni Levänen and M.Sc. Usman Rahim participated in

the common efforts. Therefore, the author’s contribution cannot be separated

completely and precisely from the co-author’s contributions, since the work

was performed under close interaction. Nevertheless, the author’s contribu-

tion to the publications included in this thesis has been essential developing

the theoretical models and building the simulation environments, performing

the simulations and analyzing their results. The author has written most part

of each of the publications, in which he is the main author, and has contributed

with several passages in [P2]. The following paragraphs summarize the main

contributions to the publications. The co-authors of these publications have

seen these descriptions and agree with the author.

In publication [P1] the author applied the EMFB, which he helped to

develop in [S1] to the NBI excision problem. He came up with the idea of it-

eratively setting the NBI detection threshold. Furthermore, he discovered the

degradation introduced by the transients and proposed a means to combat

them efficiently. The NBI mitigation method presented in [P1] was eventu-

ally implemented on hardware, as reported in [S2]. Furthermore, the author

continued the research in the context of frequency-domain equalized single-

carrier transmission contributing to the NBI power estimation and location

techniques in [S3].
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The theoretical model for complete ISI and ICI equalization in the 2×
oversampled AFB in [P2] was postulated by Prof. Renfors and validated by

M.Sc. Tero Ihalainen and the author of this thesis. Together they created the

testbed on which the low-complexity AP-SCE was thoroughly examined in

different environments, such as error control coding, presence of non-linearities

and time and frequency offsets. The author of this thesis especially contributed

to the CFO results and also to the study of the effect of the high PAPR of

the MC signal with a non-linear PA. This original investigation seeded the

research on PAPR reduction methods reported in [S4].

The author was responsible for the analysis of the channel impairments

and their interactions in [P3]. The core of the WiMAX-like FBMC simulator

was developed by him, and he implemented the channel parameter estimation

functionalities in the FBMC/OQAM environment. Prof. Markku Renfors pro-

posed the iterative interference cancellation idea for joint FTD and channel

estimation, and the author of this thesis perfected and successfully imple-

mented the idea. Convenient scattering of the pilots for channel parameter

estimation was suggested by the author to avoid unnecessary nesting of the

auxiliary pilot calculations.

In [P4] the author tuned the AP-SCE for NBI suppression in the FBMC

case. After extensive simulations of different equalizer gain weighting ap-

proaches, he came up with the MSE-like expression for considering the inter-

ference power when calculating the desired frequency gains of the equalizer.

This approach, including a means for estimating the power of the NBI was

also used in [S3].

Publication [P5] considers the preamble based synchronization of the EMFB

TMUX. Prof. Markku Renfors designed the preambles to concentrate their

energy in the optimum frequency locations for channel parameter estimation

for the AP-SCE. The author came up with the idea for low complexity estima-

tion of the frequency sampled equalizer gains with help of the preambles. The

author also overcame the difficulty of the self interference in the oversampled

filter bank, which was not so well understood at the moment of this research.
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A filter-bank-based narrowband interference detection and suppression method is developed and its performance is studied in
a spread spectrum system. The use of an efficient, complex, critically decimated perfect reconstruction filter bank with a highly
selective subband filter prototype, in combination with a newly developed excision algorithm, offers a solution with efficient
implementation and performance close to the theoretical limit derived as a function of the filter bank stopband attenuation. Also
methods to cope with the transient effects in case of frequency hopping interference are developed and the resulting performance
shows only minor degradation in comparison to the stationary case.

Keywords and phrases: narrowband interference cancellation, complex PR filter banks, DS-SS.

1. INTRODUCTION

Direct sequence spread spectrum (DS-SS) systems have sev-
eral applications, for example, CDMA communications and
advantages, low power spectral density, privacy of the com-
munications, and an inherent immunity to narrowband in-
terferences, due to the processing gain [1]. Nevertheless,
this immunity is only effective up to certain interference
power, making it necessary to apply additional techniques
to suppress the effect of strong narrowband interferences
if a degradation of the performance is to be avoided. Sev-
eral interference suppression techniques have been pro-
posed to process the signal in the time domain (e.g., adap-
tive transversal filtering) [2, 3, 4, 5, 6] and in the trans-
form domain [2, 7, 8, 9]. These techniques take advan-
tage of the knowledge of the wide spectral shape of the de-
sired signal’s spectrum as compared to the interferer’s nar-
row spectrum. There are also methods in the spatial do-
main, using techniques like antenna diversity or beamform-
ing [2, 10], although these methods are not exclusive to nar-
rowband interference on a wideband SS signal. There ex-
ist more advanced approaches in the time-frequency do-
main [11, 12], like wavelet transformation-based methods.
In situations in which the interfering environment changes
quickly, time-domain techniques are too slow to work cor-
rectly. In these cases, frequency-domain techniques like the

FFT-based or the filter-bank-based methods perform better
[8, 12].

The purpose of this paper is to analyse the performance
of a filter-bank-based interference suppression system. To
eliminate the effects of narrowband interference, a perfect
reconstruction (PR) filter bank with interference detection
and subband suppression logic is used. Efficient implemen-
tation of the complex, critically sampled filter bank is based
on an extension of the extended lapped transform (ELT)
to the complex case. Based on detection and excision algo-
rithms that can be found in the literature [8], a new, im-
proved recursive algorithm is developed. Simulations have
been run with different types of narrowband interference
sources (jammers), demonstrating promising performance
even in high jammer power cases.

The structure of the paper is as follows. Section 2 intro-
duces the idea of filter-bank-based interference suppression
and proposes an efficient implementation for the filter bank.
Also the novel excision algorithm is presented and meth-
ods to relieve the transient effects in case of frequency hop-
ping interference are introduced. Section 3 presents a the-
oretical performance analysis of the system. In Section 4 a
detailed system model is presented and performance simu-
lation results are shown and discussed in Section 5. Finally,
Section 6 summarizes the conclusions obtained from this re-
search work.

mailto:tobias.hidalgo@tut.fi
mailto:markku.renfors@tut.fi
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Figure 1: Modulated filter bank. (a) Prototype filter. (b) Complex
modulated subband filters.
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Figure 2: Maximally decimated 2M-channel analysis-synthesis fil-
ter bank system.

2. FILTER BANKS FOR INTERFERENCE SUPPRESSION

2.1. Detection and suppression principle

The interference suppressor presented in this paper is based
on a complex modulated filter bank (MFB). In a complex
MFB, a prototype filter hp(n) is modulated by a complex ex-
ponential function to yield 2M bandpass filters in the form

hk(n) = hp(n) · e jn(2k+1)π/2M. (1)

As shown in Figure 1, the whole sampled frequency range can
be divided into subbands by lining up consecutive filters. In
the following, the terms “subchannel” and “subband” will be
used interchangeably.

MFBs can be used to form analysis-synthesis filter banks
that divide the received signal into several subchannels (anal-
ysis part), and reconstruct the original signal from the sub-
channels (synthesis part), after some optional processing.
One benefit of this type of filter banks is that the process-
ing can be done at a lower sampling rate, taking advantage

f

frd
fsp

f

Figure 3: Application of the filter bank to the elimination of nar-
rowband interference.

of the reduced bandwidth due to the subband filtering [13].
Figure 2 presents a maximally decimated filter bank, which
means that, if the filter bank consists of 2M channels, the
factor by which the down- and upsampling is performed is
also 2M.

If the filter design parameters are chosen correctly, the
filter bank can offer PR, meaning that the output signal is
just a scaled and delayed version of the input signal [13]:

x̂(n) = cx
(
n− n0

)
. (2)

Applying the filter banks to the narrowband interference sup-
pression problem, the subbands affected by the interference
are not included in the synthesis part of the filter, resulting in
notch filtering, as sketched in Figure 3 [2, 12].

Since the FFT can also be regarded as a filter bank, it can
be used as an approach to remove the interference. However,
each subchannel of the FFT filter bank has strong sidelobes,
the first ones at −13 dB. Thus, the power of the narrowband
jammer is very likely to leak to adjacent subchannels, affect-
ing a relatively high portion of the signal bandwidth. To fight
this limitation, windowing can be applied to the signal be-
fore taking the FFT [14]. Although this is an effective solu-
tion to lower the sidelobes, the conditions for sufficient alias-
ing cancellation in an efficient, maximally decimated system
are not so well understood as in PR filter bank systems. It
should also be emphasized that a straightforward applica-
tion of the complex modulation principle does not provide
a PR system in the maximally decimated case [15]. Our im-
plementation of the filter bank overcomes these problems by
using the novel maximally decimated filter bank structure
[16] shown in Figure 4, based on the ELT [17]. Using a PR
filter bank, we also assure that the signal does not suffer any
additional distortion by the processing. This is especially im-
portant in the case in which there is no interference present
and no subband processing takes place. Further, the PR fil-
ter banks have efficient implementation methods based on
ELT that are not applicable in the non-PR case [18]. How-
ever, properly designed nearly-perfect-reconstruction (NPR)
CMFB/SMFB filter banks can be used in the same configura-
tion (Figure 4) to implement a complex NPR filter bank suit-
able for our application. Depending on the used hardware
architecture and allowed performance degradation in the in-
terference free case, such a design could be slightly more effi-
cient than the PR bank.
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2.2. Complex critically sampled PR
filter bank structure

Some papers have appeared proposing complex modulated
lapped transforms for different applications, such as audio
processing [19] and image motion estimation [20]. However,
these papers use real-valued input signals to which the trans-
form is applied.

The method chosen here to implement the complex MFB
for the interference detection and suppression system with
complex (I/Q) input signal is illustrated in Figure 4. The in-
puts are the real (I, in-phase) and imaginary (Q, quadrature)
parts of the complex signals. The PR cosine and sine MFBs
and the following butterfly structures effectively allow ob-
taining real subband signals by separating the positive and
negative parts of the spectrum corresponding to each real
subband, as sketched in Figure 5. If we observe the subsam-
pled signals of Figure 4, we can see that, due to the butterfly
structures, at the entrance of the synthesis banks we have, for
the kth subchannel in the upper branch (CMFB),(

ck + sk
)

+
(
ck − sk

) = 2ck, (3)

and, in the lower branch (SMFB),(
ck + sk

)− (ck − sk) = 2sk, (4)

where ck and sk are the outputs of the analysis CMFB and
SMFB for subchannel k, respectively (time index omitted).
From the point of view of the filter bank, the signal remains
unchanged (except for a scaling factor of 2), but in between
the butterflies, the positive and negative sides of the spectra
of the original signal at the entrance of the filter bank are sep-
arated. We can see this process in Figure 5. At the beginning
we have a complex signal with different positive and nega-
tive frequency spectra. A certain spectral region and its cor-
responding symmetric negative counterpart are highlighted
for better understanding. Next, the real and imaginary parts
of the complex signal are separated and their corresponding
spectra are shown. We then apply the filter bank and follow
the changes suffered by the highlighted sections of the spec-
trum, sections that for simplicity coincide with the kth sub-
channel of the filter bank. The real part of the signal is filtered
by the CMFB and the imaginary by the SMFB and then dec-
imated and combined by the first butterfly. This is reflected
in the spectra of Figure 5 by the spectral expansion inher-
ent to decimation and by the fact that in the upper branch
(ck + sk) we now have a signal corresponding to the positive
side of the filtered spectrum section of the original signal x.
In a same manner, the lower branch (ck − sk) carries a signal
corresponding to the negative side of the filtered spectrum
section of the original signal x. Ignoring the processing stage,
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Figure 5: Separating and combining the spectral components using the structure of Figure 4.

after the second butterfly we recover the signals as they were
before the first one (except for the scaling factor). Upsam-
pling (spectral contraction) and recombining with the other
subband signals yields Î and Q̂, similar to I and Q, assuming
there was no further processing of the signals involved.

In other words, the analysis subchannel filtering function
is equivalent to applying the corresponding complex sub-
band filter of the complex MFB to the input signal, taking
the real part of the output and decimating by M. Thus, the
subband signals of the basically complex bank are used in
real format at the processing stage. Finally, after the synthesis
bank, the filtered in-phase and quadrature high-rate signals
are obtained, with perfect reconstruction if no processing has
taken place.

In the proposed structure, all the operations at the pro-
cessing stage take place with real instead of complex signals
and arithmetic. In fact, it can be shown that perfect recon-
struction can be achieved in a critically sampled system only
if the subsampled signals are real. If the subsampled signals

are complex, the necessary aliasing cancellation for achieving
PR cannot be obtained [16].

The implementation of the cosine and sine MFBs with
efficient algorithms has been well studied; lattice, polyphase,
and ELT structures can be used [17, 21]. We use the ELT-
based approach, based on DCT-IV and DST-IV, leading
to an efficient implementation of the filter bank. In [16],
it is shown that a complex PR system can be obtained
from an ELT-based real PR system using the proposed ap-
proach.

2.3. The excision principle

The detection of the jammer is based on thresholds, taking
into consideration the uniform shape of the DS-SS signal
spectrum. Different adaptive threshold calculation methods
for FFT-based systems have been studied and presented in
[8]. The simplest effective one measures the powers of the
subbands, obtains a mean of them, and multiplies it by a fac-
tor t f (threshold factor, t f > 1) to set up the threshold θ. If
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we define the signals after the first butterflies as

bk =
{
ck + sk, k = 0, . . . ,M − 1,
c2M−1−k − s2M−1−k, k =M, . . . , 2M − 1,

(5)

we can write

θ = t f
2M

2M−1∑
k=0

E
(
b2
k

)
, (6)

considering that the signals bk have zero mean. The subbands
with higher powers are eliminated, so after the processing,

b̂k =
bk, E

(
b2
k

)
< θ,

0, E
(
b2
k

) ≥ θ.
(7)

However, there might be some jammer energy present in the
neighbouring subchannels that is not detected in the first
sweep, so our algorithm was built out to be recursive, as
sketched in Figure 6. A similar excision algorithm has been
developed independently in [22].

Once the subbands with detected jammer presence are
removed, the same process is repeated without the removed
subchannels. This can be described by rewriting (6) into the
form

θ = t f
Mr

2M−1∑
k=0
k /∈R

var
(
bk
)
, (8)

where Mr is the number of active subbands that has not been
set to 0 and R represents the indices of the removed sub-
bands. Thus, the algorithm checks if there are subchannels
that could have passed the previous threshold but could still
be affected by jammer power and exceed a newly set averag-
ing threshold. This can happen if the jammer is very power-
ful, pulling the threshold up in such a way that the leaking to
the neighbouring subbands is not detected in the first sweep.
A possible further jammer with lower power would also not
be detected. Setting a too low threshold factor to accelerate or
even avoid the recursive algorithm could be counterproduc-
tive, especially if we have few signal samples at our disposal to
calculate the subband signal power. In this case, there might
be great variations in the subband power estimates, which
would lead to wrong decisions if the threshold is low.

2.4. Mitigating transient effects in case of frequency
hopping interference

We here consider mostly the case where the interference fre-
quency may be changing or the interference may appear or
disappear instantaneously. In such a case, it is natural to use
relatively short processing blocks, the length of which is an
integer multiple of the symbol interval. In this situation, one
important source of errors is the transients that appear at the
beginning and at the end of the processing blocks. In our
work, different methods have been tried to mitigate the tran-
sient effects. The most effective one from the performance
point of view is the use of a guard symbol at the end of the

No

Esubchannel > threshold?
Yes

Excise subchannels

Remaining energy estimate
and setting of new threshold

Figure 6: Recursive jammer detection principle.

block, where the transients cause more errors. Nevertheless,
there is a more efficient way to fight the transients and to save
the last bit for information: the guard interval. In this ap-
proach, the despreading of the last bit does not happen with
the whole spreading code, only the last chips are discarded
because of their distorted values due to the transients.

3. PERFORMANCE ANALYSIS

In a BPSK system with AWGN channel, the bit error rate
(BER), as a function of the energy per bit to noise power
spectral density ratio, can be estimated with the help of the
Q-function as follows [1]:

pb = BER = Q

√2
Eb
N0

. (9)

In the case of a spread spectrum communication system with
interference present in the channel, the BER can be estimated
as

BER = Q

√ 2gpS

J +N

 = Q

√2gp(S/N)(S/J)

S/N + S/J

, (10)

where gp is the processing gain introduced by the despread-
ing of the signal, and S, J , and N are the powers of the signal,
the jammer, and the noise, respectively. The quotient S/N can
be calculated from the energy per bit to noise power spectral
density ratio as

S

N
= 1
gp

Eb
N0

. (11)

To estimate the effect of removing some of the filter bank
subbands of a BPSK signal, Eb/N0 should be reduced by the
factor ( fsp− frd)/ fsp (see Figure 3) [8]. Thus, the effective S/N
becomes

S

N
= 1
gp

Eb
N0

fsp − frd
fsp

. (12)

Here, fsp is the bandwidth of the spread signal and frd is the
part of it that is being removed. It is assumed that the re-
maining jammer power is clearly below the noise power level.
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Equation (12) permits to predict the expected performance if
the bandwidth that is removed to fight the jammer is known.
The bandwidth to be removed can be estimated from the
bandwidth and power of the jammer and from the spectral
characteristics of the prototype filter in the filter bank, since
its stopband edge and attenuation determine how much jam-
mer power can leak to neighbouring subchannels.

4. SYSTEM MODEL

The system used to model the narrowband interference sup-
pressor is presented in Figure 7.

The figure shows a transmitter that sends information
through a channel to a receiver, modelled in the baseband
domain. At the transmitter, the antipodal signal generator
generates a random sequence of 1’s and −1’s. The generated
binary sequence is spread by a pseudorandom m-sequence
by multiplying each information bit by this sequence in the
DS spreading block. Next, the sampling frequency is doubled
and the obtained signal is filtered by a pulse shaping filter of
the root-raised cosine type with a roll of factor of 22%.

The channel is an AWGN channel with additive interfer-
ence. The signals that model the noise and the interference
are both complex. The jammer is either a single tone or a
10% BPSK-type interferer, pulse shaped with a roll of fac-
tor of 35%. It occupies 10% of the desired signals bandwidth
and can have either a fixed spectral position or hops in the
range [− fs/2, fs/2], where fs is the sampling rate, at regular
intervals.

At the receiver, the signal is filtered by a digital matched
filter at twice the chip rate. The interference detection and

suppression block performs an estimation of the jammer lo-
cation in the frequency axis and suppresses the bands that
contain it. To achieve this goal, an ELT-based filter bank is
used, dividing, respectively, the real part and the imaginary
part of the received signal among 2M real subbands.

Next, the inverse operations to the ones performed at the
transmitter are completed: the jammer-free signal is down-
sampled and despread following the integrate-and-dump
principle. Ideal code synchronization is assumed. The re-
ceived signal is converted to a sequence of bits after the deci-
sions have been made at the detector. The obtained sequence
is compared with the original bit sequence to obtain the BER.

As an alternative to the two-times oversampled system,
we consider also the case where the filter bank processing
is done at the chip rate. Perfect code synchronization is as-
sumed in both cases.

The frequency responses of the fourth subchannel filters
that are used for the filter bank with 2M = 64 complex chan-
nels are plotted in Figure 8. The figure shows a frequency
modulated ELT prototype with overlapping factor K = 4 and
another more frequency selective one with K = 6. In both
cases, the roll-off in the filter bank design is 100%, mean-
ing that each subchannel transition band is overlapping with
the closest transition band and passband of the adjacent sub-
channel, but not with the more distant ones.

Knowing the elements of this model, the number of af-
fected and eliminated subbands can be estimated for each
jammer power and a prediction for the expected perfor-
mance based on (12) can be plotted. Depending on the stop-
band attenuation of the prototype filter in the suppressor,
the number of affected subchannels varies with the power of
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Figure 8: Frequency response for the analysis and synthesis banks
of one of the subchannel filters with K = 4 and K = 6 where 2M =
64 subbands.

the jammer. Thus, if the filter characteristics are known, the
number of affected subbands can be predicted and the effec-
tive S/N from (12) can be calculated to obtain the estimated
BER for the two filter bank designs. An application of this
idea is presented in Figure 13.

5. PERFORMANCE EVALUATION

Simulations with the previously described model were
run with the following parameters: the spreading fac-
tor/processing gain of the spread spectrum system was gp =
127 and the spread signal was oversampled by 2. The fil-
ter bank was an ELT-based complex bank with 2M complex
channels (M on the positive and M on the negative sides
of the frequency band), decimation, and interpolation by M
and perfect reconstruction. The threshold factor used in the
jammer detection block was 2. For each point in the simu-
lation results, at least 10000 data bits were used to check the
BER. In the case of a randomly hopping jammer, the inter-
ferer hopped every 16 information bits and the simulations
were done with Eb/N0 = 7 dB. The results below extend the
ones presented in [23].

Figure 9 compares the results applying the recursive algo-
rithm with those that do not apply it with a 10% jammer and
a single tone jammer at a fixed position. The improvement in
the performance using the recursive algorithm is evident.

The previously mentioned effect of the transients is stud-
ied in Figure 10. The curves present the performance of a fil-
ter bank with 2M = 32 subbands and with different proto-
type filtersK = 4 andK = 6. It can be seen that without miti-
gating the transients, the results for both prototypes are very
similar and we are not completely taking advantage of the
higher stopband attenuation of the filter with higher over-
lapping factor K . However, when the guard interval method

No excision, tone jammer
No excision, 10% jammer
One-time detection, 10% jammer
One-time detection, tone jammer
Recursive algorithm, 10% jammer
Recursive algorithm, tone jammer
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Figure 9: Performance without excision, with one-time excision,
and using the proposed recursive excision algorithm. Eb/N0 = 7 dB,
2M = 32 subbands with K = 4, spreading factor = 127, 10% and
single tone jammers at fixed position. Guard-interval-based tran-
sient mitigation is applied.
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Suppression, K = 6
Suppression, K = 4 and guard interval
Suppression, K = 6 and guard interval
Suppression, K = 4 and guard bit
Noisefloor

−60 −50 −40 −30 −20 −10 0

S/J ratio (dB)

10−4

10−3

10−2

10−1

100

B
E

R

Figure 10: Fighting the transients with guard interval and guard
bit. Filter prototypes with overlapping factors K = 4 and K = 6,
where Eb/N0 = 7 dB, 2M = 32 subbands, spreading factor = 127,
10% jammer at randomly hopping positions.
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Figure 11: Performance with oversampled (a, c) and chip rate (b, d) processing using different filter bank sizes with 2M = 16 to 128, where
K = 6, Eb/N0 = 7 dB, spreading factor = 127. (a, b) represent the single tone and (c, d) represent the 10% jammers at fixed positions.
Guard-interval-based transient mitigation is applied.

is applied, apart from an improvement in the performance in
both designs, we can see that the difference between the per-
formances grows. The figure also includes the guard bit ap-
proach as a lower BER bound for the guard interval method.
With a guard interval of 20 chips, the performance of the
guard interval idea is close to the performance of the guard
bit approach. In the figure we also include the noise floor,
representing the performance of the system when no jammer
is present.

Several parameters have been modified during the sim-
ulations to investigate their effect on the performance of the
system. For instance, the number of subchannels varied and
the downsampling by two was performed before the filter
bank (see the model in Figure 6), resulting in chip rate pro-
cessing at the filter bank. Figures 11 and 12 combine the re-
sults of these variations. We can see that using 2M = 32
gives a good performance with a reasonably low number of
subbands. For the case 2M = 16, the performance worsens,
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Figure 12: Performance with oversampled (a, c) and chip rate (b, d) processing using different filter bank sizes with 2M = 16 to 128, where
K = 6, Eb/N0 = 7 dB, spreading factor = 127. (a, b) represent the single tone and (c, d) represent the 10% jammers at randomly hopping
positions. Guard-interval-based transient mitigation is applied.

and the difference with higher number of subchannels is es-
pecially high in the case of low-to-medium power jammers.
Considering the case of chip rate processing, the width of the
spectrum relative to the sampling frequency at the filter bank
input is doubled, and this could allow having a filter bank
with fewer subbands. The processing load can thus also be
reduced in two ways, first by handling half the number of
samples, second by using a smaller filter bank. In this case we
see that also the filter bank with 2M = 16 subbands achieves

acceptable performance. Overall, using chip rate processing
results only in a minor degradation in performance if the fil-
ter banks size is chosen appropriately.

The size of the filter bank affects the length of the pro-
totype filter in its design: the larger M is used, the more co-
efficients are needed for each subchannel filter. Longer sub-
channel filters cause also longer lasting transients, so a good
trade-off between the length of the guard interval and the
number of subbands in the bank has to be found.
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Figure 13: Expected BER range and obtained BER values over S/J
ratio in the optimised system with 2M = 32, K = 6, oversampled
processing, guard bit, Eb/N0 = 7 dB, spreading factor = 127, differ-
ent interference parameters.

