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Abstract
This paper presents a numerical method to predict the temperature weaken-
ing effects on tensile and compressive strength and stiffness of granitic rock.
Thermally induced cracking, leading to degradation of the material stiffness and
strength, is modelled in the continuum sense by using a damage-viscoplasticity
model based on the Drucker-Prager criterion with a rounded tensile cut-off
surface. The governing thermo-mechanical initial/boundary value problem is
solvedwith an explicit (in time) staggeredmethodwhile using extrememass scal-
ing to increase the critical time step. Rock heterogeneity is described as random
clusters of finite elements assigned with the constituent mineral, here Quartz,
Feldspar, and Biotite, material properties further randomized by Weibull distri-
bution. In the present approach, only Quartz thermal expansion coefficient is
assumed temperature dependent due to its strong and anomalous temperature
dependence upon approaching the α-β transition. In the numerical testing, the
sample is first volumetrically heated to a target temperature. Then, the uniax-
ial tension and compression tests are performed on the cooled down numerical
samples. The simulations demonstrate the validity of the proposed approach as
the experimental weakening effects on the rock strength and stiffness as well as
themacroscopic failuremodes, both in tension and compression, are realistically
predicted in a non-circular way, that is, not using the temperature dependence
of any material parameter, save Quartz thermal expansion, as an input data.
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1 INTRODUCTION

Rocks often face high temperature conditions in rock engineering and mining applications.1–3 As high temperature has a
detrimental effect on rock strength, especially in case ofQuartz bearing rocks, goodunderstanding of theweakening effects
and their prediction by numerical or analytical methods is an asset of substantial