We can compare the obtained results with the expected
performance of the derivations of Section 3, taking into ac-
count the filter bank design proposed in Section 4. Figure 13
shows the estimated and simulated BER performances in the
cases in which the jammer is not removed and also when it is
removed. For the estimation of the BER range after the jam-
mer removal, the range in the numbers of removed subbands
at each S/J ratio was considered. Knowing the type of inter-
ference and its power and the noise level, it is possible to pre-
dict how much the interference will stick out of the uniform
DS-SS signal spectrum. Based on the stopband attenuation of
the filters in the filter bank, we can then estimate how many
subbands will be affected by the jammer, that is, get enough
jammer energy to modify the uniformity of the desired sig-
nal. With the number of affected and therefore eliminated
subbands and (12), we can calculate the expected degrada-
tion of the Eb/N0 ratio and consequently the expected BER.
Testing this idea on empirical measurements and counting
the maximum and minimum number of affected subbands
with different interference parameters, at each S/J ratio, we
were able to obtain the shaded area of Figure 13. The figure
shows that the expected results match quite well with the ob-
tained ones.

In another experiment, the processing was shortened into
blocks of 2 to 8 information bits, instead of 16 as in the pre-
vious results. Shorter processing blocks permit the tracking
and elimination of more quickly hopping jammers. The aim
was to see how short the blocks could be made before the per-
formance of the system decreased too much. Figures 14 and
15 reflect the results of this research. For a system of K = 6,
2M = 128 subbands at chip rate processing and using guard

bits, the conclusion is that the degradation in performance is
negligible for block lengths down to 6 bits, but beyond that
point it starts to be significant.

The results shown in this section are clearly better than
the ones presented in the reference method [8] using a 1024-
point FFT, as far as a direct comparison can be made. Ap-
parently, the 10% BPSK jammer in [8] did not have any kind
of pulse shaping, hence resulting in a more wideband signal
with sinc spectrum. We present in Figure 16 a comparison
between a filter bank with 32 subchannels and a 1024-point
FFT (no windowing) under a 10% fixed positioned jammer.

6. CONCLUSIONS

In this paper, a filter-bank-based interference detection and
excision method for a DS-SS system has been studied and
evaluated. The interfered subbands were removed from the
signal to eliminate the jammers. The system worked with in-
terference at a fixed position and with interference that ran-
domly changed its position, with continuous wave interfer-
ence and with BPSK type of interference taking up to 10% of
the desired signal bandwidth.

The main strengths of the system presented in this paper
are the perfect reconstruction property of the filter bank used
and its affordable complexity requirements. It was shown
through simulations that the performance is close to the the-
oretical limit when all aspects of the system are carefully opti-
mised. The proposed system works quite well with far greater
S/J ratios than any of the transform domain techniques re-
ported in the literature. We can take the results of [12, Figure
3.14] as a reference. They show the performance of differ-
ent frequency domain excision methods in the case of 10%
jammer bandwidth and indicate best performance for the
ELT-based approach. In those results, the performance de-
grades drastically (BER > 0.1) for S/J ratios lower than about
−45 dB. For comparison, we repeated our simulations with
similar parameters (5 dB Eb/N0, almost the same spreading
code length, 63 instead of 64, but different spreading code).
These results, with properly optimised filter bank and recur-
sive jammer detection algorithm, indicate smoother degra-
dation with low S/J ratios providing tolerable performance
(BER < 0.1) for S/J above −75 dB with K = 6 (−55 dB with
K = 4).

Implementing the perfect reconstruction filter bank with
ELTs, an efficient system is obtained, allowing the system to
work at high data rates. In [24], it was shown that the whole
excision system with overlapping factor K = 5 can be imple-
mented with a single TMS320C6414 DSP with sampling rate
in the order of 6–9 MHz, depending on the size of the filter
bank.

One significant aspect when comparing with most of the
other frequency domain approaches is that the needed num-
ber of subchannels is very low. Even with 16 subchannels, the
performance is close to the theoretical one.

All in one, the narrowband interference suppression
method presented is a good compromise between com-
plexity, efficiency, and performance at relatively high jam-
mer powers. In [9], a similar conclusion is drawn when
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Figure 14: Different processing block lengths of 2 to 8 bits. Filter bank with 2M = 128, K = 6, chip rate processing, guard bit, Eb/N0 = 7 dB,
and spreading factor = 127. (a), (b) represent the single tone and (c), (d) represent the 10% jammers at fixed positions. Dashed lines
represent simulated BER without jammer removal, solid lines represent simulated BER after jammer removal, and dotted lines represent
noise floor.

comparing ELT, FFT, and DCT methods. Better performance
at increasing jammer powers can be obtained by using proto-
type filters that are more frequency selective and have higher
stopband attenuation. However, the limiting factors can be
at earlier stages in the receiver. For example, the resolution
of the A/D converter has to be good enough to represent a
desired signal that is, for instance, 70 dB weaker than the in-
terfering signal that is also being sampled simultaneously.

We have studied the performance of the proposed
method only in the single-user case. In multiuser CDMA en-

vironment, the effect of the notch filtering due to filter bank
excision on the multiple access interference (MAI) is a se-
rious concern. Considering the case of very strong narrow-
band interference, it is obvious that the best thing to do also
from the MAI point of view is to remove the interfered fre-
quency band completely since it could not include any useful
information for detection. However, in this context, the use
of higher number of subchannels than needed in the single-
user case could be favourable. In case of modest jammer lev-
els, subband excision is clearly a suboptimal solution and
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Figure 15: Different processing block lengths of 2 to 8 bits. Filter bank with 2M = 128, K = 6, chip rate processing, guard bit, Eb/N0 = 7 dB,
and spreading factor = 127. (a), (b) represent the single tone and (c), (d) represent the 10% jammers at randomly hopping positions.
Dashed lines represent simulated BER without jammer removal, solid lines represent simulated BER after jammer removal, and dotted lines
represent noise floor.

its performance comparisons against other interference sup-
pression methods are a topic for future studies. Also a more
analytical study of the recursive jammer detection methods
is included in the future plans.
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Figure 16: Comparison between a filter bank with 2M = 32,
K = 6 and oversampled processing and a 1024-point FFT, where
Eb/N0 = 7 dB, spreading factor = 127 and the 10% jammer is at a
fixed position. Guard-interval-based transient mitigation is applied.
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shaping, consecutive symbol waveforms overlap in time, which calls for special means for equalization. Two alternative linear
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calculate the equalizer coefficients using pointwise equalization within each subband (in a frequency-sampled manner). A novel
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The coded error-rate performance of FBMC with the studied equalization scheme is compared to a cyclic prefix OFDM reference
in wireless mobile channel conditions, taking into account issues like spectral regrowth with practical nonlinear transmitters and
sensitivity to frequency offsets. It is further emphasized that FBMC provides flexible means for high-quality frequency selective
filtering in the receiver to suppress strong interfering spectral components within or close to the used frequency band.
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1. INTRODUCTION

Orthogonal frequency division multiplexing (OFDM) [1]
has become a widely accepted technique for the realization
of broadband air-interfaces in high data rate wireless ac-
cess systems. Indeed, due to its inherent robustness to multi-
path propagation, OFDM has become the modulation choice
for both wireless local area network (WLAN) and terrestrial
digital broadcasting (digital audio and video broadcasting;
DAB, DVB) standards. Furthermore, multicarrier transmis-
sion schemes are generally considered candidates for the fu-
ture “beyond 3 G” mobile communications.

All these current multicarrier systems are based on the
conventional cyclic prefix OFDM modulation scheme. In
such systems, very simple equalization (one complex coef-
ficient per subcarrier) is made possible by converting the
broadband frequency selective channel into a set of paral-
lel flat-fading subchannels. This is achieved using the inverse
fast Fourier transform (IFFT) processing and by inserting a
time domain guard interval, in the form of a cyclic prefix
(CP), to the OFDM symbols at the transmitter. By dimen-
sioning the CP longer than the maximum delay spread of the

radio channel, interference from the previous OFDM sym-
bol, referred to as inter-symbol-interference (ISI), will only
affect the guard interval. At the receiver, the guard interval
is discarded to elegantly avoid ISI prior to transforming the
signal back to frequency domain using the fast Fourier trans-
form (FFT).

While enabling a very efficient and simple way to com-
bat multipath effects, the CP is pure redundancy, which de-
creases the spectral efficiency. As a consequence, there has
recently been a growing interest towards alternative multi-
carrier schemes, which could provide the same robustness
without requiring a CP, that is, offering improved spectral
efficiency. Pulse shaping in multicarrier transmission dates
back to the early work of Chang [2] and Saltzberg [3] in
the sixties. Since then, various multicarrier concepts based
on the Nyquist pulse shaping idea with overlapping sym-
bols and bandlimited subcarrier signals have been developed
by Hirosaki [4], Le Floch et al. [5], Sandberg and Tzannes
[6], Vahlin and Holte [7], Wiegand and Fliege [8], Nedic
[9], Vandendorpe et al. [10], Van Acker et al. [11], Siohan
et al. [12], Wyglinski et al. [13], Farhang-Boroujeny [14, 15],
Phoong et al. [16], and others. One central ingredient in the
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later developments is the theory of efficiently implementable,
modulation-based uniform filter banks, developed by Vet-
terli [17], Malvar [18], Vaidyanathan [19], and Karp and
Fliege [20], among others. In this context, the filter banks are
used in a transmultiplexer (TMUX) configuration.

We refer to the general concept as filter bank based multi-
carrier (FBMC) modulation. In FBMC, the subcarrier signals
cannot be assumed flat-fading unless the number of subcar-
riers is very high. One approach to deal with the fading fre-
quency selective channel is to use waveforms that are well lo-
calized, that is, the pulse energy both in time and frequency
domains is well contained to limit the effect on consecutive
symbols and neighboring subchannels [5, 7, 12]. In this con-
text, a basic subcarrier equalizer structure of a single complex
coefficient per subcarrier is usually considered. Another ap-
proach uses finite impulse response (FIR) filters as subcarrier
equalizers with cross-connections between the adjacent sub-
channels to cancel the inter-carrier-interference (ICI) [6, 10].
A third line of studies applies a receiver filter bank structure
providing oversampled subcarrier signals and performs per-
subcarrier equalization using FIR filters [4, 8, 9, 11, 13]. The
main idea here is that equalization of the oversampled sub-
carrier signals restores the orthogonality of the subcarrier
waveforms and there is no need for cross-connections be-
tween the subcarriers. This paper contributes to this line of
studies by developing low-complexity linear per-subcarrier
channel equalizer structures for FBMC. The earlier contri-
butions either lack connection to the theory of efficient mul-
tirate filter banks, use just a complex multiplier as subcarrier
equalizer or, in case of non trivial subcarrier equalizers, lack
the analysis of needed equalizer length in practical wireless
communication applications (many of such studies have fo-
cused purely on wireline transmission). Also various practi-
cal issues like peak-to-average power ratio and effects of tim-
ing and frequency offsets have not properly been addressed
in this context before.

The basic model of the studied adaptive sine modu-
lated/cosine modulated filter bank equalizer for transmul-
tiplexers (ASCET) has been presented in our earlier work
[21–23]. This paper extends the low-complexity equalizer
of [23, 24], presenting comprehensive performance analysis,
and studies the tradeoffs between equalizer complexity and
number of subcarriers required to achieve close-to-ideal per-
formance in a practical broadband wireless communication
environment. A simple channel estimation-based calculation
of the equalizer coefficients is presented. The performance of
the studied equalizer structures is compared to OFDM, tak-
ing into account various practical issues.

In a companion paper [25], a similar subband equalizer
structure is applied to the filter bank approach for frequency
domain equalization in single carrier transmission. In that
context, filter banks are used in the analysis-synthesis config-
uration to replace the traditional FFT-IFFT transform-pair
in the receiver.

The rest of the paper is organized as follows. Section 2
briefly describes an efficient implementation structure for
the TMUX based on exponentially modulated filter banks
(EMFB) [26]. The structure consists of a critically sampled

synthesis and a 2x-oversampled analysis bank. The problem
of channel equalization is addressed in Section 3. The theo-
retical background and principles of the proposed compen-
sation method are presented. The chosen filter bank struc-
ture leads to a relatively simple signal model that results in
criteria for perfect subcarrier equalization and formulas for
FBMC performance analysis in case of practical equalizers.
A complex FIR filter-based subcarrier equalizer (CFIR-SCE)
and the so-called amplitude-phase (AP-SCE) equalizer are
presented. Especially, some low-complexity cases are ana-
lyzed and compared in Section 4. In Section 5, we present
a semianalytical and a full time domain simulation setup
to evaluate the performance of the equalizer structures in a
broadband wireless communication channel. Furthermore,
the effects of timing and frequency offsets, nonlinearity of
a power amplifier, and overall system complexity are briefly
investigated. Finally, the conclusions are drawn in Section 6.

2. EXPONENTIALLY MODULATED PERFECT
RECONSTRUCTION TRANSMULTIPLEXER

Figure 1 shows the structure of the complex exponen-
tially modulated TMUX that can produce a complex in-
phase/quadrature (I/Q) baseband signal required for spec-
trally efficient radio communications [23]. It has real format
for the low-rate input signals and complex I/Q-presentation
for the high-rate channel signal. It should be noted that
FBMC with (real) m-PAM as subcarrier modulation and
OFDM with (complex) m2-QAM ideally provide the same
bit rate since in general the subcarrier symbol rate in FBMC
is twice that of OFDM for a fixed subchannel spacing. In this
structure, there are 2M low-rate subchannels equally spaced
between [−Fs/2,Fs/2], Fs denoting the high sampling rate.

EMFBs belong to a class of filter banks in which the
subfilters are formed by frequency shifting the lowpass pro-
totype hp[n] with an exponential sequence [27]. Exponen-
tial modulation translates Hp(e jω) (lowpass frequency re-
sponse) around the new center frequency determined by the
subcarrier index k. The prototype hp[n] can be optimized
in such a manner that the filter bank satisfies the perfect-
reconstruction (PR) condition, that is, the output signal is
a delayed version of the input signal [27, 28]. In the gen-
eral form, the synthesis and analysis filters of EMFBs can be
written as

fk[n] =
√

2
M

hp[n] exp

(
j
[
n +

M + 1
2

][
k +

1
2

]
π

M

)
, (1)

hk[n] =
√

2
M

hp[n] exp

(
− j

[
N − n +

M + 1
2

][
k +

1
2

]
π

M

)
,

(2)

respectively, where n = 0, 1, . . . ,N and k = 0, 1, . . . , 2M − 1.
Furthermore, it is assumed that the filter order isN = 2KM−
1. The overlapping factor K can be used as a design parame-
ter because it affects on how much stopband attenuation can
be achieved. Another essential design parameter is the stop-
band edge of the prototype filter ωs = (1 + ρ)π/2M, where
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Figure 1: Complex TMUX with oversampled analysis bank and per-subcarrier equalizers.

the roll-off parameter ρ determines how much adjacent sub-
channels overlap. Typically, ρ = 1.0 is used, in which case
only the contiguous subchannels are overlapping with each
other, and the overall subchannel bandwidth is twice the sub-
channel spacing.

In the approach selected here, the EMFB is implemented
using cosine and sine modulated filter bank (CMFB/SMFB)
blocks [28], as can be seen in Figure 1. The extended lapped
transform (ELT) is an efficient method for implementing PR
CMFBs [18] and SMFBs [28]. The relations between the syn-
thesis and analysis filters of the 2M-channel EMFB and the
corresponding M-channel CMFB and SMFB with the same
real FIR prototype hp[n] are

fk[n]=
⎧⎨⎩ f ck [n] + j f sk [n], k ∈ [0,M − 1]

−( f c2M−1−k[n]− j f s2M−1−k[n]
)
, k ∈ [M, 2M−1],

(3)

hk[n]=
⎧⎨⎩h

c
k[n]− jhsk[n], k ∈ [0,M − 1]

−(hc2M−1−k[n]+ jhs2M−1−k[n]
)
, k ∈ [M, 2M−1],

(4)

respectively. A specific feature of the structure in Figure 1 is
that while the synthesis filter bank is critically sampled, the
subchannel output signals of the analysis bank are oversam-
pled [26] by a factor of two. This is achieved by using the
symbol-rate complex (I/Q) subchannel signals, instead of the
real ones that are sufficient for detection after the channel
equalizer, or in case of a distortion-free channel.

We consider here the use of EMFBs which have odd chan-
nel stacking, that is, the center-most pair of subchannels is
symmetrically located around the zero frequency at the base-
band. We could equally well use a modified EMFB struc-
ture [26] with even stacking (the center-most subchannel lo-
cated symmetrically about zero). The latter form has also a
slightly more efficient implementation structure, based on
DFT-processing. The proposed equalizer structure can also
be applied with modified DFT (MDFT) filter banks [20],
with modified subchannel processing. However, for the fol-
lowing analysis EMFB was selected since it results in the most
straightforward system model.

Further, although the discussion here is based on the use
of PR filter banks, also nearly perfect-reconstruction (NPR)
designs could be utilized. In the critically sampled case, the
implementation benefits of NPR designs are limited because
the efficient ELT structures cannot be utilized [29]. However,
in the 2x-oversampled case, having two parallel CMFB and
SMFB blocks, the implementation benefits of NPR designs
could be more significant.

3. CHANNEL EQUALIZATION

The problem of channel equalization in the FBMC context
is not so well understood as in the DFT-based systems. Our
equalizer concept can be applied to both real and complex
modulated baseband signal formats; here we focus on the
complex case. In its simplest form, the subcarrier equalizer
structure consists only of a single complex coefficient that
adjusts the amplitude and phase responses of each subchan-
nel in the receiver [22]. Higher-order SCEs are able to equal-
ize each subchannel better if the channel frequency response
is not flat within the subchannel. As a result, the use of
higher-order SCEs enables to increase the relative subchan-
nel bandwidth because the subchannel responses are allowed
to take mildly frequency selective shapes. As a consequence,
the number of subchannels to cover a given signal band-
width by FBMC can be reduced. In general, higher-order
equalizer structures provide flexibility and scalability to sys-
tem design because they offer a tradeoff between the num-
ber of required subchannels and complexity of the subcarrier
equalizers.

The oversampled receiver is essential for the proposed
equalizer structure. In case of roll-off ρ = 1.0 or lower, non-
aliased versions of the subchannel signals are obtained in
the 2x-oversampled receiver when complex (I/Q) signals are
sampled at the symbol rate. Consequently, complete chan-
nel equalization in an optimal manner is possible. As a result
of the high stopband attenuation of the subchannel filters,
there is practically no aliasing of the subchannel signals in
the receiver bank. Thus perfect equalization of the distort-
ing channel within the subchannel passband and transition
band regions would completely restore the orthogonality of
the subchannel signals [9].
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3.1. Theoretical background and principles

Figure 2(a) shows a subchannel model of the complex
TMUX with per-subcarrier equalizer. A more detailed model
that includes the interference from the contiguous subchan-
nels is shown in Figure 2(b). Limiting the sources of inter-
ference to the closest neighboring subchannels is justified if
the filter bank design provides sufficiently high stopband at-
tenuation. Furthermore, in this model the order of down-
sampling and equalization is interchanged based on the mul-
tirate identities [19]. The latter model is used as a basis for
the cross-talk analysis that follows. It is also convenient for
semianalytical performance evaluations. The equalizer con-
cept is based on the property that with ideal sampling and
equalization, the desired subchannel signal, carried by the
real part of the complex subchannel output, is orthogonal
to the contiguous subchannel signal components occupying
the imaginary part. The orthogonality between the subchan-
nels is introduced when the linear-phase lowpass prototype
hp[n] is exponentially frequency shifted as a bandpass filter,
with 90-degree phase-shift between the carriers of the con-
tiguous subchannels.

In practice, the nonideal channel causes amplitude and
phase distortion. The latter results in rotation between the
I-and Q-components of the neighboring subchannel signals
causing ICI or cross-talk between the subchannels. ISI, on
the other hand, is mainly caused by the amplitude distortion.
The following set of equations provides proofs for these state-
ments. We derive them for an arbitrary subchannel k on the
positive side of the baseband spectrum and the results can
easily be extended for the subchannels on the negative side
using (3) and (4). In the following analysis we use a non-
causal zero-phase system model, which is obtained by using,
instead of (2), analysis filters of the form

hk[n]=
√

2
M

hp[n + N] exp

(
− j

[
−n +

M+1
2

][
k+

1
2

]
π

M

)
.

(5)

By referring to the equivalent form, shown in Figure 2(b),
and adopting the notation from there, we can express the cas-
cade of the synthesis and analysis filters of the desired sub-
channel k as

fk[n]∗ hk[n] =
b∑
l=a

h
c
k[l] f ck [n− l] +

b∑
l=a

h
s
k[l] f sk [n− l]

+ j ·
( b∑

l=a
h
c
k[l] f sk [n−l]−

b∑
l=a

h
s
k[l] f ck [n−l]

)

= tIk[n] + j · tQk [n] = tk[n],
(6)

where ∗ denotes the convolution operation, summation in-
dexes are a = −N + max(n, 0) and b = min(n, 0), and
n ∈ [−N , . . . ,N].

3.1.1. ICI analysis

For the potential ICI terms from the contiguous subchannels
k − 1 and k + 1 (below and above) to the subchannel k of
interest, we can write

fk−1[n]∗ hk[n]

=
b∑
l=a

h
c
k[l] f ck−1[n− l] +

b∑
l=a

h
s
k[l] f sk−1[n− l]

+ j ·
( b∑

l=a
h
c
k[l] f sk−1[n− l]−

b∑
l=a

h
s
k[l] f ck−1[n− l]

)

= vIk[n] + j · vQk [n] = vk[n],

fk+1[n]∗ hk[n]

=
b∑
l=a

h
c
k[l] f ck+1[n− l] +

b∑
l=a

h
s
k[l] f sk+1[n− l]

+ j ·
( b∑

l=a
h
c
k[l] f sk+1[n− l]−

b∑
l=a

h
s
k[l] f ck+1[n− l]

)

= uIk[n] + j · uQk [n] = uk[n],
(7)

respectively.
Due to PR design, the real parts vIk[m] and uIk[m] (m be-

ing the sample index at the low rate) of the downsampled
subchannel signals are all-zero sequences (or close to zero
sequences in the NPR case). So ideally, when the real part
of the signal is taken in the receiver, no crosstalk from the
neighboring subchannels is present in the signal used for de-
tection. Channel distortion, however, causes phase rotation
between the I- and Q-components breaking the orthogonal-
ity between the subcarriers. Channel equalization is required
to recover the orthogonality of the subcarriers.

The ICI components from other subcarriers located fur-
ther apart from the subchannel of interest are considered
negligible. This is a reasonable assumption because the ex-
tent of overlapping of subchannel spectra and the level of
stopband attenuation can easily be controlled in FBMC. In
fact, they are used as optimization criteria in filter bank de-
sign, as discussed in the previous section.

The cascade of the distorting channel with instantaneous
impulse response (in the baseband model) hch[n] and the
upsampled version of the per-subcarrier equalizer ck[n] (see
Figure 2) applied to the subchannel k of interest can be
expressed as

hch[n]∗ ck[n] = rk[n]. (8)

In the analysis, a noncausal high-rate impulse response ck[n]
is used for the equalizer, although in practice the low-rate
causal form ck[m] is applied.

Next we analyze the ICI components potentially remain-
ing in the real parts of the subchannel signals that are used for
detection. Figure 3 visualizes the two ICI bands for subchan-
nel k = 0. We start from the lower-side ICI term and use an
equivalent baseband model, where the potential ICI energy
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is symmetrically located about zero frequency. We can write
the baseband cross-talk impulse response from subchannel
k − 1 to subchannel k in case of an ideal channel as

ṽk[n] = ṽIk[n] + jṽQk [n] = vk[n]e− jnkπ/M. (9)

In the appendix, it is shown that this impulse response is
purely imaginary, that is, ṽIk[n] ≡ 0 and ṽk[n] = v0[n]. In
case of nonideal channel with channel equalization, the base-
band cross-talk impulse response can now be written as

g̃k−1
k [n] = jvQ0 [n]∗ r̃k[n], (10)

where r̃k[n] = rk[n]e− jnkπ/M . Here the upper index denotes
the source of ICI. Now we can see that if the equalized chan-
nel impulse response is real in the baseband model, then the
cross-talk impulse response is purely imaginary, and there is
no lower-side ICI in the real part of the subchannel signal
that is used for detection.

At this point we have to notice that the lower-side ICI
energy is zero-centered after decimation only for the even-
indexed subchannels, and for the odd subchannels the above

model is not valid as such. However, we can establish a sim-
ple relation between the actual decimated subchannel output
sequence zk[mM] in the filter bank system and the sequence
obtained by decimating in the baseband model. It is straight-
forward to see that the following relation holds:

zk[n]e− jnkπ/M
∣∣∣
n=mM

= (−1)mkzk[mM]. (11)

Thus, for odd subchannels, the actual decimated ICI se-
quence is obtained by lowpass-to-highpass transformation
(i.e., through multiplication by an alternating ±1-sequence)
from the ICI sequence of the baseband model. Then the ac-
tual ICI is guaranteed to be zero if it is zero in the baseband
model. Therefore, a sufficient condition for zero lower-side
ICI in all subchannels is that the equalized baseband channel
impulse response is purely real.

For the upper-side ICI, we can first write the baseband
model as

ũk[n] = ũIk[n] + jũQk [n] = uk[n]e− jn(k+1)π/M. (12)

Again, it is shown in the appendix that this baseband im-
pulse response is purely imaginary, that is, ũIk[n] ≡ 0 and
ũk[n] = u2M−1[n]. With equalized nonideal channel, the
cross-talk response is now

g̃k+1
k [n] = juQ2M−1[n]∗

(
r̃k[n]e− jnπ/M

)
(13)

and the upper-side ICI vanishes if the equalized channel im-
pulse response is real in this baseband model. Now the rela-
tion between the decimated models is

zk[n]e− jn(k+1)π/M
∣∣∣
n=mM

= (−1)m(k+1)zk[mM] (14)
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and a sufficient condition also for zero upper-side ICI is that
the equalized baseband channel impulse response is purely
real. However, the baseband models for the two cases are
slightly different, and both conditions

Im
[
r̃k[n]

]
≡ 0,

Im
[
r̃k[n]e− jnπ/M

]
≡ 0

(15)

have to be simultaneously satisfied to achieve zero over-
all ICI. In frequency domain, the equalized channel fre-
quency response is required to have symmetric amplitude
and antisymmetric phase with respect to both of the fre-
quencies kπ/M and (k + 1)π/M to suppress both ICI com-
ponents. Naturally, the ideal full-band channel equaliza-
tion (resulting in constant amplitude and zero phase) im-
plies both conditions. In our FBMC system, the equal-
ization is performed at low rate, after filtering and dec-
imation by M, and the mentioned two frequencies cor-
respond to 0 and π, that is, the filtered and downsam-
pled portion of Hch(e jω) in subchannel k multiplied by
the equalizer Ck(e jω) must fulfill the symmetry condition
for zero ICI. In this case, the two symmetry conditions
are equivalent (i.e., symmetric amplitude around 0 implies
symmetric amplitude around π, and antisymmetric phase
around 0 implies antisymmetric phase around π). The tar-
get is to approximate ideal channel equalization over the
subchannel passband and transition bands with sufficient
accuracy.

3.1.2. ISI analysis

In case of an ideal channel, the desired subchannel impulse
response of the baseband model can be written as

t̃k[n] = t̃
I
k[n] + jt̃

Q
k [n] = tk[n]e− jnkπ/M. (16)

For odd subchannels, a lowpass-to-highpass transformation
has to be included in the model to get the actual response for
the decimated filter bank, but the model above is suitable for
analyzing all subchannels. Now the real part of the subchan-
nel response with actual channel and equalizer can be written
(see the appendix) as

g̃k[n] = Re
[
t̃k[n]∗ r̃k[n]

]
= Re

[
t0[n]∗ r̃k[n]

]
= tI0[n]∗ Re

[
r̃k[n]

]
− tQ0 [n]∗ Im

[
r̃k[n]

]
.

(17)

The conditions for suppressing ICI are also sufficient for sup-
pressing the latter term of this equation. Furthermore, in case
of PR filter bank design, tI0[n] is a Nyquist pulse. Designing
the channel equalizer to provide unit amplitude and zero-
phase response, a condition equivalent of having

Re
[
r̃k[n]

]
= δ[n] =

⎧⎨⎩1, n = 0,

0, otherwise,
(18)

would suppress the ISI within the subchannel.

The above conditions were derived in the high-rate, full-
band case, and if the conditions are fully satisfied, ISI within
the subchannel and ICI from the lower and upper adja-
cent subchannels are completely eliminated. In practice, the
equalization takes place at the decimated low sampling rate,
and can be done only within the passband and transition
band regions (assuming roll-off ρ = 1.0). However, the ICI
and ISI components outside the equalization band are pro-
portional to the stopband attenuation of the subchannel fil-
ters and can be ignored.

3.2. Optimization criteria for the equalizer coefficients

Our interest is in low-complexity subcarrier equalizers,
which do not necessarily provide responses very close to the
ideal in all cases. Therefore, it is important to analyze the ICI
and ISI effects with practical equalizers. This can be carried
out most conveniently in frequency domain. In the baseband
model, the lower and upper ICI spectrum magnitudes are

∣∣∣ṼQ
k (e jω)R̃Q

k (e jω)
∣∣∣

=
∣∣∣VQ

0 (e jω)R̃Q
k (e jω)

∣∣∣
= M

2

∣∣∣Hp

(
e j(ω−(π/2M))

)
Hp

(
e j(ω+(π/2M))

)∣∣∣ · ∣∣∣R̃Q
k (e jω)

∣∣∣,

∣∣∣ŨQ
k

(
e jω
)
R̃Q
k

(
e j(ω+(π/M))

)∣∣∣
=
∣∣∣UQ

2M−1

(
e jω
)
R̃Q
k

(
e j(ω+(π/M))

)∣∣∣
= M

2

∣∣∣Hp

(
e j(ω−(π/2M))

)
Hp
(
e j(ω+(π/2M)))∣∣∣·∣∣∣R̃Q

k

(
e j(ω+(π/M))

)∣∣∣,

(19)

respectively. Here the upper-case symbols stand for the
Fourier transforms of the impulse responses denoted by the
corresponding lower-case symbols. The terms involving the
two frequency shifted prototype frequency responses are the
overall magnitude response for the crosstalk.Hp(e j(ω−(π/2M)))
appears here as the receive filter for the desired subchan-
nel and Hp(e j(ω+(π/2M))) denotes the response of the trans-
mit filter of the contiguous (potentially interfering) subchan-
nel. The actual frequency response includes phase terms,
but based on the discussion in the previous subsection we
know that, in the baseband model of the ideal channel
case, all the cross-talk energy is in the imaginary part of
the impulse response. The residual imaginary part of the
equalized channel impulse response r̃Qk [n] determines how
much of this cross-talk energy appears as ICI in detection.
It can be calculated as a function of frequency for a given
set of equalizer coefficients, assuming the required knowl-
edge on the channel response is available. Now the ICI
power for subchannel k can be obtained with good accu-
racy by integrating over the transition bands in the baseband
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model

PICI
k =

∫ π/2M

−π/2M
M2

4

∣∣∣Hp

(
e j(ω−(π/2M))

)
Hp

(
e j(ω+(π/2M))

)∣∣∣2

·
∣∣∣R̃Q

k

(
e jω
)∣∣∣2

dω

+
∫ π/2M

−π/2M
M2

4

∣∣∣Hp

(
e j(ω−(π/2M))

)
Hp

(
e j(ω+(π/2M))

)∣∣∣2

·
∣∣∣R̃Q

k

(
e j(ω+(π/M))

)∣∣∣2
dω.

(20)

Also the ISI power can be calculated, as soon as the chan-
nel and equalizer responses are known, from the aliased
spectrum of G̃k(e jω), as

PISI
k =

∫ π/M

0

∣∣∣∣∣M −
1∑

l=−1

G̃k
(
e j(ω+(lπ/M)))∣∣∣∣∣

2

dω. (21)

Here, the Nyquist criterion in frequency domain is used:
in ISI-free conditions, the folded spectrum of the overall
subchannel response G̃k(e jω) adds up to a constant level M, a
condition equivalent to overall impulse response being unity
impulse. By calculating the difference between this ideal ref-
erence level and the actual spectrum, the spectrum resulting
from the residual ISI can be extracted. Integration over this
residual spectrum gives the ISI power, according to (21).

Typically, the pulse shape applied to the symbol detector,
the slicer, is constrained to satisfy the Nyquist criterion. In
the presence of ISI, this often requires from the receive filter
(in this context, the term “receive filter” is assumed to in-
clude both the analysis filter and the equalizer) a gain that
compensates for the channel loss and causes the noise power
to be amplified. This is called noise enhancement. The sub-
channel noise gain can be calculated as

βnk =
1

2π

∫ π

−π

∣∣∣Ck
(
e jω
)
Hp

(
e j((ω∓π/2)/M)

)∣∣∣2
dω, (22)

where Ck(e jω) is the response of the subchannel equalizer.
The − and + signs are valid for even and odd subchannel
indexes, respectively.

3.3. Semianalytical performance evaluation

The performance of the studied FBMC, using per-subcarrier
equalization to combat multipath distortion, can be evalu-
ated semianalytically according to the discussion above. The
term “semianalytically” refers, in this context, to the fact that
no actual signal needs to be generated for transmission. In-
stead, a frequency domain analysis of the distorting channel
and the equalizer can be applied to derive the ICI and ISI
power spectra and the noise enhancement involved. Based
on PICI

k , PISI
k , and βnk , the overall signal to interference plus

noise ratio(s) (SINR) for given Eb/N0-value(s) can be ob-
tained. Then, well-known formulas based on the Q-function
[30] and Gray-coding assumption can be exploited to esti-
mate the uncoded bit error-rate (BER) performance. This
can further be averaged over a number of channel instances
corresponding to a given power delay profile.

4. LOW-COMPLEXITY POINTWISE PER-SUBCARRIER
EQUALIZATION

The known channel equalization solutions for FBMC suffer
from insufficient performance, as in the case of the 0th-order
ASCET [22], and/or from relatively high implementation
complexity, as in the FIR filter based approach described, for
example, by Hirosaki in [4]. To overcome these problems, a
specific structure that equalizes at certain frequency points
is considered. The pointwise equalization principle proceeds
from the consideration that the subchannel equalizers are
designed to equalize the channel optimally at certain fre-
quency points within the subband. To be more precise, the
coefficients of the equalizer are set such that, at all the con-
sidered frequency points, the equalizer amplitude response
optimally approaches the inverse of the determined chan-
nel amplitude response and the equalizer phase response
optimally approaches the negative of the determined chan-
nel phase response. Optimal equalization at all frequencies
would implicitly fulfill the zero ICI conditions of (15), and
the zero ISI condition of (18). In pointwise equalization, the
optimal linear equalizer is approximated between the con-
sidered points and the residual ICI and ISI interference pow-
ers depend on the degree of inaccuracy with respect to the
zero ICI/ISI conditions and can be measured using (20) and
(21), respectively. On the other hand, the level of inaccu-
racy depends on the relation of the channel coherence band-
width [31] to the size of the filter bank and the order of
the pointwise per-subcarrier equalizer. For mildly frequency
selective subband responses, low-complexity structures are
sufficient to keep the residual ICI and ISI at tolerable lev-
els.

Alternative optimization criteria are possible for the
equalizer coefficients from the amplitude equalization point
of view, namely, zero-forcing (ZF) and mean-squared error
(MSE) criteria [30, 31]. The most straightforward approach
is ZF, where the coefficients are set such that the achieved
equalizer response compensates the channel response ex-
actly at the predetermined frequency points. The ZF crite-
rion aims to minimize the PICI

k and PISI
k , but ignores the ef-

fect of noise. Ultimately, the goal is to minimize the proba-
bility of decision errors. The MSE criterion tries to achieve
this goal by making a tradeoff between the noise enhance-
ment and residual ISI at the slicer input. The MSE criterion
thus alleviates the noise enhancement problem of ZF and
could provide improved performance for those subchannels
that coincide with the deep notches in the channel frequency
response. For high SNR, the MSE solution of the ampli-
tude equalizer converges to that obtained by the ZF crite-
rion.

4.1. Complex FIR equalizer

A straightforward way to perform equalization at certain fre-
quency points within a subband is to use complex FIR fil-
ter (CFIR-SCE), an example structure of which is shown in
Figure 4, that has the desired frequency response at those
given points. In order to equalize for example at three
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Figure 4: An example structure of the CFIR-SCE subcarrier equal-
izer.

frequency points, a 3-tap complex FIR with noncausal trans-
fer function

HCFIR - SCE(z) = c−1z + c0 + c1z
−1 (23)

offers the needed degrees of freedom. The equalizer coef-
ficients are calculated by evaluating the transfer function,
which is set to the desired response, at the chosen frequency
points and setting up an equation system that is solved for
the coefficients.

4.2. Amplitude-phase equalizer

We consider a linear equalizer structure consisting of an all-
pass phase correction section and a linear-phase amplitude
equalizer section. This structure is applied to each complex
subchannel signal for separately adjusting the amplitude and
phase. This particular structure makes it possible to indepen-
dently design the amplitude equalization and phase equaliza-
tion parts, leading to simple algorithms for optimizing the
equalizer coefficients. The orders of the equalizer stages are
chosen to obtain a low-complexity solution. A few variants
of the filter structure have been studied and will be described
in the following.

An example structure of the AP-SCE equalizer is illus-
trated in detail in Figure 5. In this case, each subchannel
equalizer comprises a cascade of a first-order complex all-
pass filter, a phase rotator combined with the operation of
taking the real part of the signal, and a first-order real allpass
filter for compensating the phase distortion. The structure,
moreover, consists of a symmetric 5-tap FIR filter for com-
pensating the amplitude distortion. Note that the operation
of taking the real part of the signal for detection is moved
before the real allpass phase correction stage. This does not
affect the output of the AP-SCE, but reduces its implementa-
tion complexity.

The transfer functions of the real and complex first-order
allpass filters are given by

Hr(z) = 1 + brz

1 + brz−1
, (24)

Hc(z) = 1− jbcz

1 + jbcz−1
, (25)

respectively. In practice, these filters are realized in the causal
form as z−1H·(z), but the above noncausal forms simplify
the following analysis. For the considered example structure,

the overall phase response of the AP-SCE phase correction
section (for the kth subchannel) can be derived from (24)
and (25)

arg
[
Hpeq(e jω)

]
= arg

[
e jϕ0k ·Hc

(
e jω
) ·Hr

(
e jω
)]

= ϕ0k + 2 arctan

(
−bck cosω

1 + bck sinω

)

+ 2 arctan

(
brk sinω

1 + brk cosω

)
.

(26)

In a similar manner, we can express the transfer function of
the amplitude equalizer section in a noncausal form as

Haeq(z) = a2z
2 + a1z + a0 + a1z

−1 + a2z
−2, (27)

from which the equalizer magnitude response for the kth
subchannel is obtained∣∣∣Haeq(e jω)

∣∣∣ = ∣∣∣a0k + 2a1k cosω + 2a2k cos 2ω
∣∣∣. (28)

4.3. Low-complexity AP-SCE and CFIR-SCE

Case 1. The subchannel equalization is based on a single fre-
quency point located at the center frequency of a specific
subchannel, at ±π/2 at the low sampling rate. Here the +
sign is valid for the even and the − sign is valid for the odd
subchannel indexes, respectively. In this case, the associated
phase equalizer only has to comprise a complex coefficient
e jϕ0k for phase rotation. The amplitude equalizer is reduced
to just one real coefficient as a scaling factor. This case corre-
sponds to the 0th-order ASCET or a single-tap CFIR-SCE.

Case 2. Here, equalization at two frequency points located at
the edges of the passband of a specific subchannel, at ω = 0
and ω = ±π, is expected to be sufficient. The + and − signs
are again valid for the even and odd subchannels, respec-
tively. In this case, the associated equalizer has to comprise, in
addition to the complex coefficient e jϕ0k , the first-order com-
plex allpass filter as the phase equalizer, and a symmetric 3-
tap FIR filter as the amplitude equalizer. Compared to the
equalizer structure of Figure 5, the real allpass filter is omit-
ted and the length of the 5-tap FIR filter is reduced to 3. In
the CFIR-SCE approach, two taps are used.

Case 3. Here, three frequency points are used for channel
equalization. One frequency point is located at the center of
the subchannel frequency band, at ω = ±π/2, and two fre-
quency points are located at the passband edges of the sub-
channel, at ω = 0 and ω = ±π. In this case, the associated
equalizer has to comprise all the components of the equalizer
structure depicted in Figure 5. In the CFIR-SCE structure of
Figure 4, all three taps are used.

Mixed cases of phase and amplitude equalization. Naturally,
also mixed cases of AP-SCE are possible, in which a different
number of frequency points within a subband are considered
for the compensation of phase and amplitude distortion. For
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Figure 5: An example structure of the AP-SCE subcarrier equalizer.

example, Case 3 phase equalization could be combined with
Case 2 amplitude correction and so forth. Ideally, the num-
ber of frequency points considered within each subchannel is
not fixed in advance, but can be individually determined for
each subchannel based on the frequency domain channel es-
timates of each data block. This enables the structure of each
subchannel equalizer to be controlled such that the associ-
ated subchannel response is equalized optimally at the mini-
mum number of frequency points which can be expected to
result in sufficient performance. The CFIR-SCE cannot pro-
vide such mixed cases.

Also further cases could be considered since additional
frequency points are expected to result in better performance
when the subband channel response is more selective. How-
ever, this comes at the cost of increased complexity in pro-
cessing the data samples and much more complicated for-
mulas for obtaining the equalizer coefficients.

For Case 3 structure, CFIR-SCE and AP-SCE equalizer
coefficients can be calculated by evaluating (23) and (26),
and (28), respectively, at the frequency points of interest, set-
ting them equal to the target values, and solving the resulting
system of equations for the equalizer coefficients:
CFIR-SCE:

c−1k = γ

4

((
χ0k − χ2k

)∓ j
(
2χ1k − χ0k − χ2k

))
,

c0k = γ

2

(
χ0k + χ2k

)
,

c1k = γ

4

((
χ0k − χ2k

)± j(2χ1k − χ0k − χ2k)
)

;

(29)

AP-SCE:

ϕ0k = ξ0k + ξ2k

2
,

bck = ± tan

(
ξ2k − ξ0k

4

)
,

brk = ± tan

(
ξ1k − ϕ0k

2

)
,

a0k = γ

4

(
ε0k + 2ε1k + ε2k

)
,

a1k = ±γ

4

(
ε0k − ε2k

)
,

a2k = γ

8

(
ε0k − 2ε1k + ε2k

)
.

(30)

Here the ± signs are again for the even/odd subchan-
nels, respectively, and χik, ξik, and εik, i = 0, . . . , 2, are the

complex target response, the target phase, and amplitude re-
sponse values at the three considered frequency points for
subchannel k. The value i = 1 corresponds to the subchan-
nel center frequency whereas values i = 0 and i = 2 refer to
the lower and upper passband edge frequencies, respectively.
With MSE criterion,

χik = Hch
(
e j(2k+i)(π/2M)

)∗∣∣∣Hch
(
e j(2k+i)(π/2M)

)∣∣∣2
+ η

,

ξik = arg
(
χik
)
, εik =

∣∣χik∣∣,

(31)

where Hch is the channel frequency response in the baseband
model of the overall system. The effect of noise enhance-
ment is incorporated into the solution of the equalizer pa-
rameters using the noise-to-signal ratio η and a scaling fac-
tor γ = 3/

∑2
i=0 χikHch(e j(2k+i)(π/2M)) that normalizes the sub-

channel signal power to avoid any scaling in the symbol val-
ues used for detection. In the case of ZF criterion, η = 0 and
γ = 1.

The operation of the ZF-optimized amplitude and phase
equalizer sections of Case 3 AP-SCE are illustrated with ran-
domly selected subchannel responses in Figures 6 and 7, re-
spectively.

In Case 2, MSE-optimized coefficients for CFIR-SCE and
AP-SCE amplitude equalizer can be calculated as

c0k = γ

2

(
χ0k + χ2k

)
,

c1k = ±γ

2

(
χ0k − χ2k

)
,

a0k = γ

2

(
ε0k + ε2k

)
,

a1k = ±γ

4

(
ε0k − ε2k

)
,

(32)

where γ = 2/(χ0kHch(e j(kπ/M)) + χ2kHch(e j(2k+2)(π/2M))). The
AP-SCE phase equalizer coefficients ϕ0k and bck can be ob-
tained as in Case 3.

Case 1 equalizers are obtained as special cases of the used
structures, including only a single complex coefficient for
CFIR-SCE and an amplitude scaling factor and a phase ro-
tator for AP-SCE. It is natural to calculate these coefficients
based on the frequency response values at the subchannel
center frequencies, that is,

c0k = χ1k,

a0k =
∣∣χ1k

∣∣, ϕ0k = arg
(
χ1k
)
,

(33)

with η = 0, since MSE and ZF solutions are the same.
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Figure 6: Operation of the ZF-optimized Case 3 amplitude equal-
izer section.
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Figure 7: Operation of the Case 3 phase equalizer section.

5. NUMERICAL RESULTS

The performance of the low-complexity subcarrier equal-
izers was evaluated with different number of subchannels
both semianalytically and using full simulations in time do-
main. First, basic results are reported to illustrate how the
performance depends on the number of subcarriers and the
equalizer design case. Also the reliability of the semianalytical
model is examined and the differences between ZF and MSE
criteria are compared. Finally, more complete simulations

with error control coding are reported and compared to an
OFDM reference in a realistic simulation environment. Also
sensitivity to timing and frequency offsets and performance
with practical transmitter power amplifiers are investigated.
We consider equally spaced real 2-PAM, 4-PAM, and 8-PAM
constellations for FBMC and complex square-constellations
QPSK, 16-QAM, and 64-QAM in the OFDM case.

5.1. Semianalytical performance evaluation

Semianalytical simulations were carried out with the
Vehicular-A power delay profile (PDP), defined by the rec-
ommendations of the ITU [32], for a 20 MHz signal band-
width. These simulations were performed in quasi-static
conditions, that is, the channel was time-invariant during
each transmitted frame. Perfect channel information was as-
sumed. In all the simulations, the average channel power gain
was scaled to unity. Performance was tested with filter banks
consisting of 2M = {64, 128, 256} subchannels. The filter
bank designs used roll-off ρ = 1.0 and overlapping factor
K = 5 resulting in about 50 dB stopband attenuation. The
statistics are based on 2000 frame transmissions for each of
which an independent channel realization was considered.
The semianalytical results were obtained by calculating the
subcarrierwise ICI and ISI powers PICI

k and PISI
k , respectively,

together with noise gains βnk for k = 0, 1, . . . , 2M − 1. These
were then used to determine the subcarrierwise SINR-values,
as a function of channel Eb/N0-values, for all the channel in-
stances. The uncoded BER results were obtained for 2-, 4-,
and 8-PAM modulations by evaluating first the theoretical
subcarrierwise BERs based on the SINR-values using the Q-
function and Gray-coding assumption, and finally averaging
the BER over all the subchannels and 2000 channel instances.

5.1.1. Basic results for AP-SCE

The comparison in Figure 8(a) for ZF 4-PAM shows that
the time domain simulation-based (Sim) and semi-analytic
model-based (SA) results match quite well. This encourages
to carry out system performance evaluations, especially in
the algorithm development phase, mostly using the semiana-
lytical approach, which is computationally much faster. Time
domain simulation results in Figure 8(b) for 4-PAM indicate
that the performance difference of ZF and MSE criteria is
rather small. Figures 8(c) and 8(d) show the semi-analytic re-
sults for 2-PAM and 8-PAM, respectively, using the ZF crite-
rion. It can be observed that higher-order AP-SCE improves
the equalizer performance significantly, allowing the use of a
lower number of subcarriers. Also ideal OFDM performance
(without guard interval overhead) is shown as a reference.
With the aid of the AP-SCE equalizer, the performance of
FBMC with a modest number of subcarriers can be made to
approach that of the ideal OFDM.

5.1.2. Comparison of CFIR-FBMC and AP-FBMC

In the other simulations, it is assumed that the receiver is
time-synchronized such that the first path corresponds to
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Figure 8: Uncoded BER results for AP-SCE with a quasi-static ITU-R Vehicular-A channel model and 20 MHz bandwidth. (a) Comparison
of time domain simulations (Sim) and semi-analytic model (SA) for ZF 4-PAM. (b) Comparison of ZF and MSE criteria with 4-PAM based
on time domain simulations. (c) Semi-analytic performance of ZF 2-PAM. (d) Semi-analytic performance of ZF 8-PAM. Ideal OFDM (using
corresponding square-constellation QAM, without guard interval overhead) included in all figures as a reference.

zero delay. Figure 9, however, shows a semi-analytic BER
comparison of the two subcarrier equalizer structures for
2M = 256 subchannels when the effect of time synchroniza-
tion error is considered. Simulations were carried out with
a quasi-static channel model based on the extended ITU-R

Vehicular-A PDP [33]. Simulation result statistics are based
on 2000 independent channel instances of this model and the
MSE criterion was used in the derivation of the amplitude
equalizer coefficients. Figure 9 shows the performance in two
cases: with delays of 0 and 64 samples, corresponding to 0
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Figure 9: Semi-analytic BER in AP-SCE and CFIR-SCE. Parameter
d = timing offset/subcarrier symbol interval.

and 50% of the subcarrier symbol interval, respectively. It is
seen that with 0 timing offset, CFIR-SCE and AP-SCE have
very similar performance. However, AP-SCE is clearly more
robust in the presence of timing offset. Especially with high-
order modulations, the performance of CFIR-SCE is signif-
icantly degraded when the timing error approaches half of
the subcarrier symbol interval. AP-SCE is very robust in this
sense, and the results demonstrate that FBMC with AP-SCE
can be operated without timing synchronization prior to the
receiver filter bank.

Figure 10 shows the signal-to-interference ratio (SIR)
performance in case of an ideal channel with timing off-
set only. Here, Case 2 AP-SCE includes only the first-order
complex allpass and phase rotation; the real allpass does not
have any effect in this case. Figure 10 was obtained in the
2M = 256 subcarrier case, but it was observed that with
other filter bank sizes, the behavior in terms of relative tim-
ing offset is very similar. It is seen that Case 3 CFIR-SCE
gives clearly better performance than simple phase rotation
(Case 1), and with timing offsets approaching half of the
symbol interval, Case 2 AP-SCE has 3 dB better performance
than Case 3 CFIR-SCE. This is in accordance with the find-
ings in [34], where it is observed that allpass IIR structures
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Figure 10: Semi-analytic SIR due to timing phase offset in AP-SCE
and CFIR-SCE in an ideal channel.

provide performance gain in fractional delay compensation
compared to FIR structures with similar complexity.

5.2. Performance comparisons with channel coding

5.2.1. Channel model, system parameters, and
OFDM reference

We have also carried out full simulations in time domain
comparing cyclic prefix OFDM and FBMC. It was of par-
ticular interest to evaluate the performance of FBMC with
AP-SCE and CFIR-SCE per-subcarrier equalizers and to ex-
plore the potential spectral efficiency gain. Time-variant ra-
dio channel impairments were modeled based on the ex-
tended ITU-R Vehicular-A PDP [33] (maximum excess de-
lay of 2.51 μs). This upgraded channel model has been
shown to improve the frequency correlation properties when
compared to the original PDP, making it better suited
for evaluation of wideband transmission with frequency-
dependent characteristics. Mobile velocity of 50 km/h and
carrier frequency of 5 GHz were assumed. With sampling
rate of 26.88 MHz (7× WCDMA chip rate), 616 subcar-
riers of 1024 in OFDM and 84/168/672 subchannels of
128/256/1024 in FBMC were activated to obtain systems with
the same effective bandwidth of 18 MHz (at 40 dB below
passband level). This corresponds to subchannel bandwidths
of 26.25 kHz and 210/105/26.25 kHz, respectively. 2-, 4-, and
8-PAM modulations were considered for FBMC whereas
QPSK, 16-QAM, and 64-QAM were used for OFDM. The
FBMC design used roll-off ρ = 1.0 and overlapping factor
K = 5 resulting in a stopband attenuation (defined as
the level of the highest sidelobe) of about 50 dB (for 2-
PAM/QPSK comparison also K = 3 was considered, giv-
ing stopband attenuation of about 38 dB). Channel coding
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was performed using low-density parity check (LDPC) cod-
ing [35]. The maximum number of iterations in iterative de-
coding was set to ten. About 10% overhead for pilot carri-
ers is assumed in OFDM and similar overhead for training
sequences in FBMC. OFDM has 41.67 μs overall symbol du-
ration, with 2.53 μs guard interval and 1.04 μs raised-cosine
roll-off for spectral shaping. Both systems have a single zero
power subcarrier in the middle of the spectrum to facilitate
receiver implementation. The information bit rates in the
two systems were approximately matched using code rates of
R = 3/4 and R = 2/3 for OFDM and FBMC, respectively. Bits
for a single frame to be transmitted were coded in blocks of
3348 and 3990 bits, respectively, after which all the coded bits
of a frame were randomly interleaved before bits-to-symbols
and symbols-to-subcarriers mappings. The resulting num-
ber of source bits in a fixed frame duration of 250 μs are 5022
and 5320 for QPSK/OFDM and 2-PAM/FBMC, respectively.
Ideal channel estimation was assumed for both OFDM and
FBMC modulations. Simulation result statistics are based on
5000 transmitted frames for each of which an independent
realization of the channel model was applied. MSE optimiza-
tion criterion was used to derive the amplitude equalizer
parameters.

5.2.2. Coded results

Figures 11(a), 11(b), and 11(c) show the obtained results for
2-PAM/QPSK, 4-PAM/16-QAM, and 8-PAM/64-QAM com-
parisons, respectively. Coded frame error rate (FER) and BER
are shown as a function of required energy per source bit to
noise spectral density-ratio. Due to the absence of time do-
main guard interval and reduced frequency domain guard-
bands, higher spectral efficiency in FBMC is achieved. This
excess transmission capacity can be used to transmit more
redundant data (lower coding rate) while maintaining sim-
ilar information data rate compared to OFDM. This turns
into favor of FBMC in the FER/BER performance compari-
son as somewhat less energy in FBMC is sufficient to result in
similar error probability compared to OFDM. Alignment of
the performance curves for K = 3 and K = 5 in Figure 11(a)
indicates that at least in narrowband interference-free con-
ditions, FBMC design with K = 3 (and possibly even K =
2) provides sufficient performance with reduced complexity
compared to K = 5.

5.2.3. Effect of AP-SCE structure and parameters

The ability of AP-SCE/CFIR-SCE equalizer to compensate
for mildly frequency selective subchannel responses is clearly
visible in the simulation results. FBMC of 2M = 256 sub-
channels with Case 3 AP-SCE/CFIR-SCE follows the per-
formance curves obtained with the structure consisting of
2M = 1024 subchannels with Case 1 equalizer. So, great
reduction in the number of subchannels required to cover
the 18 MHz signal band can be achieved with higher-order
AP-SCE/CFIR-SCE structures. In case of 2-PAM modula-
tion even a filter bank with 2M = 128 subchannels can be

considered. For 4-PAM and 8-PAM, 2M = 256 subchannels
are required to keep the performance benefit with respect to
the OFDM reference.

5.3. Performance with nonlinear power amplifier

The ratio between the maximum instantaneous power of a
signal and its mean power (PAPR) is proportional to the
number of subcarriers and also depends on the modulation
constellation used. This is a matter of concern when the sig-
nal passes through a nonlinear device such as the power am-
plifier (PA). In this situation, signal components of differ-
ent instantaneous power might be amplified differently, in-
troducing distortion to the signal and causing spectral re-
growth to the bands adjacent to the signal. In this section,
we focus on the spectral regrowth caused by a PA on FBMC
and OFDM with similar parameters as in the time domain
BER simulations. We apply time domain raised-cosine win-
dowing of 28 samples to the OFDM signal in order to assure
attenuation of 40 dB for the signal at 9 MHz from the carrier
frequency. Therefore, the overall 40 dB bandwidth for OFDM
and FBMC is 18 MHz. The PA follows the solid state power
amplifier (SSPA) model that can be found in [36]. Only am-
plitude nonlinearity is taken into account. The amplitude
gain is given by

po = pi√
1 +

(
pi/psat

)2
, (34)

where pi and po are the amplitude of the PA input signal
and output signal, respectively, and psat denotes the satura-
tion voltage of the PA. The spectral regrowth is measured
as a function of the input back-off (IBO) of the input sig-
nal at the amplifier. In Figure 12 we show the regrowth of
the spectra of FBMC (dashed lines) and OFDM (continuous
lines). For FBMC we simulate IBOs that are 1.2 dB higher
than for OFDM. This reflects the fact that for a similar coded
BER performance we can use an FBMC signal with 1.2 dB
less power than OFDM. We can see from the figure, that it
is of advantage to be able to use a weaker signal, since close
to the desired passband we obtain less spectral regrowth. At
more distant frequencies, the OFDM spectrum decays faster
because the useful bandwidth is smaller than the useful band-
width in FBMC (16.2 MHz versus 17.6 MHz). OFDM with
a comparable useful bandwidth (672 active subcarriers) has
a spectral decay profile similar to FBMC’s. Moreover, at the
same IBOs and same useful bandwidths, both systems show
very similar regrowth curves.

5.4. Frequency offset

In multicarrier transmissions, frequency offsets (e.g., due to
Doppler and inaccuracy of local oscillators in the transmis-
sion chain) introduce ICI. In case of a fixed frequency offset
in OFDM, the SIR due to the resulting ICI is given by [37]

SIR= 1(
sin(πΔ f )

)2∑Nc−1
p=0, p �=Nc/2

1/
{
Nc sin

(
π(p+Δ f )/Nc

)}2 ,

(35)
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Figure 11: Coded FER and BER performance: (a) 2-PAM/FBMC and QPSK/OFDM; (b) 4-PAM/FBMC and 16-QAM/OFDM; and (c) 8-
PAM/FBMC and 64-QAM/OFDM.

where Nc and Δ f are the number of subcarriers and fre-
quency offset, respectively. The effects of frequency offsets
in FBMC were tested with a simple simulation experiment
by measuring the mean squared error in symbol detection
with a set of fixed frequency offsets. The results are shown
and compared to the OFDM performance in Figure 13. Here
Nc = 256 for both systems.

Basically, the frequency offset introduces a time-varying
phase offset, which is common to all subcarriers. In the sim-
ulation, as well as in the analytical results for OFDM, the
constant part of the common phase offset is assumed to be
cancelled by the channel equalizer such that in the mid-
dle of each symbol the phase error of each subcarrier is
zero.
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Figure 12: Spectral regrowth due to PA nonlinearity.

It can be seen from Figure 13 that for a given relative
(with respect to subcarrier spacing) frequency offset, the
FBMC SIR performance is slightly better but within 2 dB
from the OFDM performance. Since FBMC allows signifi-
cantly wider subcarrier spacing, the relative frequency off-
sets are smaller, and there is a clear performance benefit for
FBMC in terms of frequency offset effects. This indicates also
a potential for better performance in case of fast fading.

5.5. Complexity

In this subsection, a rough evaluation of the computational
complexity of FBMC is presented, using a simple complexity
measure: the number of real multiplications required to de-
tect a symbol. We focus on the receiver side where the OFDM
FFT or FBMC analysis bank and the equalizer are the main
processing blocks. Channel estimation and calculation of the
equalizer coefficients are not included in this evaluation.

One of the most efficient algorithms for implement-
ing DFT is the split radix FFT algorithm [18], taking
M(log2(M) − 3) + 4 real multiplications for a block of M
complex samples. In the OFDM case, 3 real multipliers are
enough to do the complex multiplication to equalize each of
the used subcarriers.

In the FBMC case, the FFT-based algorithm presented
in [26] is the most efficient one to implement the oversam-
pled analysis bank in terms of multiplication rate. It requires
2M(2K − 2 + log2(M)) real multiplications for a block of M
high-rate samples. In an efficient implementation, the AP-
SCE subcarrier equalizers take 2, 5, and 7 real multiplications
in Cases 1, 2, and 3, respectively, per detected real symbol.
Alternatively, the 3-tap CFIR-SCE structure takes 6 real mul-
tiplications per detected real symbol.
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Figure 13: SIR due to frequency offset in OFDM and FBMC.

Table 1: Multiplications in receiver per one detected complex sym-
bol in OFDM and per two detected real symbols in FBMC.

Case 1 Case 3

OFDM, 1k-FFT 10 —

FBMC, K = 2, 2M = 128, AP-SCE 20 30

FBMC, K = 5, 2M = 256, AP-SCE 34 44

FBMC, K = 2, 2M = 128, CFIR-SCE 20 28

FBMC, K = 5, 2M = 256, CFIR-SCE 34 42

For a fair comparison, we calculate the overall number of
multiplications per detected complex symbol in the OFDM
case and per two detected real symbols in the FBMC case. For
simplicity, it is assumed that all the subcarriers are in use. The
resulting overall multiplication rates with the two extreme
cases of FBMC-complexity are shown in Table 1.

It is observed that with this complexity measure, FBMC
is more complex than the basic OFDM system. However, the
implementation of FBMC is yet quite realistic with today’s
efficient digital signal processors or dedicated very large scale
integration (VLSI) hardware. It is expected that there are
a lot of possibilities to optimize the EMFB implementation
in dedicated hardware, using short coefficient word-lengths,
sums of powers of two implementations for coefficients, and
so forth.

Furthermore, it can be noted that due to the larger block-
size, OFDM requires significantly bigger data memory and
coefficient storage in processor-based implementations.

One quite significant aspect is the needed baseband filter-
ing in the receiver before the filter bank or FFT. The oversam-
pled analysis bank acts as a high-quality channel selection
filter, effectively suppressing adjacent channels and other in-
terference components appearing in the range of the unused
subcarriers. In the OFDM case, the attenuation capability
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of the DFT is rather limited, regarding the adjacent chan-
nels and other out-of-band interference sources that are not
synchronized to the guard interval structure. Therefore ad-
ditional highly selective digital baseband filtering is usually
needed in OFDM, especially if the frequency domain guard-
bands between the adjacent frequency channels are to be
minimized. Including the baseband filtering in the complex-
ity comparison may change the measures significantly.

6. CONCLUSION

We have studied a new low-complexity per-subcarrier chan-
nel equalizer for FBMC transceiver for high-rate wideband
communications over doubly-dispersive channel and ana-
lyzed its performance. It was shown that the coded error-
rate performance of FBMC is somewhat better than that of
the OFDM reference. It was also indicated that the perfor-
mance of FBMC with a practical nonlinear power amplifier
is similar to that of OFDM or even better. Further, FBMC
is much less sensitive to frequency offsets than OFDM due
to the possibility of using significantly lower number of sub-
carriers. The latter observation indicates also a potential for
improved performance benefit in case of fast-fading chan-
nels. It was seen that an FBMC receiver can be operated with-
out time synchronization prior to the receiver bank, also with
higher-order modulations if AP-SCE is used. This leads to a
simplified overall receiver structure.

The arithmetic complexity of FBMC is, no doubt, higher
than that of the reference OFDM, but yet realistic with dig-
ital VLSI technologies. However, FBMC has various bene-
fits over OFDM, like higher flexibility in choosing the de-
sign parameters. Especially, it can be emphasized that the re-
ceiver filter bank in FBMC acts as a high-quality frequency
selective filter for all the signal components in the received
band. This is in contrast to OFDM where transients are intro-
duced to the signal components that are not synchronized to
the guard interval structure, causing leakage of interference
power also to noninterfered parts of the spectrum. There-
fore, FBMC has the potential of providing sufficient attenua-
tion for adjacent channels and other interferences, reducing
the complexity of the baseband filtering of the receiver. On
the other hand, this feature makes it feasible to have small
frequency domain guard-bands between the asynchronous
adjacent channel users, increasing the spectral efficiency. Se-
lectivity provides also high robustness to narrowband inter-
ferences in the signal band, and a possibility to use multi-
ple nonadjacent frequency slots for a single user in a flexible
manner.

The numerical examples were mostly performed with
high-end TMUX designs (K = 5) with relatively high stop-
band attenuation (about 50 dB). However, results with lower-
complexity filter banks (K = 3) (about 38 dB) were also
shown and even the case with K = 2 (about 30 dB) was
tested. The conclusion is that even though the performance
analysis assumed infinite attenuation for the subchannel
stopbands, the performance degradation even with about
30 dB stopband attenuation is minor if the system does not
need to suppress strong interfering signal components.

These results encourage further research on FBMC for
beyond 3G communications. Such studies include devel-
opment of robust synchronization and channel estimation
techniques, as well as optimization of filter banks for low
complexity with high flexibility. For example, efficient NPR
filter bank designs form an interesting topic.

APPENDIX

ICI AND ISI RELATED IMPULSE RESPONSES
IN THE BASEBAND MODEL

We first derive the equivalent baseband model for the lower
ICI response using (1) and (5):

ṽk[n] =
{
fk−1[n]∗ hk[n]

}
e− j(nkπ/M)

=
{
fk−1[n]e− j(nkπ/M)

}
∗
{
hk[n]e− j(nkπ/M)

}
=
{
fk−1[n]e− j(nkπ/M)e− j((M+1)kπ/2M)

}
∗
{
hk[n]e− j(nkπ/M)e+ j((M+1)kπ/2M)

}
=
{
fk−1[n]e− j(n+(M+1)/2)(kπ/M)

}
∗
{
hk[n]e j(−n+(M+1)/2)(kπ/M)

}
= f2M−1[n]∗ h0[n] = v0[n].

(A.1)

Further,

v0[n] = f2M−1[n]∗h0[n]

=
(
− f c0 [n] + j f s0 [n]

)
∗
(
h
c
0[n]− jh

s
0[n]

)
= − f c0 [n]∗hc0[n] + f s0 [n]∗hs0[n]

+ j
(
f s0 [n]∗hc0[n] + f c0 [n]∗hs0[n]

)
.

(A.2)

Applying the relationships between the sine/cosine modu-
lated analysis/synthesis filters that can be found in [26] and
which apply for a PR TMUX,

hsk[n] = (−1)k+K f ck [n],

f sk [n] = (−1)k+Khck[n],
(A.3)

we finally obtain

v0[n] = j
(
f s0 [n]∗hc0[n] + f c0 [n]∗hs0[n]

)
. (A.4)

Although (A.2) and (A.4) use the noncausal form for the
analysis filters, we can see that the introduced time delay
does not affect (A.3) in any way. Further, since the delay
is the same in both sine and cosine analysis filters, the real
terms cancel each other out the same way they would do
if causal expressions were used. Therefore, the lower ICI is
purely imaginary in the baseband model. Likewise, we can
write for the upper ICI response

ũk[n] =
{
fk+1[n]∗ hk[n]

}
e− j(n(k+1)π/M)

=
{
fk+1[n]e− j(n+(M+1)/2)((k+1)π/M)

}
∗
{
hk[n]e j(−n+(M+1)/2)((k+1)π/M)

}
= f0[n]∗ h2M−1[n] = u2M−1[n].

(A.5)
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Now

u2M−1[n] =
(
f c0 [n] + j f s0 [n]

)
∗
(
− h

c
0[n]− jh

s
0[n]

)
= − f c0 [n]∗ h

c
0[n] + f s0 [n]∗ h

s
0[n]

− j
(
f c0 [n]∗ h

s
0[n] + f s0 [n]∗ h

c
0[n]

)
= − j

(
f c0 [n]∗ h

s
0[n] + f s0 [n]∗ h

c
0[n]

)
,

(A.6)

so also the upper ICI response is purely imaginary.
For the impulse response of subchannel k, we can write

in the baseband model

t̃k[n] =
{
fk[n]∗ hk[n]

}
e− j(nkπ/M)

=
{
fk[n]e− j(n+(M+1)/2)(kπ/M)

}
∗
{
hk[n]e+ j(−n+(M+1)/2)(kπ/M)

}
= f0[n]∗ h0[n] = t0[n].

(A.7)
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This paper presents a detailed analysis of synchronization methods based on scattered pilots for filter bank based multicarrier
(FBMC) communications, taking into account the interplay of the synchronization, channel estimation, and equalization methods.
We show that by applying pilots designed specifically for filter banks, the carrier frequency offset (CFO), fractional time delay
(FTD), and channel response can be accurately estimated. Further, a novel joint FTD and channel estimation scheme, based
on iterative interference cancelation, permits extending the FTD estimation range well beyond the limit imposed by the pilot
separation. The channel parameter estimation and compensation are successfully performed totally in the frequency domain, in
a subchannel-wise fashion, which is appealing in spectrally agile and cognitive radio scenarios. The performance evaluation is
done in a hypothetical WiMAX scenario in which an FBMC system would substitute OFDM maintaining as much physical layer
compatibility as possible.

1. Introduction

Research on increasing data transmission rates and the
development of applications exploiting these improved rates,
or requiring even more bandwidth, have been fueling each
other for decades already, and it seems that this trend will
continue. The challenge is therefore to boost high data rates
in wireless communications.

Multicarrier (MC) techniques have proven to be a means
to adequately overcome many challenges of wide bandwidth
transmission while providing also high spectral efficiency.
Using MC communications, a frequency selective channel
can be divided into several parallel subchannels with flat
or mildly selective fading, facilitating channel estimation
and equalization (the terms “subchannel”, “subband” and
“subcarrier” are used interchangeably throughout the whole
text, referring to the frequency subband centered at the
subcarrier frequency). Timing synchronization is also easier
and limited narrowband interference can be easily mitigated.

In fact, the division of the whole bandwidth into many sub-
channels provides scalability and flexibility when configuring
the communication link [1].

The flagship of MC techniques is orthogonal frequency
division multiplexing (OFDM) with cyclic prefix (CP) [1].
A correctly chosen CP elegantly turns severely frequency
selective channels into flat fading ones at subcarrier level,
enabling very simple subcarrier-wise equalization (one com-
plex coefficient per subcarrier). OFDM has become the MC
technique of choice in a number of communication systems,
including emerging cellular standards such as WiMAX [2]
(based on the IEEE 802.16e [3] standard) and E-UTRA
LTE (Evolved UMTS Terrestrial Radio Access Long Term
Evolution) [4]. These two exploit the flexibility of OFDM to
also provide multiple access in time and frequency through
orthogonal frequency division multiple access(OFDMA).

Filter bank based multicarrier (FBMC) modulation can
be considered an evolved OFDM due to the advantages
it presents and also because it can easily be implemented
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building on the core blocks of OFDM, that is, the IFFT/FFT
pair [5]. The filter banks (FBs) display the following two
highly desirable properties. Firstly, their subchannels can
be optimally designed in the frequency domain to have
desired spectral containment [6]. Secondly, FBMC systems
do not make use of the CP, which is pure redundancy,
enabling a more efficient use of channel resources. Basically,
the subchannel filters are designed with the Nyquist pulse
shaping principle, which means that the consecutive symbol
waveforms are overlapping in time. Compared to OFDM,
where the adjacent subbands are only attenuated 13 dB,
the excellent spectral containment allowed by the FBs is
crucial for avoiding distortion from asynchronous signals in
adjacent bands. Further savings in spectral resources appear
at the edges of the transmission band, where ideally only one
subchannel can be used as guard band to the next transmis-
sion band. An OFDM system with slowly decaying sidelobes
would need more subbands or very sharp additional filtering
to provide similar attenuation outside the transmission band.
In the context of cognitive radio [7, 8], where a secondary
user scans the spectrum assigned to primary users for a trans-
mission opportunity (spectral sensing), the high spectral
definition of FBMC is especially valuable. The performance
of Haykin’s method of choice for radio scene analysis, the
multitaper method [9], can be well approximated using FBs
with greatly reduced complexity [10].

In order to synchronize and equalize the channel, there
are methods to perform timing, frequency offset and channel
estimation. In the MC context, timing estimation involves
locating the start of a transmission burst, finding the first
multicarrier symbol, and estimating the fractional time delay
(FTD), which is a fraction of the multicarrier symbol period.
Since OFDM is the most widespread MC technique, many
methods for synchronization and channel estimation can be
found for it. They are based on scattered pilots and training
sequences [11, 12], on exploiting the redundancy of the
CP [13] or even blind methods that do not make use of
overheads in the signal [12].

Due to the different nature of the FB waveforms,
some of the OFDM methods can be applied to FBMC
and others, such as the CP-based ones, cannot. Although
there exist preamble based [14], training sequence based
[15] and blind [16] approaches, we focus our interest
here towards scattered-pilot-based approaches. However,
when using efficient filter bank implementations, as for
example the FBMC/OQAM (offset quadrature amplitude
modulation) [5], the application of scattered pilots is not
as straightforward as in OFDM due to the complementary
interference that a low-rate symbol suffers from adjacent
symbols in time and frequency. This has motivated different
proposals for generating pilots [17, 18] compatible with
the filter bank class of interest. In this paper, we build our
synchronization and channel estimation subsystem based on
pilots and auxiliary pilots [19] similarly to [18] because of
good estimation performance.

Here it is interesting to mention that the authors of [20]
also present an approach to perform full synchronization
in both FBMC/OQAM and OFDM/QAM systems based
on scattered pilots. However, in that publication the time

domain properties of the regularly scattered pilots are
exploited and synchronization takes place in the time domain
instead of subcarrier-wise, as is our goal in this paper.
Both approaches complement each other and could be used
together, for example, for performing coarse acquisition and
fine tuning or to improve their respective performances.

In order to obtain results of practical relevance, we
develop a testbed system that aims to maintain a certain
resemblance and even compatibility up to a degree with
the WiMAX profile. Also the channel model and distortion
parameters are chosen to be typical of WiMAX commu-
nications. We use rather basic synchronization parameter
estimation, and compensation methods, many of which are
known from the literature in the OFDM context, and adapt
them to the FBMC/OQAM system model. Our focus is
on understanding the interplay of different synchronization
and channel equalization functions. We also explore the
possibilities to enhance the overall performance by iterating
the estimation and compensation tasks. It is important to
underline, that all the necessary synchronization, channel
estimation and equalization operations take place after the
analysis bank at the receiver, at the low sampling rate. This
makes it possible to utilize the filter bank itself for efficient
implementation of the needed frequency channelization
selectivity for all signal processing functions. Further, the
channelization can be done in a dynamically adjustable
manner, efficiently suppressing immediately adjacent and
even (narrow) in-band interference components.

The paper is structured as follows: first, we review the
concept of efficient filter bank based multicarrier communi-
cations. In Section 2, we describe how to implement the filter
banks and perform efficient subchannel-wise equalization. In
Section 3, we first discuss the synchronization requirements
in spectrally agile radios. Then we present the method for
obtaining pilots for FBMC/OQAM and study the effect of
the channel distortions on these pilots. In the end of this
section, we present solutions for correcting the distortions,
including a novel, iterative interference canceling, joint FTD,
and channel estimating algorithm. In Section 4, we introduce
the design of the WiMAX-like simulation testbed based on
FBMC. Section 5 presents the estimation and correction
performance of the studied methods. Finally, Section 6 draws
the conclusions from this research.

2. FBMC and Efficient
Subchannel-Wise Equalization

2.1. Filter Bank Based Multicarrier Communications. Expo-
nentially modulated filter banks (EMFB) [21], modified DFT
(MDFT) filter banks [22], and OFDM with offset QAM
(OFDM/OQAM or FBMC/OQAM) [5], among others, are
complex filter bank structures that can produce complex I/Q
baseband signals for transmission, making them suitable for
FBMC systems in spectrally efficient radio communications.
In FBMC communications, the filter banks are used in
the transmultiplexer (TMUX) configuration [23], with the
synthesis filter bank (SFB) in the transmitter and the
analysis filter bank (AFB) in the receiver. Figure 1 shows
the filter banks in this configuration as fundamental part
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Figure 1: (a) Synthesis and (b) analysis filter banks for complex FBMC transmultiplexer (TMUX) with per-subchannel processing.

of a complete FBMC/OQAM transmission/reception system.
This FB technique builds on uniform modulated filter banks
[23], in which a prototype filter p[m] of length Lp is shifted
in frequency to generate subbands which cover the whole
system bandwidth. The output of such a synthesis filter bank
can be expressed by

s[m]

=
M−1∑
k=0

∞∑
n=−∞

dk,nθk,np
[
m− nM

2

]
e j(2π/M)k(m−n(M/2)−((Lp−1)/2)),

(1)

where

θk,n = e j(π/2)(k+n) = jk+n, (2)

m is the sample index at the output of the SFB (at high rate),
M is the number of subchannels in the filter bank, and dk,n

are the real-valued data symbols in subchannel k, transmitted
at a rate 2/T . The signaling interval is defined as T = 1/Δ f ,
where Δ f is the subcarrier spacing. The pair of symbols
dk,n and dk,n+1 can be interpreted as carrying the in-phase
and quadrature information of a complex-valued symbol
transmitted at rate 1/T . Therefore, the filter bank presented
in Figure 1 is critically sampled. The “C2Rk”-blocks indicate
the conversion into real-valued data from the real and
imaginary parts of the complex-valued input symbols ck,n

and can be considered as introducing upsampling by 2.
“R2Ck” carries out the inverse operation after the AFB in
the receiver, effectively downsampling the signal by 2. In
FBMC/OQAM, ck,n belongs to a QAM alphabet and the real
and imaginary parts are interleaved with a relative time offset

of T/2 (hence offset QAM) and C2Rk performs the following
mapping:

dk,2n =
⎧⎨⎩Re

[
ck,n

]
, k even

Im
[
ck,n

]
, k odd,

(3)

dk,2n+1 =
⎧⎨⎩Im

[
ck,n

]
, k even

Re
[
ck,n

]
, k odd.

(4)

Note that the signs of the sequences in (2)–(4) could be
chosen arbitrarily, but the pattern of real and imaginary
symbols after multiplication by θk,n has to follow the above
definitions to maintain orthogonality [5].

This type of filter bank pairs can be efficiently imple-
mented using FFT and IFFT of size M aided by polyphase
filtering structures. The different parts of the polyphase SFB
structure of Figure 1(a) can be better identified by noting
that ak[m] = p[m + kM] and rewriting (1) as

s[m] =
M−1∑
k=0

∞∑
n=−∞

dk,nθk,nβk,np
[
m− nM

2

]
e j(2π/M)km, (5)

where

βk,n = (−1)kn · e− j(2πk/M)((Lp−1)/2). (6)

Here, the factor (−1)kn centers the low-rate output signal of
each subchannel k of the analysis filter bank around DC.

The synthesis and analysis banks in Figure 1, between
the OQAM modulation and the subchannel processing parts,
respectively, can also be understood from the classical FB pre-
sentation: each subchannel k with its own up/downsampling
and subchannel filters. The synthesis/analysis subchannel
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filters are, respectively, obtained from the prototype filter
p[m] as

gk[m] = p[m]e j(2π/M)k(m−(Lp−1)/2),

fk[m] = g∗k
[
Lp − 1−m

]
,

(7)

where m = 0, 1, . . . ,Lp − 1 and (·)∗ indicates complex
conjugation.

Further, the length Lp of the prototype filter p[m]
depends on the size of the filter bank and the integer
overlapping factor K as Lp = KM, where the factor K
indicates the number of FBMC/OQAM symbol waveforms
that overlap in time. In [24], other lengths of the prototype
filter, close to Lp = KM, are explored. High values for K
allow more freedom in designing the prototype filter, for
example to achieve very high stopband attenuation. On the
other hand, it increases the time required for processing each
symbol. The prototype filter p[m] can be designed in such
a way that the filter bank pair yields perfect reconstruction
(PR) of the transmitted data in case of an ideal channel,
that is, the received data sequence d̃k,n equals the transmitted
data dk,n (except for the FB processing delay), if there
is no additional processing involved. Methods to design
PR prototype filters can be found in [25]. However, in
practical communication systems, the channel will always
introduce some distortion to the signal. Therefore, the design
constraints can be somewhat relaxed and the prototype can
be optimized to achieve nearly PR (NPR). The trade-off,
when comparing with PR designs, is that for prototype filters
of the same length, NPR designs can achieve higher stopband
attenuations, or with fixed stopband attenuations, the NPR
prototype filter can be shorter. This happens at the cost of
allowing some marginal intersymbol (ISI) and intercarrier
(ICI) interference from the filter bank, well under the noise
level of the communication channel.

The NPR prototype can be designed using, among
others, window-based techniques [26] or the frequency
sampling approach [27, 28]. In the studies described here,
the prototype is obtained using the latter method, in which
the filter impulse response is obtained by the inverse Fourier
transform of the desired frequency response at certain fre-
quency locations. The design of such an NPR prototype filter
under different optimization criteria has been addressed in
[24].

2.2. Subchannel-Wise Equalization in FBMC. In OFDM,
as long as the channel delay spread and the possible
synchronization errors remain within the cyclic prefix time,
equalization can simply be done with a complex coefficient
multiplication at subcarrier level. This approach is also
applicable to FBMC, if the ratio of channel delay spread
in samples and number of subchannels is sufficiently low,
since the frequency variation within a subchannel is then
small enough that it can be considered flat fading. But
as this is not the general case, more effective channel
equalization methods have been developed for FBMC. The
single complex coefficient is usually considered when the
FB waveforms are well localized in time and frequency

domains to limit the effect on consecutive symbols and
neighboring subchannels [5, 29, 30]. Longer finite impulse
response (FIR) filters as subcarrier equalizers with cross-
connections between the adjacent subchannels to cancel the
ICI are studied in [31, 32]. To avoid the cross-connections
between subchannels, an oversampled receiver filter bank
structure with per-subcarrier FIR equalizers can restore the
orthogonality of the subcarrier waveforms. This approach
is followed in [33–37] and more recently with MMSE
equalizers explicitly for FBMC/OQAM in [38].

The authors of this paper have worked on a low-
complexity, subcarrier-wise FBMC equalizer using over-
sampled subcarrier signals [39, 40]. The equalizers were
considered earlier for the exponential modulation type of
filter banks, which are basically a generalization of the
sine and cosine modulated filter banks to complex-valued
signals. Nevertheless, these equalizers can readily be applied
to FBMC/OQAM receivers by noting that now the filter bank
is even stacked, as compared to the odd stacking of the
EMFB-based system. We base the equalization in the current
study on this approach because it yields good equalization
performance with practical channels and subcarrier spacings
of up to 100 kHz, which is more than enough for the
WiMAX-like system under consideration.

The working principle is based on frequency sampling:
assuming a roll-off factor of the prototype filter α = 1 or
smaller, each subchannel overlaps only with the immediately
neighboring subchannels. At the oversampled part of the
receiver bank, before taking the real part of the subcarrier
signals, the equalizer can perform equalization at a number
of frequency points according to its complexity. For example,
if the equalizer is a 3-tap complex FIR filter, 3 frequency
points within the subchannel can be completely equalized,
according to the zero-forcing (ZF) or the mean squared error
(MSE) criterion. With the filter bank structure in Figure 1,
all the subchannels alias to frequencies centered around DC,
and a straightforward choice is to equalize at DC and at
±π/2, that is, the center of the subchannel and the passband
edge frequencies, respectively. Also other frequencies can be
used, as well as longer filters, but the described solution is the
computationally least demanding.

In the 3-tap complex FIR equalizer of subchannel k at
time n with (noncausal) transfer function

Wk,n(z) = w(−1)
k,n z +w(0)

k,n +w(1)
k,nz

−1, (8)

the filter coefficientsw(d)
k,n , with d = −1, 0, 1, can be tuned in a

way that the filter achieves at the mentioned frequency points
the following target values:

χ(i)
k,n = γ

(
H(i)
k,n

)∗
∣∣∣H(i)

k,n

∣∣∣2
+ ξ

. (9)

Here, i ∈ {0, 1, 2}, where i = 0 corresponds to the lower
subband edge, i = 1 to the subband center, and i = 2 to the

upper subband edge frequency. H(i)
k,n is the channel frequency

response in subchannel k and time n at frequency position
given by i, and γ and ξ are scaling factors. If the equalizer
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applies the ZF criterion, ξ = 0 and γ = 1. In the MSE case, ξ
is the noise-to-signal power ratio and the choice of

γ = 3∑2
i=0

(∣∣∣H(i)
k,n

∣∣∣2
/
(∣∣∣H(i)

k,n

∣∣∣2
+ ξ
))

(10)

removes the bias of the MSE solution.
Taking into account these assumptions, the equalizer

coefficients can readily be derived from the target values in
(9) above as [39]

w(−1)
k,n = −χ(0)

k,n

(
1− j

)
+ 2χ(1)

k,n − χ(2)
k,n

(
1 + j

)
4

,

w(0)
k,n =

χ(0)
k,n + χ(2)

k,n

2
,

w(1)
k,n =

−χ(0)
k,n

(
1 + j

)
+ 2χ(1)

k,n − χ(2)
k,n

(
1− j

)
4

.

(11)

Furthermore, it is worth mentioning here that this equalizer
can perform also limited FTD and CFO correction in
addition to channel equalization, as will be discussed in the
next section.

3. Pilot-Based Synchronization in FBMC

3.1. Synchronization in Spectrally Agile Radios. Traditional
wireless communication systems are characterized by dedi-
cated frequency bands and well-defined frequency channels.
After analog and digital receiver front-ends, the signal con-
tains only the transmissions allocated to that channel, which
have well-controlled dynamics under the radio resource
management functionalities of the wireless network.

The scarcity of frequency spectrum which can be used
in wireless communications is a significant factor that has
given raise to the concepts of flexible dynamic spectrum use
and cognitive radio. In this context, the used frequency band
is not anymore dedicated to a specific service and specific
waveforms. The band cannot be expected anymore to be
free of other waveforms, the utilized frequency spectrum
may be noncontiguous, and the dynamics of signal power
levels are not well-controlled anymore. This calls for efficient
means to dynamically separate the used portions of the
frequency spectrum from other portions that are considered
interference. Filter banks are ideal for this purpose. It should
be noted that in OFDM, the plain FFT processing does
not provide effective filtering to signal elements that are
not synchronized to the CP structure, and the frequency
channelization selectivity has to be implemented in the
analog and digital front-end.

As for the synchronization functionalities in case of
spectrally agile radios, it is clear that synchronization param-
eter estimation cannot be implemented in time domain
before major part of the selectivity is implemented and
strong interferers are suppressed. As the filter bank itself
can be used effectively for implementing the selectivity,
the feasibility of time domain synchronization becomes
questionable. Therefore, in the context of cognitive radio,

there is a strong motivation to develop synchronization
methods which are operating in frequency domain, utilizing
the subchannel signals only. However, for compensation of
coarse synchronization errors, time domain methods are still
favorable. In the following discussion, it is assumed that
coarse timing and frequency offsets have been compensated
in time domain. The required accuracy of coarse CFO and
FTD estimates is an outcome of this study.

The primary use of these methods is for channel tracking.
In normal tracking mode, with continuous flow of data
packets, only small CFO and FTD values are expected,
and it is enough to use only the estimation algorithms in
conjunction with basic time domain compensation methods
and some filtering to reduce the random variations of
block-wise estimates. However, in advanced packet-based
radio interfaces, there can be long gaps in the packet flow,
especially when the terminal is in idle mode. This may
result in significant drift of the CFO and FTD values, and
it is advantageous to be able to compensate significant
synchronization errors right away for the first received data
packet.

For initial synchronization, the developed scheme could
be a part of a search procedure, where different coarse CFO
and FTD values are tested until synchronization can be
established.

3.2. Signal Models. In order to perform channel equalization
and synchronization with the presented equalizer, it has to be
fed with channel estimates that provide information about
the channel state and the possible synchronization errors. In
this paper, we study only the effect of a linear multipath chan-
nel with additive white Gaussian noise (AWGN), fractional
time delay, and carrier frequency offset. In this scenario, the
baseband signal model at the receiver input can be expressed
as

r(t) = (s(t)� h(t, τ)� δ(t − τFTDT))e j2π(ε/T)t + η(t),
(12)

where � represents the convolution operation, s(t) is the
continuous time version of (1) (or (5)), h(t, τ) is the time-
varying transmission channel, and δ is the Dirac delta.
Moreover, τFTD is the fractional time delay as a fraction of
the signalling interval T , ε is the CFO as a fraction of the
subcarrier spacingΔ f , and η(t) is complex valued AWGN. At
the receiver, r(t) is sampled at Ts = T/M into r[m] and then
passes the analysis bank. Before the subchannel processing
stage (estimation and synchronization/equalization in our
case), the kth subchannel sequence yk,n can be expressed as

yk,n =
[
r[m]� fk[m]

]
↓M/2 =

M−1∑
i=0

vi,n � qi,k,n + ηk,n, (13)

where

qi,k,n

=
[((
gi[m]�h[n,m]�δ

[
m−τFTD

T

Ts

])
e j2π(ε/M)m

)
�f k[m]

]
↓M/2

.

(14)
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Table 1: Interference weights for data surrounding the symbol in the center of the table

n = −4 n = −3 n = −2 n = −1 n = 0 n = 1 n = 2 n = 3 n = 4
k = −2 0 0.0006 −0.0001 0 0 0 −0.0001 0.0006 0
k = −1 0.0054 j0.0429 −0.1250 −j0.2058 0.2393 j0.2058 −0.1250 −j0.0429 0.0054
k = 0 0 −0.0668 0.0002 0.5644 1 0.5644 0.0002 −0.0668 0
k = 1 0.0054 −j0.0429 −0.1250 j0.2058 0.2393 −j0.2058 −0.1250 j0.0429 0.0054
k = 2 0 0.0006 −0.0001 0 0 0 −0.0001 0.0006 0

Above, qi,k,n is the subchannel-dependent 2-dimensional
impulse response, including the channel effects, from sub-
channel i to subchannel k, and (see Figure 1)

vi,n = θi,ndi,n. (15)

The discrete-time time varying channel is h[n,m], the delay
τFTD(T/Ts) = τFTDM is assumed in this paper to be an integer
number of samples, for simplicity, and ↓M/2 represents the
downsampling by M/2 of the preceding expression. The
sampled and filtered noise is ηk,n.

In an FB system with a sufficiently frequency selective
prototype filter and roll-off α ≤ 1, only adjacent subchannels
overlap and have an effect on subchannel k of interest.
This implies that the sum in (13), which is basically a 2-
dimensional convolution, can be limited to run from i = k−1
to i = k + 1:

yk,n =
k+1∑
i=k−1

vi,n � qi,k,n + ηk,n. (16)

This also assumes a reasonably small frequency offset ε, in
which case the overlaps with subchannels i = k ± 2 remain
limited.

3.3. Pilots for FBMC. In a multicarrier system with sufficient
number of subcarriers, it is just intuitive to obtain infor-
mation about a doubly selective (in frequency and time)
transmission channel by sampling it in frequency and time
directions at certain intervals. The samples are obtained
by known data symbols (pilots) that are transmitted at
given time and frequency locations and from which the
channel information at these locations is recovered. This
information is extended to cover the whole signal domain by
interpolating between the pilots. In OFDM the application
and exploitation of the pilots is straightforward: the channel
state in subchannel k at time instant n is just the received
symbol divided by the transmitted symbol (this implies
ignoring the additive noise). In efficient modulated filter
banks it is not that simple, as a closer look into (14) reveals.
Indeed, if we first remove all the channel effects in that
equation, that is, τFTD = 0, ε = 0, and h[n,m] = δ[n], qi,k,n

becomes the time- and frequency invariant 2-dimensional
impulse response of the TMUX, relating vi,n with yk,n (or
equivalently di,n with the received kth subchannel signal

before the operation of taking its real part, ỹk,n). In this case,
(16) can be expressed as

yk,n =
k+1∑
i=k−1

∞∑
l=−∞

vi,lqi,k,n−l + ηk,n

= vk,n +
k+1∑
i=k−1

∞∑
l=−∞

(i,l) /= (k,n)

vi,lqi,k,n−l + ηk,n.

(17)

Equivalently, we can write

ỹk,n = θ∗k,nyk,n

= θ∗k,nvk,n + θ∗k,n

k+1∑
i=k−1

∞∑
l=−∞

(i,l) /= (k,n)

vi,lqi,k,n−l + θ∗k,nηk,n

= dk,n +
k+1∑
i=k−1

∞∑
l=−∞

(i,l) /= (k,n)

ji−kdi,lqi,k,n−l + θ∗k,nηk,n

(18)

= dk,n +
(
ηNPR
k,n + juk,n

)
+ θ∗k,nηk,n. (19)

The elements ηNPR
k,n and uk,n within the parentheses of (19)

are obtained by, respectively, taking the real and imaginary
part of the summation term in (18). They can be considered
interference on the desired symbol dk,n. Now, even in a
PR TMUX, in which the real-valued term ηNPR

k,n = 0, the
imaginary-valued interference juk,n does not add up to 0.
The orthogonality is only obtained after taking the real
part, that is, this interference summation has only imaginary
values [5]. In an NPR design, ηNPR

k,n is a small real-valued
contribution, generally well below the level of ηk,n, and will
be ignored from now on. Another property of the imaginary-
valued interference juk,n is that it is time-varying, since it
depends on the data in the adjacent channels and on the
symbols preceding and following dk,n.

For simplicity of notation, we define the noncausal
TMUX response at subchannel k and instant n as tk,n. It
is assumed that it is normalized at k = 0 and n = 0
as t0,0 = 1. Table 1 presents the interference weights that
multiply neighboring symbols in the case of an NPR
prototype designed with the frequency sampling method in
[28] and with an overlapping factor K = 4. Thus, we obtain
at the location (k0,n0) of interest

ỹk0,n0 = θ∗k0,n0
yk0,n0 = dk0,n0 + juk0,n0 + ηk0,n0 , (20)
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where the imaginary interference is

uk0,n0 =
∑

(k,n)∈Ωk0,n0

dk,nt̂k0−k,n0−n, (21)

with

t̂k,n = Im
[
θ∗k,ntk,n

]
(22)

and Ωk0,n0 is the set of subcarrier and time indices that are
considered to contribute to the interference on the symbol at
(k0,n0). Without channel distortions, t and q are related as
qi,k,n = tk−i,n.

Table 1 shows that the interference from subchannels not
adjacent to the subchannel of interest have negligible effect
and that in time direction the interference goes K symbols
from the symbol of interest in both directions. With this
design, the residual distortion on the real part is less than
−65 dB compared to the actual data.

It is clear that a pilot located at subcarrier kp and time
np cannot be immediately recovered even if the channel at
that subcarrier is a simple complex coefficient Hkp ,np (flat
fading), because the pilot information and the complex-
valued, time-varying, and data-dependent interference will
be mixed by the channel. In the following paragraphs we
describe the method we use to handle the described complex-
valued interference in order to make pilot-based channel
sampling feasible and briefly point out several alternative
approaches. The interested reader is referred to the cited
references for detailed description of the methods. We first
consider a channel with neither FTD nor CFO.

3.3.1. Auxiliary Pilots. This approach is based on an elegant
idea presented in [18] utilizing an auxiliary pilot located at
ka,na adjacently to the pilot kp,np and which cancels the
interference ukp ,np of (21). The advantage of eliminating the
interference is that the pilots can be used at the receiver in a
similar fashion as OFDM pilots are used; the estimate of the
channel at the pilot location is

Ĥkp ,np =
θ∗kp ,np ykp ,np

dkp ,np
, (23)

assuming that the channel is constant over the whole
subchannel bandwidth. The auxiliary pilot is indeed one
element of the sum (21) and has to be calculated on-
line with data transmission every time a pilot is inserted
since the interference terms vary with the data. In [18], the
auxiliary pilot is chosen to cancel the interference from the
8 surrounding symbols. This is a good approximation in
well time-frequency localized prototype filters, such as the
ones based on the isotropic orthogonal transform algorithm
(IOTA) function [29]. Here we chose to include more terms
in the calculation of the interference because also symbols
located further away can add significant interference. The
auxiliary pilot that cancels the imaginary interference can be
calculated as

dka ,na = −
1

t̂kp−ka ,np−na

∑
(k,n)∈Ωkp ,np

(k,n) /= (kp ,np)
(k,n) /= (ka,na)

dk,nt̂kp−k,np−n.
(24)

In typical filter bank designs it is wise to locate the
auxiliary pilot immediately preceding or following the pilot,
that is, na = np − 1 or na = np + 1. This way, the
absolute value of the denominator t̂kp−ka ,np−na is maximized
(see Table 1) and the magnitude of the auxiliary pilot is
minimized on the average, wasting less transmission energy
on the pilot/auxiliary pilot pair and preventing possible
strong effects on the peak-to-average-power ratio (PAPR)
due to excessively strong auxiliary pilots. As an example,
with the prototype filter presented above, it is sensible to
use the shaded area of Table 1 for the computation of the
interference and the auxiliary pilot. This leaves the residual
imaginary interference below −38 dB level with respect to
the data. Further, if the auxiliary pilot is chosen to precede
or succeed the pilot, then the auxiliary pilot power is on
the average 3.3 dB stronger than the data surrounding the
pilot/auxiliary pilot pair. Note that the use of two real-valued
symbols as pilots does not mean a penalty in overhead with
respect to OFDM, since there the pilot is complex-valued.

3.3.2. Alternative Pilot Techniques for Channel Estimation.
The pair of real pilots (POP) [17] method also uses two
consecutive OQAM subsymbols to send known pilots, in the
simplest case, similar pilots. Ignoring the noise and assuming
that the channel remains unchanged during both subsym-
bols, an equation system yields the equalizer coefficient (the
same for both pilots) that restores the pilots to their original
phase. Its inverse is the estimate for the channel at the
positions of the POP. This method places the computational
complexity on the receiver part and has the advantage that
it is independent from the prototype filter design, since the
interference term is not used explicitly in the equations.
However, if the noise is not negligible, it will be enhanced
in a random fashion, depending on the data surrounding
the pilots, which makes the performance unpredictable and
generally worse.

The authors of [17] present also the interference approx-
imation method (IAM). The philosophy here is that most of
the symbols surrounding the pilot in time and frequency are
fixed and known at the receiver. In this case, the interference
ukp ,np can be approximatively calculated with (21), which

leads to the estimate Ĥkp ,np = θ∗kp ,np ykp ,np /(dkp ,np + jukp ,np).
The more symbols in the shaded area of Table 1 are fixed,
the better is the approximation of ukp ,np . Unfortunately,
this approach leads to an unacceptable overhead if a good
approximation of the interference, necessary for accurate
channel estimates, is desired. Therefore, it is practical only
in situations in which pilots are packed closely together,
for example, in preambles, where the fixed symbols can be
simultaneously utilized by nearby located pilots.

More sophisticated methods for scattered-pilot-based
channel estimation in FBMC/OQAM are presented in [41].
By means of an orthonormal transformation of the data
around the pilot, the imaginary-valued term can be nulled
while avoiding the need of an auxiliary pilot with increased
power. Nevertheless, it is still necessary to fix one of the
surrounding symbols, which cannot be used for data trans-
mission. Another approach in [41, 42] consists of iteratively
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approximating ukp ,np at the receiver with help of the demod-
ulated data. At first, it is considered that ukp ,np = 0, and the
channel is estimated based on this assumption. The equal-
ization and detection then yield estimates of the data sur-
rounding the pilot, which, in turn, permit calculating a better
estimate of ukp ,np . This technique converges in 3-4 iterations.

The methods presented above provide a way of sampling
the time-varying frequency response of the transmission
channel. The estimates required at the remaining subchan-
nels and time-instants can be obtained by interpolating
between the estimates obtained at the pilot locations.
Note that for the 3-tap subcarrier equalizer presented in
Section 2.2, the interpolation has to return estimates not
only at the center frequencies of the subcarriers, but also
at the subband edges in the middle of those frequencies.
Studying how improved interpolation techniques [12] affect
the FBMC channel estimation performance is an interesting
research subject but goes beyond the scope of this paper.

3.4. Timing Estimation and Correction. Assuming that the
coarse location of a transmission frame is obtained by other
means, the effect of not synchronizing exactly with the MC
symbols, hence introducing a fractional time delay, can be
understood with help of (14). In the frequency domain we
can write

Qi,k

(
e jω
)

=
[((

Gi

(
e jω
)
Hn

(
e jω
)
e− jωτFTDM

)
�δ(ω−2πε)

)
Fk
(
e jω
)]
↓M/2

=
[(
Gi

(
e j(ω−2πε)

)
Hn

(
e j(ω−2πε)

)
e− j(ω−2πε)τFTDM

)
Fk
(
e jω
)]
↓M/2

=
[
Gi

(
e j(ω−2πε)

)
Hn

(
e j(ω−2πε)

)
Fk
(
e jω
)
e− j(ω−2πε)τFTDM

]
↓M/2,

(25)

which shows that FTD introduces a phase term that linearly
varies with the frequency. This frequency-dependent phase
term destroys the orthogonality of the subchannels and
causes the appearance of ICI.

For estimation purposes, let us first assume that there is
neither channel distortion nor CFO present. In this case, (16)
can be approximated as

yk,n � e− j2πkτFTD

k+1∑
i=k−1

vi,n � ti−k,ne
j2πτFTD((k−i)/2) + ηk,n, (26)

where the term e± j2πτFTD(1/2) at i = k − 1 and i = k + 1,
respectively, causes the interference uk,n not to be purely
imaginary anymore (after compensation of the common
phase rotation e− j2πkτFTD and multiplication by θ∗k,n), hence
causing ICI. However, from (26) it seems straightforward to
estimate the FTD from a transmitted pilot at kp,np, allowing
for some uncertainty caused by the ICI. In practice, the
estimate is obtained from the phase difference between two
pilots separated by Δk subcarriers, since the signal can have

a constant random phase rotation that is eliminated when
calculating the phase difference. Thus,

τ̂FTD =
∠
(
ỹkp ,np

)
−∠

(
ỹkp+Δk,np

)
2πΔk

=
∠
(
ykp ,np

)
−∠

(
ykp+Δk,np

)
+ Δk(π/2)

2πΔk
,

(27)

where ∠(·) is the phase of (·) and Δk(π/2) comes from the
θk,n that relate ỹk,n and yk,n. This result limits the carrier
separation for the pilots, if unambiguous phase differences
are to be calculated. The phase difference remains below π if
τFTDΔk < 1/2. For example, if pilot subcarriers are separated
by Δk = 10, only a delay of ±�M/20	 samples (�·	 rounds to
the closest smaller integer) can be estimated without phase
ambiguity.

The estimate can be improved by averaging techniques
such as least squares linear curve fitting over all pilot pairs
that are sufficiently closely placed within a frame. In case
of CFO, consecutive symbols within a subcarrier are rotated
with respect to each other, as will soon be discussed, forcing
the averaging to be independently done over the subchannels
for every MC symbol time. The CFO additionally increases
the additive distortion. Finally, in presence of the trans-
mission channel, the (flat-fading) channel coefficient within
the subchannel of interest also multiplies the transmitted
signal, introducing additional rotation. Since in general
this rotation is different at different subcarriers, it would
be expected that this method cannot be used anymore
with practical transmission channels. Nevertheless, if the
effect of the FTD on the phase is predominant, the phase
difference introduced by the channel coefficients will add
up as noise at the end. Consequently, we can consider
∠(Hkp+Δk,np) = ∠(Hkp ,np) + 2πΔkτFTD + ηϕ, where ηϕ is an
additive phase term, which depends on how much the
channel is correlated in frequency direction at the pilot
distance. Again, averaging over a sufficient number of pilots
reduces the harmful effect of this additional phase term. In
general, the FTD estimation can be seen as a problem of
phase slope estimation over the active subcarriers.

To compensate for the FTD, an equalizer can be designed
to reverse the effect of the frequency-varying phase. The 3-
tap complex FIR equalizer presented in Section 2.2 is well
suited for performing this task simply by including the FTD
effect on the phase of the channel estimates at the subband
edges. When computing these estimates for all subcarriers
and time instants, the correct interpolation of the channel
from the estimates at the pilots is not a trivial problem in
the case of FTD due to the modulo 2π phase ambiguity. For
example, if amplitude and phase are interpolated separately,
in order to include the FTD estimation for compensating
the phase, 2π hops can result in a very unsmooth 2-D
channel interpolation. In our studies using very basic linear
interpolation we obtained the smoothest results by first
eliminating the phase slope from the center frequencies of
the pilots. Then, 2-D complex interpolation to obtain the
channel estimates for the data symbols both at the center and
edge frequencies is performed, and finally the phase slope is
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restored to the whole estimation matrix for final calculation
of the equalizer coefficients.

3.5. Joint FTD and Channel Estimation Based on Iterative
Interference Cancelation. The analysis above shows a clear
interplay between the quality of the estimates and the
presence of FTD and CFO. Therefore, it is desirable to apply
the information of the estimated synchronization parameters
to the estimated pilots in order to improve the quality of all
the pilot-based estimates. One way to achieve this is by jointly
estimating the subcarrier-wise channel coefficients and the
phase slope. Here, we present a new approach that utilizes the
FTD-induced linear phase slope within each pilot subcarrier.
We assume a simplified signal model, where the amplitude
response is assumed to be constant within each subchannel
and the phase is assumed to be a linear function of frequency.
This is motivated by the observation that, in many cases,
a 1-tap equalizer is able to equalize the channel quite well
in the absence of timing offsets. The joint channel-FTD
estimation includes two parts: estimation of the complex
channel coefficient for each pilot, and estimation of the phase
slope jointly for all pilots participating in the estimation
window ΩJE.

Simplifying the notation for the 1-tap equalizer coeffi-

cient at k,n in (11) as wk,n = w(0)
k,n, the FTD-compensating

target response of the 3-tap subcarrier equalizer presented in
Section 2.2 can be written as

Wk,n

(
e− j(π/2)

)
= wk,ne

jψ ,

Wk,n

(
e j0
)
= wk,n,

Wk,n

(
e j(π/2)

)
= wk,ne

− jψ ,

(28)

where the equalizer phase difference correction between the
subchannel center frequency and the edge is

ψ = −πτFTD. (29)

The subcarrier equalizer in the frequency sampling design
can now be written as

Wk,n(z) = [0.5(1− cos
(
ψ
)− sin

(
ψ
))
z + cos

(
ψ
)

+0.5
(
1− cos

(
ψ
)

+ sin
(
ψ
))
z−1]wk,n,

(30)

resulting in the following signal model for the subcarrier
equalizer output:

yk,n

(
ψ
) = cos

(
ψ
)
wk,nyk,n

+ 0.5
(
1− cos

(
ψ
)

+ sin
(
ψ
))
wk,nyk,n−1

+ 0.5
(
1− cos

(
ψ
)− sin

(
ψ
))
wk,nyk,n+1.

(31)

If small ψ is assumed we can approximate (31) as

yk,n

(
ψ
) � wk,nyk,n +

ψ

2
wk,n

(
yk,n−1 − yk,n+1

)
. (32)

This can be rewritten as

d̃k,n + jũk,n = θ∗k,nyk,n

(
ψ
)

� wk,nθ
∗
k,nyk,n +

ψ

2
wk,nθ

∗
k,n

(
yk,n−1 − yk,n+1

)
= wk,n ỹk,n + ψwk,nΔ̃yk,n,

(33)

where we define

Δ̃yk,n =
θ∗k,n

(
yk,n−1 − yk,n+1

)
2

. (34)

Using the auxiliary pilot scheme, for the pilot symbols the
ideal output is dk,n (the subindices (·)p are ignored here for
readability). Now, the channel equalization problem can be
formulated as{
ψ̂, ŵk,n

}
= arg min

ψ,wk,n

⎧⎨⎩ ∑
k,n∈ΩJE

∣∣∣dk,n −
(
wk,n ỹk,n + ψwk,nΔ̃yk,n

)∣∣∣2

⎫⎬⎭,

(35)

where ΩJE is the set of subcarrier symbols used in the joint
estimation. The idea is to adjust ψ andwk,n in such a way that
the difference between the equalizer output and the known
pilot dk,n is minimized in the least-squares sense. This is a
nonlinear optimization problem, which can be solved for
example by iterating the following two steps.

(1) Assuming that the phase slope is known from the
previous iteration (0 in the beginning), {wi

k,n} are

solved from pilots ỹk,n + ψi−1Δ̃yk,n. Note that here i
is the iteration index.

(2) Assuming that {wi
k,n} are known, the observation is a

linear function of ψ and the optimum ψ̂ can easily
be calculated with the derivative of the expression
in brackets in (35) with respect to ψ and setting the
result to 0, yielding

ψ̂ =
∑

k,n∈ΩJE
dk,n Re

[
wkΔ̃yk,n

]
− |wk|2 Re

[
ỹk,nΔ̃y

∗
k,n

]
∑

k,n∈ΩJE

∣∣∣wkΔ̃yk,n

∣∣∣2 ,

(36)

which, from (29), yields τ̂FTD = −ψ̂/π. Note that
wk is here the average of wk,n within subchannel k.
This process converges typically in 5–10 iterations,
depending on the FTD and ΩJE. Moreover, the
estimates ψ̂ are quite accurate even for higher values
of ψ, as will be seen in Section 5.

Since this method relies on iteratively canceling the
ICI, it will hereafter be referred to as iterative interference
cancelation (IIC) approach.
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3.6. CFO Estimation and Correction. The effect of carrier
frequency offset can be analyzed with help of (12), (14),
and (25). We observe that before the AFB, the complex
exponential that represents the frequency shift induces a
linearly time-varying phase rotation of 2π(ε/M) on con-
secutive high-rate samples. Recall that ε is the normalized
CFO with respect to the subcarrier separation Δ f . After the
receiver bank and downsampling by M/2, the phase rotation
between two consecutive symbols at rate 2/T is πε radians.
This leads to ISI from symbols in the same subchannel and
ICI from symbols in neighboring subchannels at earlier and
later time-instants (the neighboring symbols located at the
same timing instant have the same phase rotation as the
symbol under study, so they do not contribute to ICI, if only
CFO is present). The linearly time-varying phase rotation
is the property exploited in the forthcoming pilot-based
CFO estimation and permits also to implement the basic
compensation scheme.

A further effect of the CFO that can be deduced from
(25) is that the subchannel filter at the AFB is not frequency-
aligned with the corresponding subchannel filter at the SFB.
This distorts the effective impulse response of the synthesis-
analysis cascade by a factor

FCFO

(
e jω
)
=
P
(
e j(2ω/M+2πε/M)

)
P(e j2ω/M)

, (37)

where ω is the normalized angular frequency at subchannel
sample rate and P(e j2ω/M) is the prototype filter frequency
response in the filter bank design. In filter banks with linear-
phase channel filters in the analysis (and synthesis) filter
banks and in the zero-phase subchannel processing model,
only the magnitude of the distorting frequency response
is significant. The described distortion on the frequency
response for the prototype filter introduced above is shown
in Figure 2 for some selected CFO values.

Finally, there are some effects like aliasing effects close to
the subband edges and the appearance of distortion from the
subchannel located 2 subcarrier spacings away.

3.6.1. CFO Estimation. Based on the CFO effects described
above, pilot-based frequency offset estimation is straight-
forward. If a pilot at kp,np is followed by another one Δn
samples later at kp,np +Δn, the phase rotation between them
will cover Δϕ = πεΔn radians. This yields an estimate

ε̂ = Δϕ

πΔn

=
∠
(
ỹkp ,np

)
−∠

(
ỹkp ,np+Δn

)
πΔn

=
∠
(
ykp ,np

)
−∠

(
ykp ,np+Δn

)
+ Δn(π/2)

πΔn
,

(38)

where Δn(π/2) comes from the θk,n that relate ỹk,n and yk,n.
The performance of the estimation can be improved

by averaging over many pilots to reduce the effect of the
distortion. For example, if pilots are all separated by the same
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Figure 2: Subchannel frequency response distortion due to CFO for
normalized frequency offsets ε = 0.01, 0.05, 0.1, and 0.2.

number of samples, the following expression [43] can be
used for estimating the CFO, while simultaneously weighting
the subcarrier pilots according to their powers:

ε̂ =
∠
(∑

(k,n)∈ΩCFO
j−Δnyk,n+Δny

∗
k,n

)
πΔn

. (39)

This way, stronger subcarriers are favored over weaker ones.
Again the subindices (·)p indicating pilot locations are not
included in the equation for readability. Here, ΩCFO is the
set of pilot locations used for CFO estimation. Note that
the same problem of phase-ambiguity appears as in FTD
estimation when εΔn ≥ 1.

3.6.2. CFO Compensation. If the CFO is moderate, for
example, in CFO tracking scenarios, or the subchannel signal
modulation is robust, then the offset compensation can be
performed subchannel-wise, as sketched in Figure 3(a) with
the multiplication by the complex exponential sequence that
undoes the frequency shift: e− jπnε. The performance of this
CFO correction on a WiMAX-like FBMC system is presented
in [19], although there no other synchronization tasks are
considered. The frequency shifting correction will obviously
not recover the information leaked to the neighboring chan-
nel nor get rid of the distortion coming from 2 subchannels
away, since the frequency shift is circular when performed
at subchannel level. Further, the amplitude distortion due
to the subchannel filter misalignments, depicted in Figure 2,
is also ignored when shifting the signal back to its original
location subchannel-wise.

It is possible, however, to compensate for this amplitude
distortion in a simple way with the help of the 3-tap
equalizer presented above. Similarly as with the phase slope
in the presence of FTD, the low complexity equalizer can
approximatively correct the amplitude distortion given by
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r[m]

e j2πmε/M

fk[m] M/2

e− jπnε̂

wk[n]
x̂k,n

(a)

r[m]
e− j2πmε/M fk[m] M/2

e jπn(ε−ε̂)

wk[n]
x̂k,n

(b)

Figure 3: Subchannel receiver signal model in the presence of CFO,
with CFO compensation and subchannel equalization. (a) Basic
model. (b) Equivalent form.

(37). This is achieved by setting the desired target responses
to

Wk,n

(
e jω
)
= 1
FCFO(e jω)

, (40)

for ω = −π/2, 0,π/2.
Figure 3 presents the subchannel model with the effect

of the first two mentioned distortion types, which are pre-
dominating. It includes also the basic subchannel-wise CFO
correction that undoes the CFO phase rotation according to
the estimated frequency shift ε̂. In the equivalent model (b),
the effect of inaccurate CFO estimation is represented by the
residual frequency modulation e jπn(ε−ε̂).

When the frequency shift is too large, the degradation
of the signal advocates for time domain solutions for
correcting and possibly also for estimating the CFO. The
compensation performance degrades faster than the estima-
tion performance: At sufficiently high CFO, the subcarrier-
wise compensation cannot recover enough of the signal of
interest that has leaked to the neighboring subchannel and
eliminate the interference. This logically affects higher order
modulations most. However, since several pilots are used
for CFO estimation, it is possible that the CFO estimate
is still acceptable at the given CFO level. In this case,
CFO estimation may still be done at subcarrier level, but
compensation has to take place before the analysis filter bank.

It is also worth underlining that when multipath channel,
FTD and CFO concur in a communication link, the low-
complexity subband equalizer can compensate for the three
distortions at the desired frequency locations by combining
(multiplying) the target frequency responses needed for
correcting each of the estimated distortions.

3.7. Synchronization Scheme with Iteration. In order to
estimate and compensate the effect of CFO and FTD and
the interplay between these effects shown in (14) and
(25) we propose a receiver to jointly estimate and correct
the channel impairments subchannel-wise. First, the pilots
are recovered from the received signal and from them,
the CFO is estimated and the frequency shift is reverted.
Then, the synchronization block estimates the FTD and uses

the obtained information when interpolating the channel
between the pilots. Finally, at the equalization stage, the
channel estimates at the equalization frequency points are
weighted by the frequency-dependent amplitude distortion
caused by the CFO (Figure 2) and the 3-tap equalizer then
equalizes the signal. It is also possible to iterate this loop,
since the 3-tap equalizer is able to remove a lot of distortion
from the pilots, allowing for better estimates after the
iteration.

4. FBMC for WiMAX

Next we describe the parameters and adjustments required
for an FBMC communication system that aims to maintain
a certain degree of compatibility with WiMAX specifica-
tions. We have aimed to design a system taking as much
parameters from the mobile WiMAX specifications [2] and
the underlying 802.16e standard [3] as possible. For our
setup, we have selected the time division duplexing (TDD)
specification for the 10 MHz bandwidth at sampling rate
fs = 1/Ts = 11.2 MHz. With a transform size M = 1024, the
subcarrier spacing is Δ f = 10.94 kHz. The frame duration
of 5 ms allows for transmission of 47 OFDMA symbols
with the cyclic prefixes permitted in the specifications. If
the whole frame was to be used for a downlink (DL)
transmission, FBMC could fit 53 FBMC symbols in the same
time because of the absence of the CP. In a more realistic
scenario including the uplink (UL) subframe, one or two
FBMC symbols would have to be sacrificed for guard times
between the forward and reverse links. WiMAX provides for
different data configuration modes. Here, we observe two
of the possible configurations: the downlink partial usage
of subcarriers (DL-PUSC) and the adaptive modulation
and coding (AMC23). PUSC and AMC23 use 840 and 864
active consecutive subcarriers, respectively, and have a null
subcarrier at the center of the transmission band. Compared
to AMC23 in OFDMA without additional filtering, if an
attenuation of 40 dB outside the 10 MHz transmission band
is desired, the FBMC design with the prototype filter
presented above could transmit on around 50 additional
subcarriers thanks to its good spectral containment. The
configurations also define the size of the transmission slots
and how the pilots are located within the frame. Figure 4
shows these pilot configurations for the mentioned cases.
Here, each OFDMA symbol corresponds to two consecutive
subcarrier samples in the FBMC model.

The auxiliary pilot scheme introduced in Section 3.3.1
can directly be applied to the AMC23 pilot configuration.
However, if the auxiliary pilot is to be placed in the
advantageous position preceding or succeeding the actual
pilot, the proximity of the pilots in DL-PUSC poses a
computational problem. As shown in Figure 5, directly
allocating the pilot and auxiliary pilot fixes a previous
auxiliary pilot inside the range used for calculating the
complex interference needed for obtaining the auxiliary pilot
of interest. If the contribution of this previous auxiliary pilot
is not to be ignored, the calculation requires optimization
of the auxiliary pilots over the whole burst duration, taking
into account their interdependencies (basically, the first
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Figure 4: Pilot distribution in WiMAX (a) DL-PUSC and (b)
AMC23 configurations.
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Figure 5: Alternative pilot and data allocations for FBMC with DL-
PUSC-like pilot pattern. P: Pilot. A: Auxiliary Pilot.

auxiliary pilot would need to be calculated, then the next
one and so on successively). It is more practical to be able to
calculate the interference-nulling auxiliary pilots only from
the surrounding data. This can be achieved by switching the
positions of the pilot/auxiliary pilot pair every other pilot.
The lower part of Figure 5 shows this convenient allocation,
where the interference window extends only over data and a
known pilot.

5. Simulation Setup and Results

We have tested the filter bank based multicarrier system
with WiMAX-like parameters and using the synchronization
and channel equalization methods that have been described
above. The prototype filter is the NPR optimized design with
K = 4 described in Section 3.3. The FBMC signal is sent
through a quasistatic channel, if not indicated otherwise,
modeled according to the International Telecommunication
Union ITU-R Vehicular-A Channel guidelines [44]. This
means, that for the duration of a transmission burst, the
channel remains constant in time unless a certain mobility
is indicated. In this case, the fading varies with time
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Figure 6: Comparison between OFDM-based WiMAX and FBMC-
based WiMAX with 3-tap equalizers with respect to Eb/N0. 64-QAM
transmission with perfect channel information (PCI) and pilot-
based estimation in a quasistatic channel.

according to the mobile velocity. For each simulation, 3000
independent burst transmissions with independent channel
realizations are performed. The estimation of the synchro-
nization parameters and the channel state relies on scattered
pilots obtained with the auxiliary pilot technique. The
combined pilot/auxiliary pilot symbol is boosted on average
by 4.5 dB with respect to the data. The overall channel
response is obtained from the scattered channel estimates by
triangulation-based linear interpolation between the pilots.
It is important to note that all the processing is done
subcarrier-wise, after the AFB.

Extensive results presented in [45] justify favoring the
3-tap equalizer over the single tap solution. With perfect
synchronization in the Veh-A channel model, the differences
are hardly visible, but in channel models with longer delay
spreads and especially when correcting synchronization
errors, the performance advantage of the 3-tap equalizer is
overwhelming. With respect to the OFDM-based WiMAX,
Figure 6 shows the BER performance in the synchronized
case of FBMC and OFDM in a system with around 1000
subcarriers that transmit during a whole frame of 5 ms. The
OFDM pilots are boosted by 4.5 dB with respect to the data,
that is, by the same boost applied to the FBMC pilot/auxiliary
pilot pair. The obtained BER curves are quite similar. The
better performance of FBMC with perfect knowledge of the
channel (PCI) is due to the power that goes into the OFDM
CP of length 1/8 of the OFDM symbol [2]. This advantage
is almost completely used up when channel estimation takes
place because in OFDM all the pilot power is used but in
FBMC part of it is dedicated to the auxiliary pilot, which does
not contribute to the actual estimation.
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Figure 7: BER performance for different synchronization options
and equalization of a DL-PUSC zone consisting of 4 MC symbols
within Vehicular-A channel at Eb/N0 = 20 dB, 64-QAM modula-
tion.

In an actual communication system there are synchro-
nization mismatches, and a receiver has to be able to cope
with the joint effect of CFO and FTD. The approach detailed
above in Section 4, including the iteration of the synchro-
nization/equalization stage, is applied. In our simulations
we have concluded that the described synchronization and
equalization chain plus one iteration delivers nearly all the
improvement, since the differences in offset estimates with
additional iterations are marginal.

The first results in Figure 7 show the BER-performance of
the mentioned system with 64-QAM at Eb/N0 = 20 dB in a
quasistatic Vehicular-A channel. All the subcarriers are used,
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Figure 8: BER performance versus CFO and FTD for uplink
transmission of 16 × 8 and 4 × 2 AMC23 slots in Vehicular-A
channel at Eb/N0 = 20 dB using 64-QAM. Different synchronization
options.

and the pilots are in the DL-PUSC configuration, simulating
a downlink scenario. The transmitted burst consists of
4 FBMC symbols. Until otherwise mentioned, the FTD is
calculated through averaging the phase differences between
pilots. Figure 7(a) presents the BER results with changing
CFO for two fixed FTD values, while Figure 7(b) presents
the BER as a function of the FTD for two fixed CFO values.
These figures show a clear improvement in performance with
respect to CFO due to the CFO amplitude compensation.
Further, the iteration of the synchronization and equalization
stages also improves the BER, especially with respect to τFTD.
Because improvements in 4-QAM are not that visible (since
the modulation is very robust by itself), these results are not
shown here. Nevertheless, a slight improvement can still be
achieved.

Next, a situation similar to an uplink is tested. The pilots
are now placed according to the AMC23 configuration, as
in Figure 4(b), and the user sends its data in AMC23 slots,
each slot consisting of 18 consecutive subcarriers and 3 MC
symbols. Within each slot there are 6 pilot/auxiliary pilot
pairs, as can be seen from the figure. We have studied two
sizes for the transmitted bursts: 4× 2 and 16× 8 slots, where
the first number indicates the number of slots in frequency
direction and the second number in time direction. The
smaller burst includes 48 pilot/auxiliary pilot pairs, the larger
one has 768. We assume that other users are separated by the
required guard band and that they do not produce multiuser
interference.
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Figure 9: BER performance versus CFO and FTD for uplink
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WiMAX. FBMC Synchronization performed with CFO amplitude
compensation in the 3-tap equalizer and one synchronization
iteration.

Figures 8 and 9 present the BER performances for 64-
QAM and 4-QAM, respectively. The degradation that occurs
when using a smaller burst size can be observed. This is
due to the lower number of pilots available to perform
synchronization and estimation. We further see that the
range in which the synchronization is successful is much
smaller than in the downlink case, but this is mainly due
to the larger pilot separation. The effect of this is that the
phase ambiguity when estimating FTD or CFO appears for
τFTD between 0.05 to 0.1(T/2) and ε between 0.15 to 0.2Δ f
(at around ε = 0.17, because only every 6th symbol is a
pilot in time direction). Figure 9 also compares the BER
performance of an OFDM-based WiMAX system using the
same synchronization and estimation methods as its FBMC
counterpart. It occupies 16 × 8 AMC23 slots and the BER
results are similar to the FBMC case. The main difference
is that in the CFO axis the performance degradation
commences earlier. Due to the CP extension of the OFDM
symbols, effectively slightly “separating” the pilots in time,
the phase ambiguity appears approximately when ε = 0.14.
Further, Figure 10 shows the effects on the FBMC system
of user mobility and low SNR on the smaller burst with
robust subchannel modulation. The performance is barely
affected at this speed and only when the CFO approaches
the nonambiguity limit the difference becomes visible. On
the other hand, the stronger noise is evidently worsening the
BER, but still allowing for a certain synchronization range.
The following simulation results prove this by taking a closer
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Figure 10: BER performance versus CFO and FTD for uplink
transmission of 4 × 2 AMC23 slots in Vehicular-A channel at
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user with 60 km/h mobility. Synchronization with CFO amplitude
distortion correction and one iteration.

look at the estimation performance of the synchronization
parameters.

The CFO estimator performance is evaluated with help
of the root mean square (RMS) error with respect to the
actual CFO. The RMS error of the previously presented
simulation scenarios is shown for a fixed τFTD = 0.1(T/2)
in Figure 11(a). The CFO estimation performance proves to
be quite independent from the actual FTD, having only a
minor degradation with increasing τFTD, as the interested
reader can verify in [45]. In the low SNR scenario, even
with the small burst and with FTD present, the estimate
for the frequency offset is acceptable if the CFO stays below
7% of the subcarrier spacing. Also the user with vehicular
mobility can be synchronized well by the base station.
The other considered cases have a low variation of the
performance with increasing CFO, until the ambiguity limit
is reached. Although not presented here, the RMS CFO error
of ε̂ increases slightly if the synchronization procedure is
iterated. Nevertheless, the estimates are still good enough for
accurate synchronization within the WiMAX requirements
for maximum CFO offset, specifically, ±2% of the subcarrier
spacing [3].

Similar results, now for the FTD RMS estimation
error at the fixed CFO ε = 0.1Δ f , are summarized in
Figure 11(b). Here the estimation error with iteration of the
synchronization part is almost overlaying with the presented
results. Also the case with the AMC23 mobile at 60 km/h
has been omitted for readability, since the estimation RMS
error is similar to the other AMC23 results. As in the CFO
case, also here the FTD error is very much independent
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Figure 11: RMS errors in CFO and FTD estimation in AMC23 and
DL-PUSC transmission with different burst sizes. Eb/N0 values are
referred to 4-QAM modulation.

of the CFO (see again [45]) and is almost constant within
the nonambiguous estimation range, between 5 and 10 high
rate samples. This error floor for the different scenarios is
caused by the inherent delay the channel introduces due to
the delay spread distribution. Its effect is a mild slope in
the phase with respect to the subcarrier index, even in the
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Figure 12: BER performance versus CFO and FTD of the IIC joint
FTD and channel estimation method compared to classical FTD
estimation. 4-QAM transmission of 4 × 2 and 16 × 8 AMC23 slots
in Vehicular-A channel at Eb/N0 = 14 dB. Static user. No additional
synchronization iteration.

absence of proper FTD. This mild slope is also detected by the
estimation methods as part of the FTD, inducing the error
floor when comparing it to the actual FTD.

Figures 11(a) and 11(b) include the RMS estimation
error performance of the OFDM-based system. It can be
seen that due to the higher available power boost for the
OFDM pilots, the CFO estimates are better than in the FBMC
system in the nonambiguous region. The FTD estimation
error almost matches the error in the FBMC system because
the mild slope of the inherent channel delay mentioned in
the previous paragraph is detected here, too. The better CFO
estimation performance does not translate into a better BER
performance, as can be verified above in Figure 9.

The FTD estimation range can be extended further than
the limit imposed by the frequency separation of the pilots by
applying the interference minimization approach described
in Section 3.5, yielding (36). The BER performance of the
IIC technique for the AMC23 transmission configuration
is shown in Figure 12, where the novel method is iterated
10 times. Figure 13 presents the corresponding RMS FTD
estimation error. The extension into longer delay operating
ranges is evident, and the BER performance for this Eb/N0

achieves the same level as the conventional technique when
the larger bursts are compared. However, when a mobile user
transmits using small bursts, and consequently few pilots,
the BER and estimation performances of the IIC approach
suffer greatly. If the interference cancelation method does
not perform well enough in estimating the FTD because it
has not enough pilots, it can, nevertheless, be applied for a
coarse estimation within a wide FTD range to pin the delay
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to a value from where the conventional FTD estimation can
take over the task.

Figure 14 presents the performance of the IIC method for
AMC23 transmission of 4 × 2 slots under different channel
conditions. We see that this method is more sensitive to the
mobility conditions than the conventional FTD and channel
estimation method (see Figure 10). The BER performance
with low SNR is also worse in this small burst case. If only 5
iterations in the IIC are performed, then the BER worsens for
longer fractional time delays. Although not presented here, 5
iterations suffice if the larger burst of 16×8 slots is sent, since
the performance is practically the same as with 10 iterations.

6. Conclusions

In this contribution we proposed an integrated synchroniza-
tion subsystem for filter bank based multicarrier commu-
nications. If the dimensioning of the filter bank leads to
approximately flat fading subchannels, scattered pilots can be
used to perform the synchronization and channel estimation
tasks. Spectrally efficient filter banks with efficient imple-
mentations, such as the FBMC/OQAM transmultiplexer, can
provide well-contained communication channels with high
isolation to adjacent, nonsynchronous signals. However, the
orthogonality conditions between subchannels for this kind
of systems require special solutions in pilot design. The
auxiliary pilot approach permits creating pilots that can
take advantage of the basic synchronization procedures for
OFDM to estimate the fractional time delay, carrier offsets,
and communication channel. More important, it enables
the design of FBMC-specific synchronization and channel
estimation methods taking into account the interplay of the
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different stages involved in estimating and compensating
for the distortions experienced by the signal. The utilized
low-complexity subchannel-wise equalizer for filter banks
can use these estimates for equalizing the channel and
also to correct distortions caused by incorrect timing or
frequency tuning in an efficient way. We have also presented
a novel iterative interference cancelation (IIC) approach that
estimates the fractional time delay and can return channel
estimates by iterating an optimization routine specific to the
low-complexity equalizer.

The mentioned synchronization apparatus was put to test
in a 10 MHz WiMAX-like communications scenario, where
the discussed tools succeed in estimating and compensating
the channel distortions. Special emphasis is put on main-
taining as many compatible physical layer elements with
WiMAX as possible. As a matter of fact, the FBMC system
can be updated to send over more subchannels and more MC
symbols within the given time frame and system bandwidth,
compared to the OFDM-based WiMAX, while achieving
similar BER performance. For example, if a whole frame is
used for downlink transmission and a 40 dB attenuation is
assumed at the transmission band limits, the additional MC
symbols and subcarriers in the FBMC-based system permit
transmitting 16% more QAM symbols.

Clever reuse of the subchannel equalizer leads to
improved BER performance, compared to basic techniques,
especially for higher order modulations, for example, 64-
QAM. In this case, performance degradation with significant
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synchronization offsets is due to insufficient compensation
by the synchronization subsystem, whereas with more robust
modulations, such as 4-QAM, the bottleneck is in the
estimation performance, that is, the performance after com-
pensation is satisfactory as long as estimation is acceptable,
which mainly depends on the pilot distribution. In this
sense, the introduced joint FTD and channel estimation
approach can outperform the conventional method under
favorable channel conditions (good SNR and low mobility)
allowing acceptable reception under severe FTD. In adverse
conditions, it provides sufficiently good estimates for a wide
range of FTD, making it suitable for coarse estimation and
synchronization of robust data signals.

This can also be exploited when multiple-input multiple-
output (MIMO) techniques are used to improve the
throughput. The pilots of one transmit antenna have to
coincide with “silence” on the other antennas to enable
MIMO channel estimation similar as in the single stream
case. If the pilot (including the “silent pilots”) overhead is
to remain the same, as for example in the optional 2 antenna
WiMAX AMC transmission [3], the density of active pilots
that can be used for actual estimation of the MIMO channel
diminishes. In this scenario of greater separation of active
pilots, the new FTD estimation with its wider estimation
range can prove itself very practical.

Some of the simulation results of Section 5 were obtained
for small- and medium-sized transmission bursts. Since
the FTD and CFO values are relatively slowly changing in
most wireless communication scenarios, it is always possible
to refine the estimates by filtering them over multiple
transmission bursts to reduce the random variations of
block-wise estimates.

An attractive aspect of the presented method is that
it operates completely in the frequency domain, after the
analysis filter bank. This is especially useful in cognitive radio
scenarios, in which high spectral containment and resolution
permit secondary users to exploit appearing and vanishing
spectral time-frequency holes in the communications of the
primary system. Processing after the AFB means that the
signal has been well delimited in frequency domain.

In an uplink multiuser scenario, a base station using
the presented synchronization, estimation, and equalization
methods for FBMC can independently synchronize different
users in different bands transmitting in an unsynchronized
way, that is, with different FTDs, as long as they are separated
by a guard band of at least one subchannel. The bands
assigned to each user are processed subcarrier-wise and
independently. It is not necessary for the users to transmit
synchronously because the guard subchannel assures that the
signals remain orthogonal to each other, independently of
their relative timings.

A possible direction of future work is to examine the
behavior of smaller filter banks in the same bandwidth, with
higher subcarrier spacings. This situation poses challenges to
the estimation part, since the use of scattered pilots is not that
well justified when the subchannel channel is not flat fading
anymore.

All in all, we conclude that FBMC can perform suffi-
ciently well to offer an alternative to OFDM as modulation

and multiple access technique, offering several advantages
especially as a cognitive radio physical layer.
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Abstract—In this paper we present a method to mitigate the 
effects of a narrowband interference present in an adjacent 
subchannel of a filter bank based multicarrier (FBMC) system.  
For this purpose, we use the spectral shaping capabilities of a 
low-complexity subchannel equalizer for filter banks.  With this 
method, over 20 dB stronger narrowband interference (NBI) 
power can be tolerated as compared to a system without 
interference mitigation.  These findings are relevant when 
improving the throughput / spectral efficiency of an FBMC 
system in environments with narrowband interference. 

I. INTRODUCTION 
Wireless systems that use a wide bandwidth have to face 

difficult communication environments, e.g., frequency 
selective channels cause intersymbol interference that has to be 
equalized [1].  It is also possible that the wideband signal has to 
coexist with a narrowband signal that distorts part of the 
desired signal.  Narrowband interference (NBI) may be present 
in a number of scenarios.  For example, in ultra-wideband 
(UWB) systems the reason can be overlaid spectrum, i.e., a 
narrowband signal using the same frequencies as part of the 
UWB communication.  Other sources may be spurious 
frequency due to own or nearby transceiver, or even intentional 
jamming.  In this kind of scenario, multicarrier (MC) 
techniques are increasingly gaining importance because of their 
advantages.  Among them we count robustness in case of 
frequency selective channels, offering the possibility of simple 
equalization, simple timing synchronization, as well as 
insensitivity to limited narrowband interference.  These 
advantages are a good reason for applying MC techniques to 
more and more existing and emerging communication systems 
[2] and make them serious candidates for the future “Beyond 
3G” mobile communication systems. 

Although orthogonal frequency division multiplexing 
(OFDM) is the most prominent multicarrier technique, in this 
paper we focus on multirate filter banks (FB) in the 
transmultiplexer (TMUX) configuration [3].  The main 
characteristic of FBMC systems is that the subchannels can be 
designed optimally in the frequency domain, e.g., to have good 
spectral containment [4].  Basically, the Nyquist pulse shaping 
principle is used for the subchannel signals, which means that 

the consecutive symbol waveforms are overlapping in time.    
Figure 1 compares the subchannel frequency responses of 
discrete Fourier transform (DFT) -based systems such as 
OFDM to those of FBMC with frequency-domain optimized 
characteristics.  With sufficient stopband attenuation and 
assuming a roll-off smaller than 100 %, only the adjacent 
subchannels may cause crosstalk, or intercarrier interference 
(ICI), to the subchannel signals in the FBMC system, whereas 
in the DFT based system the power of a strong narrowband 
interferer can be present in a much wider range of subchannels. 
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Figure 1.  Subchannel frequency responses for DFT and FB-based systems 
(16 subchannels, overlapping factor of 4, 100 % roll-off). 

In this paper we use a 2x oversampled complex modulated 
FB [5] in a frequency selective transmission channel.  The 
adverse channel conditions are worsened by the presence of a 
narrowband interferer.  We apply the amplitude-phase adaptive 
sine-modulated/cosine-modulated filter bank equalizer for 
TMUXs (AP-ASCET) proposed in [6] and extend its use to 
successfully mitigate the distortion caused on a subchannel by 
a NBI located at an adjacent subchannel, on the roll-off band of 
the desired subchannel. 

This research was supported by Nokia and the Academy of Finland (project 
Advanced Multicarrier Techniques for Wireless Communications). 
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Figure 2.  FBMC system with 2x oversampled analysis bank and AP-ASCET equalization.

The AP-ASCET is a low-complexity solution for the still 
somewhat immature field of equalization in the FBMC context.  
Because of the overlapping symbols in FBMC systems, guard 
intervals are not used against intersymbol interference (ISI) and 
some other form of channel equalization needs to be 
implemented.  Thanks to the good spectral containment of FBs, 
it is sufficient to equalize each subchannel within the 
bandwidth of about twice the subchannel spacing using the AP-
ASCET. 

The paper is structured as follows.  First we introduce the 
AP-ASCET as part of an oversampled FBMC system in 
TMUX configuration.  Then we show how the AP-ASCET can 
be tuned to provide protection against a narrowband interferer.  
In Section IV we present our simulation setup and the results.  
Finally we discuss these results in the conclusions of Section 
V. 

II. AP-ASCET IN FBMC COMMUNICATIONS 

A. Filter bank structure for complex transmultiplexers 
In FBMC communications, the filter banks are used in the 

TMUX configuration, with the synthesis bank in the 
transmitter and the analysis bank in the receiver.  Complex 
filter bank structures can produce a complex baseband I/Q 
signal for transmission.  This is suitable for FBMC systems in 
spectrally efficient radio communications. 

We consider exponentially modulated filter banks 
(EMFBs), a class of complex filter banks in which the 
subfilters are formed by modulating a low-pass prototype filter 
hp(n) with an exponential sequence [5].  Exponential 
modulation translates the frequency response of hp(n) around a 
new center frequency determined by k.  In a general form, the 
synthesis filters of EMFBs can be written as 

( ) ( )2 1 1exp
2 2k p

Mf n h n j n k
M M

π +  = + +      
, (1) 

where n = 0,1,…,N-1 and k = 0,1,…, 2M-1. Furthermore, it is 
assumed that N = 2KM is an even integer multiple of the 
number of complex subchannels 2M.  K is the overlapping 
parameter of the transform and can be used as a design 
parameter since it affects on how much stopband attenuation 
we can achieve. The roll-off is another essential design 
parameter, which determines how much adjacent subchannels 
overlap. Typically, a roll-off of 100 % can be used, in which 
case only the neighboring subchannels are overlapping with 

each other, and the overall subchannel bandwidth is twice the 
subchannel spacing. 

The analysis filters are obtained by time-reversing the 
conjugate of the synthesis filters as 

*( ) ( 1 )k kh n f N n= − − . (2) 

To obtain a correct scaling, a factor of ½ has to be included 
at some point of the synthesis-analysis cascade. 

The prototype filter hp(n) can be optimized in such a 
manner that the filter bank satisfies the perfect reconstruction 
(PR) condition, i.e., the analysis transform is invertible by the 
synthesis transform [4, 5].  In our studies we use a real-valued 
prototype filter of a cosine modulated filter bank (CMFB).  As 
a matter of fact, our EMFB is implemented by a combination 
of CMFBs and sine modulated filter banks (SMFBs) [5], as can 
be seen in Figure 2, which also includes the equalization part.  
PR CMFBs and SMFBs can be efficiently implemented with 
extended lapped transforms (ELTs) [4, 5]. 

The relation between the synthesis filters of the 2M-channel 
EMFB and the corresponding M-channel CMFB and SMFB 
with same hp(n) is 
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where the superscript defines the trigonometric sequence. 

One additional feature of the structure of Figure 2 is that 
the subchannel output signals of the analysis bank are 2x 
oversampled.  This is achieved by using the symbol rate 
complex (I/Q) subchannel signals, instead of the real ones that 
are sufficient for detection after the channel equalizer. In case 
of 100 % roll-off or lower, non-aliased versions of the 
subchannel signals are obtained in the receiver. Consequently, 
there are full possibilities to do the channel equalization in an 
optimal way. In principle, if there is no aliasing of the 
subchannel signals in the receiver bank, perfect equalization of 
the distorting channel within the subchannel passband and 
transition band regions would completely restore the 
orthogonality of the subchannel signals [8]. 

B. Channel Equalization 
A challenge in filter bank based systems is that the channel 

equalization is not as well understood as in the DFT-based 



systems.  We base our equalization approach on the concept 
introduced in [9] and then further developed in [10] and [6]: the 
AP-ASCET.  It consists of a cascade of an all-pass phase 
correction section followed by a phase rotator and a linear-
phase amplitude equalizer stage.  The complexity of each stage 
can be defined by the user.  In an FBMC system there is a 
trade-off between the number of subchannels within a given 
bandwidth and the complexity of the AP-ASCET equalization 
to obtain required performance. 

We choose a low–complexity AP-ASCET with a second-
order all-pass section, the phase rotator and a five-tap linear-
phase FIR filter, as depicted in Figure 3 for a given subchannel 
k. 

kje 0ϕ

 

Figure 3.  AP-ASCET subchannel equalizer with phase rotator, second order 
all-pass section and five-tap linear-phase FIR stage. 

The transfer functions of the all-pass filters can be written 
in the non-causal form to facilitate analysis (the realizable 
causal form needs a multiplication by z-1), as follows: 
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1 1( ) ( ),
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Combining the all-pass filters and the phase rotator, we 
obtain a phase response for this stage as follows: 
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For the amplitude equalizer the magnitude frequency 
response is: 

( ) 0 1 22 cos 2 cos 2j
aeq k k kH e a a aω ω ω= + + . (6) 

With this AP-ASCET configuration, we have enough 
degrees of freedom to exactly define the amplitude and the 
phase response at three frequency points within each subband 
by selecting appropriate equalizer parameters.  The points 
where ω = 0, ω = ±π/2 and ω = ±π are very convenient from 
the computational point of view.  If we want to obtain at these 
points the target phase responses ζ0, ζ1 and ζ2, respectively, and 

the target amplitude responses ε0, ε1 and ε2, respectively, then 
the following values have to be selected: 
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where the +/– signs are for even/odd subchannels, respectively. 

The target values can be set to fulfill the zero-forcing (ZF) 
criterion by inverting the estimated channel response values at 
the given frequency points.  Other equalization criteria, such as 
mean squared error (MSE), can also be applied. 

The AP-ASCET described above has been successfully 
tested in an advanced transceiver simulator including a realistic 
channel model, practical communication system parameters 
and channel coding [11], [12]. 

III. NBI MITIGATION 
A narrowband interference is a disturbing signal that 

appears inside the bandwidth of the desired signal and that has 
a bandwidth that is only a fraction of the bandwidth of the 
desired signal.  There has been extensive research on NBI 
detection and elimination.  Some of them use FBs to detect and 
remove the subchannels affected by the interferer [7].  In this 
paper we study the subchannel immediately next to the one in 
which the NBI is located and take advantage of the spectral 
shaping capabilities of the AP-ASCET. 

In our proposed system, the receiver first calculates the 
necessary AP-ASCET parameters to compensate the channel at 
hand.  After extensive simulations, we came to the conclusion 
that MSE equalization performs in a more robust way than the 
ZF criterion.  Therefore, if we estimate within a subchannel k 
the channel frequency response as hik, then we want to equalize 
by setting the target equalizer phase and amplitude responses 
as 

2 2
arg( ) ik

ik ik ik
ik n

h
h

h
ζ ε

σ
= − =

+
. (8) 

where i = 0, 1, 2 corresponds to the frequency points ω = 0, 
±π/2, ±π respectively and σ2

n is the noise power. 

 

Figure 4.  Adjacent subchannel NBI mitigation principle. 

Assuming now that a narrowband interferer is present in 
subchannel k+1 (but still inside of the transition band of 



subchannel k) and that ε2k is the target equalizer gain of 
subchannel k closest to the NBI, we apply a weighting factor w 
on ε2k in order to reduce the effect of the NBI on subchannel k.  
Figure 4 sketches the described situation.  A straightforward 
choice is to weight by w = 0, obtaining thus a notch at that 
frequency point.  However, depending on the NBI power, there 
are different weights that yield better performance, as can be 
seen in the following section.   

IV. SIMULATION SETUP AND RESULTS 
For our simulations we used the aforementioned complex 

modulated FB in the TMUX configuration with 64 
subchannels, a roll-off factor of 100% and an overlapping 
factor K = 5, providing a stopband attenuation of around 50 dB.  
The FB is the core of a MC system transmitting in a 20 MHz 
wide channel with a delay spread of 2.5 µs according to the 
ITU-R Vehicular-A model.  The channel is simulated over 
10000 realizations and we assume perfect channel knowledge 
at the equalization points.  The Eb/N0-ratio is 17 dB, yielding an 
uncoded bit error ratio (BER) of around 10-2 for BPSK without 
NBI. 

The NBI is either a continuous wave (CW) signal or a 
signal generated by a similar filter bank of 256 subchannels, 
therefore with a bandwidth of 25% of the studied subchannel 
bandwidth.  The interferer is located at π/16, π/8 or π/4 off the 
passband edge (π/2 would mean the center of the jammed 
subchannel).  We varied the NBI power to see its effect on the 
BER performance of the studied subchannel. 

Considering the AP-ASCET, we study the effect of 
applying different weights to the desired equalizer gain at the 
passband edge, i.e., '

ik ikwε ε= .  The results can be seen in 
Figure 5, from which can be deduced that the stronger the NBI, 
the deeper the notch has to be in order to improve performance.  
However, when the NBI is weak, introducing a notch worsens 
the received signal.  Thus, for each NBI power there is a 
certain optimal weighting factor. 

We also tried to find a simple rule to scale the equalizer 
gain at the passband edge and obtained very good results if we 
extended (8) as follows: 

2 2 2

ik
ik

ik n I

h

h
ε

σ σ
=

+ +
, (9) 

where σ2
I is the NBI power defined relatively to the power of a 

subchannel, and it is assumed to be known.  Figure 5 also 
includes this case, showing that it is quite close to the envelope 
of the BER curves providing optimal BER performance at 
different NBI powers. 

Figure 5 a) shows the CW NBI at π/16 and b) shows a NBI 
with relative bandwidth of 25% at the same frequency position.  
Subfigures c) and d) present the results for a similar setup as in 
a) and b), but with the interference located at π/4.  In e) we can 
see a case similar to a), but with Eb/N0 = 7 dB.  We see that the 
presented method works in all of these cases.  It also does so in 
the other mentioned combinations (CW and 25% NBI at π/8).  
The performance lies in between the presented cases as 
expected, therefore it is not presented in separate figures.  

Evidently, the further away the NBI is from the studied 
passband, the smaller its effect, but also the less influence our 
gain weighting method has.  This means that the performance 
improvement possibility becomes smaller in this case. 

V. CONCLUSIONS 
We have presented an effective technique that permits 

improving the BER performance of an FBMC subchannel 
partially affected by narrowband interference.  In the case a 
NBI is present, a subchannel originally unsuitable for 
transmission can be utilized.  The BER performance 
improvement for this subchannel is evident from the results 
and can in some cases reach 20 dB.  The effect on the overall 
BER may be rather small, but it is still worth saving the 
subchannel for successful transmission (in our channel setup, 
one subchannel means 300 kHz bandwidth). It should be noted 
that the implementation complexity of the proposed scheme is 
very low: During the channel estimation stage, the parameters 
of the possible NBI(s) have to be estimated and the equalizer 
coefficients have to be adjusted correspondingly. However, no 
additional processing is needed during the data detection.  

It is also noticeable that the MSE-like technique from (9) 
gives the best overall results independent of the tested NBI 
type and position. Assuming that the channel affected by the 
interference is known, the only variable that needs to be 
estimated is the interferer power. 

The presented narrowband interference mitigation principle 
and the AP-ASCET on which it builds is directly applicable to 
most filter bank based systems, including the novel time-
frequency localization (TFL) optimized OQAM/IOTA 
approaches presented in [13]. 

Further studies include a reliable form of channel 
estimation for FBMC systems and also a way to determine the 
interferer power.  We are further interested in the possible 
combination of FB-based NBI detection and elimination 
methods as presented in [7] with the method proposed above, 
since this one concentrates on the edge effects of the 
interference.  The technique presented in [7] can be applied to 
single carrier systems, including CDMA, with frequency 
domain NBI elimination.  The method presented in this paper 
can also be applied to single carrier systems with frequency 
domain equalization. 
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Figure 5.  BER performance vs. signal-to-NBI ratio of a FBMC system with 2-PAM subchannel modulation and interference mitigation techniques.  The bolder 
line represents the results for the MSE reduction applying (9). a) CW NBI at π/16, b) 25% NBI at π/16, c) CW NBI at π/4, d) 25% NBI at π/4, e) CW NBI at π/16 

and Eb/N0 = 7 dB.  
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Abstract— In this paper we address the practical problems when 
dealing with synchronization and channel estimation in a filter 
bank based multicarrier system.  We present an approach for 
performing timing synchronization, carrier frequency offset 
estimation and correction, and channel estimation based on the 
use of the same training sequences for all the three tasks.  We 
show that it is possible to perform them all after the analysis 
filter bank at the receiver, at low sampling rate, taking advantage 
of the high selectivity of the subband filters. The possibility to 
implement all the receiver baseband signal processing 
functionalities in frequency domain results in a very flexible 
overall receiver architecture, suitable for dynamic use of the 
frequency spectrum.  

I. INTRODUCTION 
The demand for ever-increasing data rates requires that 
emerging wireless systems make use of wider transmission 
bandwidths, therefore facing difficult communication 
environments. For example, frequency selective channels cause 
inter-symbol interference that has to be equalized [1]. Another 
challenge is that the wideband signal may have to coexist with 
narrowband signals that distort parts of the desired signal, e.g., 
because of overlaid spectrum in ultra-wideband systems, 
spurious spectral components due to own or nearby 
transceivers, or even intentional jamming. Furthermore, for 
efficient use of the radio spectrum, it may be interesting to use 
small non-contiguous portions of the frequency band in a 
dynamic way. Multicarrier (MC) techniques have proven to be 
effective in such difficult scenarios. Among their advantages in 
wideband communications we can count robustness in case of 
frequency selective channels, offering the possibility of simple 
equalization, simple timing synchronization, as well as 
insensitivity to limited narrowband interference (NBI). Further, 
MC systems are scalable and flexible to configure, offering a 
beneficial use of limited resources. Due to these advantages, 
MC techniques are always taken into consideration when 
developing emerging wideband communication systems [2]. 

Orthogonal frequency division multiplexing (OFDM) with 
cyclic prefix (CP) [2] has been so far the most prominent 
multicarrier technique. Because of its inherent robustness to 
multipath propagation and very simple equalization (one 
complex coefficient per subcarrier), OFDM is applied, e.g., in 
wireless local area network (WLAN) and digital broadcasting 
(DAB, DVB) standards.  Multirate filter banks (FB) in the 
transmultiplexer (TMUX) configuration are a second choice 

when designing MC transmission systems [3]. There are two 
fundamental advantages of FBMC over OFDM, at a cost of a 
somewhat higher implementation complexity.  First, the 
subchannels can be optimally designed in the frequency 
domain to have desired spectral containment [4].  Second, CP, 
which is pure redundancy that reduces throughput efficiency, is 
not used.  Basically, the Nyquist pulse shaping principle is used 
for the subchannel signals, which means that the consecutive 
symbol waveforms are overlapping in time.   

Good spectral containment is crucial for avoiding distortion 
from non-synchronous signals in adjacent bands. Further, the 
high spectral definition is desirable when performing spectral 
sensing, which is a basic element in the cognitive radio concept 
[5].  The performance of Haykin’s method of choice for radio-
scene analysis, the multitaper method [6], can be well 
approximated using FBs with greatly reduced complexity [7]. 

Our research group has presented an FBMC scheme that 
uses a 2x oversampled analysis bank at the receiver, as can be 
seen in Figure 1.  In order to exploit the advantages of FBMC 
and to avoid the higher complexity, we have proposed a 
solution that only uses a fraction of the subchannels that 
OFDM would use in a similar environment.  The result is a 
mildly selective channel fading within the subchannels, which 
is then compensated by the low-complexity amplitude and 
phase subchannel equalizers (AP-SCE) [8].  In this paper we 
present how the problems of synchronization and channel 
estimation for the mentioned approach can be practically 
solved with the help of training sequences. The discussion 
focuses here on the downlink case, but the algorithms are 
equally well applicable to the uplink.  

 The high stopband attenuation of FB permits channel selection 
filtering and possible NBI suppression directly at the receiver 
analysis bank, without prior processing, except for the anti-
aliasing filtering determined mostly by the sampling rate at the 
analysis filter bank input. Since the FB provides good 
frequency selection for the desired spectral components, it is 
natural to strive for an overall receiver architecture where all 
the baseband signal processing functions are implemented in 
frequency domain, i.e., after the analysis filter bank.  
Therefore, it is desirable to do all channel parameter estimation 
processing in the low rate domain, after the analysis FB.  We 
show here how it is possible to synchronize, estimate carrier 
frequency offset (CFO), and calculate the coefficients needed 
by the AP-SCEs with subcarrier-wise processing.  
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Figure 1.  FBMC system with oversampled analysis bank and subcarrier-wise synchronization and equalization.

The paper is structured as follows.  First, we introduce the 
oversampled FBMC system with subcarrier-wise equalization.  
Then we present the training sequences and show how they are 
used for synchronization and channel estimation.  In Section IV 
we present our simulation setup and the results.  Finally, we 
discuss these results in the conclusions in Section V. 

II. CHANNEL EQUALIZATION IN FBMC COMMUNICATIONS 
A. Filter Bank Structure for Complex Transmultiplexers 
In FBMC communications, the filter banks are used in the 
TMUX configuration, with the synthesis bank in the 
transmitter and the analysis bank in the receiver.  Complex 
filter bank structures can produce a complex baseband I/Q 
signals for transmission, making them suitable for FBMC 
systems for spectrally efficient radio communications. 

We consider exponentially modulated filter banks 
(EMFBs), a class of complex filter banks in which subfilters 
are formed by modulating an exponential sequence with a low-
pass prototype impulse response hp(n) [8].  Exponential 
modulation translates the frequency response of hp(n) around a 
new center frequency determined by k.  In a general form, the 
synthesis filters of EMFBs can be written as 

 ( ) ( )2 1 1exp
2 2k p

Mf n h n j n k
M M

π +  = + +   
   

 (1) 

where n = 0,1,…,N-1 and k = 0,1,…, 2M-1. Furthermore, it is 
assumed that N = 2KM is an integer multiple of the number of 
complex subchannels 2M.  K is the overlapping parameter of 
the transform and can be used as a design parameter as it 
affects on how much stopband attenuation we can achieve. The 
roll-off is another essential design parameter, which determines 
how much adjacent subchannels overlap. Typically, a roll-off 
of 100 % can be used, in which case only the neighboring 
subchannels are overlapping with each other, and the overall 
subchannel bandwidth is twice the subchannel spacing. 

The analysis filters are obtained by time-reversing the 
conjugate of the synthesis filters as 

 *( ) ( 1 )k kh n f N n= − −  (2) 

To obtain a correct scaling, a factor of ½ has to be included 
at some point of the synthesis-analysis cascade. 

The prototype filter hp(n) can be optimized in such a 
manner that the filter bank satisfies the perfect reconstruction 

(PR) condition, i.e., the analysis transform is invertible by the 
synthesis transform [4][8].  In our studies we use a real-valued 
prototype filter of a cosine modulated filter bank (CMFB).  As 
a matter of fact, our EMFB is implemented by a combination 
of CMFBs and sine modulated filter banks (SMFBs) [8], as can 
be seen in Figure 1.  PR CMFBs and SMFBs can be efficiently 
implemented with extended lapped transforms (ELTs) [4][8]. 

One additional feature of the structure of Figure 1 is that 
the subchannel output signals of the analysis bank are 2x 
oversampled.  This is achieved by using the symbol rate 
complex (I/Q) subchannel signals, instead of the real ones that 
are sufficient for detection after the channel equalizer. In case 
of 100 % roll-off or lower, essentially non-aliased versions of 
the subchannel signals are obtained in the receiver. 
Consequently, there are full possibilities to do the channel 
equalization in an optimal way. In principle, if there is no 
aliasing of the subchannel signals in the receiver bank, perfect 
equalization of the distorting channel within the subchannel 
passband and transition band regions would restore the 
orthogonality of the subchannel signals completely [9]. 

B. Channel Equalization 
We base our equalization approach on the concept thoroughly 
discussed in [8]: the AP-SCE. In that paper, also another low 
complexity equalizer, the 3-tap complex FIR (CFIR) SCE, was 
considered.  In the basic equalization task, these two structures 
have very similar performance. However, the AP-SCE 
equalizer has some advantages, since it is more flexible and 
performs better in the phase equalization. 

AP-SCE consists of a cascade of an all-pass phase 
correction section followed by a phase rotator and a linear-
phase amplitude equalizer stage.  In an FBMC system there is a 
trade-off between the number of subchannels used in the 
communications and the complexity of the AP-SCE 
equalization to obtain required performance. Here we choose a 
low–complexity AP-SCE with a second-order all-pass section, 
the phase rotator and a five-tap linear-phase FIR filter, as 
depicted in Figure 3 for a given subchannel k. 

The subcarrier equalizers are adjusted using a frequency-
sampling approach, based on estimated channel frequency 
response. With this AP-SCE configuration, we have enough 
degrees of freedom to exactly define the amplitude and the 
phase responses at three frequency points with each subband.  
The points where ω = 0, ω = ± π/2 and ω = π are very 
convenient from the computational point of view.   
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Figure 2.  AP-SCE subchannel equalizer with phase rotator, second order all-

pass section and five-tap linear phase FIR stage. 

If we want to obtain at these points the target phase responses 
ζ0, ζ1 and ζ2, respectively, and the target amplitude responses 
ε0, ε1 and ε2, respectively, then the following values have to be 
selected: 
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where the +/– signs are for even/odd subchannels, respectively. 

The target values can be set to fulfill the zero-forcing (ZF) 
criterion by inverting the estimated channel response values at 
the given frequency points.  Here we use the mean squared 
error (MSE) equalization criterion, which yields somewhat 
better performance at low signal-to-noise ratios (SNR): 

 2 2
arg( ) ik

ik ik ik
ik n

h
h

h
ζ ε

σ
= − =

+
, (4) 

where hik is the channel frequency response at subchannel k 
and the frequency index i = 0, 1, 2, corresponds to frequency 
positions ω = 0, π/2, π in the even subchannels and ω = -π, -
π/2, 0 in the odd subchannels, respectively..  σ2

n is the noise 
power, assuming that the signal power is normalized to 1.  In 
this paper we assume σ2

n to be known at the receiver. 

III. TRAINING SEQUENCE BASED CHANNEL ESTIMATION 
AND SYNCHRONIZATION 

In order to equalize, the AP-SCE has to be fed with channel 
estimates îkh  (i.e., estimates of hik) to obtain the target values 
in (4) that permit calculating the coefficients in (3).  We utilize 
subchannel-wise training sequences to perform channel 
estimation and also the other synchronization tasks.  We desire 
that our training sequences have their energy concentrated at 
the subchannel frequencies used in the frequency-sampled 
scheme. The simplest sequences that fulfill this criterion are 
repetitions of the following: 

 
...1,1, 0, 0,...

...0, 0, 1,1...

e

o

t

t

=

= −
’ (5) 

where the superscripts stand for the even and odd subchannels, 
respectively.  Figure 3 sketches the frequency power spectrum 
of the training sequences in FBMC.   

  

Figure 3.  Spectral energy content of the transmitted training sequences with 
FBMC. 

Notice that the frequency bins at the passband edges are 
shared by adjacent subcarriers, but the training energy for each 
bin comes from one subcarrier only.  The total length of the 
training sequence, composed of repetitions of the sequences in 
(5), will have an effect on the performance of the channel 
parameter estimation because the truncation of the sequences 
spreads part of the energy outside the used frequency bins. 

 Figure 4 shows how the transmission data could look like 
in a FBMC system with transform size 2M=256, out of which 
168 subchannels are used. The training sequence power is 
boosted by 1 dB with respect to the 2-PAM data. 

 

Figure 4.  Training sequences and data in FBMC. 

The synchronization blocks at the receiver have to perform 
the following tasks:  First the timing synchronization has to 
find the location of the training sequences within the stream of 
data.  It is enough to estimate the timing with the resolution of 
± half a subcarrier symbol interval; the fractional timing offset 
is compensated by the phase response of the subcarrier 
equalizers. Then the training sequences are used to calculate 
possible carrier frequency offsets (CFO). Finally, after the CFO 
has been corrected, the channel estimation block uses the 
training sequences to obtain the desired estimates. 

A. Timing Synchronization 
To find the training sequence, we detect the peak of the 
correlation of the received subchannel streams with the training 
sequence at the receiver.  It is important to note that here the 
training sequences are not anymore real valued.  In an ideal 
case without channel, the sequences (5) will be in the real part 
of the received subchannel signal.  The transmission channel 
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rotates the symbols (apart from introducing ISI) in a way that 
the real part does not correspond anymore to the subchannel 
data. 

In the likely case of non-zero CFO, consecutive similar 
symbols will be rotated with respect to each other.  For certain 
CFOs this can lead to situations in which the correlation of the 
received signal with the receiver training sequence is not 
having a maximum at the location of the training sequence 
within the data.  In our experiments we have concluded that the 
correlation of the absolute values is effective and robust against 
frequency offsets. Performing the operation on the strongest 
25% of the subchannels permits localizing the training 
sequence most of the times by finding the peak of the sum of 
the correlations. 

 
1

0
0

arg max [ ] [ ]
L

k strongest n
subchannels

r
k k

m
m t n r n m

−

∈ =

=
 
 +
 
 
∑ ∑ , (6) 

where L is the length of the correlation, usually the size of the 
transmission block, rk is the received data in subchannel k and 
the superscript r indicates the receiver training sequence. 

B. Carrier Frequency Offset Estimation 
The effect of a constant CFO is that the subchannel symbols 
have a linearly time-dependent phase rotation.  If the frequency 
shift is measured in radians with respect to the subchannel 
bandwidth, a series of consecutive similar symbols will show a 
relative phase rotation with respect to each other equal to the 
frequency shift.  Therefore, if the relative phases of a received 
sequence are known in an ideal case, the CFO can be inferred 
by comparing those phases with the actually received ones. In 
our synchronization approach we use the 1’s of the training 
sequences as a reference to compare the received phase 
differences.  The estimate of the CFO is obtained after 
averaging over all the subchannels.  Depending on the 
estimated CFO, the frequency shift can be corrected 
subchannel-wise or by tuning the local oscillator at the receiver 
front-end.  With CFO’s greater than a certain amount, the 
interference from the neighboring channel grows significant 
and subchannel-wise frequency correction is not able to 
satisfactorily compensate for this. 

C. Channel Estimation 
After finding the training sequences and compensating for 
possible CFO, the energy of the training sequence signal is 
located at the frequencies of interest for the AP-SCE.  It is very 
simple and convenient to estimate the channel at these points, 
within each subband, with the help of a 4-point FFT.  Thus, 
using the notation from the equalization section, we can 
estimate at the frequency response as follows: 
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Here ri
x is a normalization factor due to the filter bank design, 

the training sequence and the frequency points studied. With 
the PR design we use, in the even subchannels, ri

e = 2; -2 + 2j 
and -2j; in the odd ones, ri

o = -2; -2 + 2j and 2j, for i = 0, 1 and 
2, respectively. dk is the received signal corresponding to the 
synchronized and frequency corrected training sequence.  Note 
that the 4-point FFT is extremely simple to realize.  The values 
obtained as described can be directly applied in (5) to obtain 
the AP-SCE parameters of (4). 

Note that for all subchannels k which have a neighboring 
subchannel k+1, 2 ,

ˆ
kh and 0, 1

ˆ
kh +  are channel estimates at the 

same frequency location.  This opens the possibility to further 
exploit this redundancy for enhancing the estimates at these 
points. 

IV. SIMULATION SETUP AND RESULTS 
For our simulations we used the aforementioned complex 
modulated FB in the TMUX configuration with 2M = 256 
subchannels.  The prototype filter has a roll-off factor of 100%  
and an overlapping factor K = 5, hereby achieving a stopband 
attenuation of around 50 dB. 168 active subchannels transmit 
over an almost 18 MHz wide channel modeled according to the 
extended ITU-R Vehicular A guidelines [10], centered at 5 
GHz and with a maximum delay spread of 2.51 µs.  With a 
sampling rate of 26.88 MHz, the subchannel bandwidth is 105 
kHz. The channel is assumed to be quasi-stationary, remaining 
constant over the transmission of two consecutive training 
sequences and the data in between.  The general model for the 
transceiver setup is shown in Figure 1. At the receiver, the AP-
SCE equalizer as described in Section II.B compensates for the 
channel distortion. A transmission frame consists of 53 MC-
symbols, which add up to slightly more than 250 µs of 
duration. We have studied the cases in which out of the 53 
MC-symbols, 6 or 10 are training sequence symbols (TSL = 6 
or 10). The average training sequence power is boosted by 1 or 
4 dB with respect to the data power (TSB = 1 or 4 dB).  

A. Timing Synchronization Results 
To assess the performance in localizing the training sequence, 
we performed simulations in which the CFO varies randomly 
with uniform distribution between ± 50% of the subchannel 
bandwidth (± 52.5 kHz).  The training sequence is embedded 
within a data stream on a random location, including a random 
fractional time delay (FTD), and the synchronization 
mechanism tries to locate it as described in III.A.  Figure 5. 
shows the number of synchronization errors out of 10000 
frame transmissions, with different training sequence location, 
CFO, and channel realization each time. 
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Figure 5.  Synchronization errors in 10000 frames  with training sequences of 
different lengths and boosts. 

We observe the great effect of the different training sequence 
boosts on the synchronization performance, whereas the length 
of the training sequence has a lower impact, comparatively.  
Further, we can notice that even in the case of the ‘weaker’ 
training sequences, synchronization is successful in more than 
85% of the cases, even at very high noise levels.  As a final 
remark, the error floor, to which the less boosted training 
sequences seem to converge represent realizations at which the 
CFO is very close to 50% of the subchannel BW. 

B. CFO Correction 
The next two figures present the effect of the subchannel-wise 
CFO correction on the BER performance of a 2-PAM 
transmission, assuming perfect timing synchronization.  CFO 
estimation happens as described above, averaging the estimated 
CFO’s over all active subchannels.  The performance reference 
(green, dashed and dotted lines) is the BER of an ideal 
subchannel-wise CFO compensator that has perfect knowledge 
of the CFO.  From the figures it can be noticed that 
subchannel-wise CFO correction makes sense for offsets up to 
10% of the subchannel bandwidth.  With higher carrier offsets, 
the ICI is so strong that it compromises the following channel 
estimation and equalization stages. With higher CFOs, the 
compensation should be done at the local oscillator. 

In the course of the simulations, we realized that the CFO is 
underestimated with the presented method, but by iterating the 
method a few times, the performance was improved to the 
results shown.  Figure 6. presents the BER performance for the 
longest and strongest training sequence, while  Figure 7. 
corresponds to the shorter and weaker version.  The 
performance difference is considerable, suggesting that a 
reliable CFO estimation with the presented method requires a 
stronger boost for the training sequence. 

Lastly, Figure 8. compares the actual CFO and the 
estimated CFO, at two different SNR’s, with randomly 
generated CFO’s at each channel realization  The training 
sequence is 6 MC symbols long and is boosted by 1 dB.  The 
estimation is quite accurate for CFO’s up to approximately 
25% of the subchannel bandwidth.  The range, in which CFO 
offset is accurate, is reduced with stronger noise presence. 
Anyway, with the used parameters, the reliable CFO estimation  
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Figure 6.  BER performance of the CFO estimation and correction. Training 

sequence length 10 MC symbols, boost = 4 dB. 
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Figure 7.  BER performance of the CFO estimation and correction. Training 

sequence length 6 MC symbols, boost = 1 dB. 

range is in the order of ± 20 kHz, which is quite sufficient for 
practical receivers. 

C. Channel Estimation 
Finally, we present the performance of the whole 
synchronization chain, i.e., the timing synchronization, the 
CFO estimation and correction and the channel estimation.  
The simulations are performed over 5000 realizations, with 2-
PAM data modulation.  In these simulations, the actual CFO = 
0, but it is still estimated and ‘corrected’ by the synchronization 
logic. This represents the steady-state operation after the outer 
frequency synchronization loop, affecting on the receiver front-
end local oscillator, has converged.  The results presented here 
include several small enhancements on the channel estimation: 
The double estimation at the subchannel edge frequencies is 
averaged to get a better estimate; the estimates of two 
consecutive training sequences are also averaged and 
windowing in frequency over the estimates helps at denoising 
them, since the neighboring estimates present quite high 
correlation with the used channel model. 

Figure 9. shows the BER results for different training sequence 
choices. There are also two reference curves:  (i) case with 
perfect channel information and synchronization and (ii)    
performance  of   the  developed   channel   estimation  method   
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Figure 8.  Accuracy of CFO estimation at SNR = 8 dB and 20 dB. Training 
sequence length 6 MC symbols, boost = 1 dB. 
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Figure 9.  BER performance of whole synchronization and estimation chain 
for CFO = 0 and different training sequence lengths and boosts. 

assuming perfect synchronization, with the weaker and shorter 
training sequence. The performance degradation between these 
two is around 0.6 dB, and this gap is reduced using longer and 
stronger training sequences (which for readability are not 
included in the figure).  When including the synchronization 
elements, stronger training sequences perform better in the low 
SNR region and longer sequences perform better when the 
signal is strong as compared to the noise.  From the presented 
results, the performance degradation in the case of the most 
‘economical’ training sequence seems to be mainly due to the 
CFO estimation and compensation logic.  

V. CONCLUSIONS 
We have aimed to provide a complete, practical training 
sequence based solution for signal synchronization and channel 
estimation in FBMC systems.  Due to the high stopband 
attenuation of the subchannel filters, the analysis FB at the 
receiver can be used for channel selection filtering, inviting to 
perform all synchronization processing tasks utilizing the 
subcarrier signals at the low sampling rate. 

Here we designed training sequences that are well suited 
for localizing them among a stream of user data for timing 

synchronization.  Further, they are applied for estimating the 
CFO, which can consequently be corrected subchannel-wise.  
Finally, the same training sequences permit obtaining channel 
estimates that are used by the low-complexity AP-SCE to 
perform channel equalization.  With the studied training 
sequences we have concluded that all these operations are 
realizable effectively after the receiver analysis bank.  The 
training sequence can be separated from the data even at low 
SNR’s and high CFO’s.  Further, the CFO can be estimated 
quite accurately for CFO’s of up to 25% of a subchannel 
bandwidth.  The degradation of the BER performance at 0% 
frequency offset with the complete synchronization and 
estimation logic active varies from 1 to 2 dB, depending on the 
training sequence parameters selected.  The main reason for 
degradation is the inaccuracy in CFO correction. 

The main result is that the considered synchronization 
procedures can be successfully performed at the low rate, 
without need of prior processing before the analysis filter bank, 
apart from coarse CFO compensation. 

Future steps in this research include the inclusion of further 
practical elements in the transmission chain, such as the power 
amplifier. The effect of its non-linearity on the quality of the 
synchronization and on the signal spectrum during the boosted 
training sequence is a matter of crucial importance. The 
development from a quasi-stationary channel model to one 
with a mobile receiver is also a high-priority research topic. 
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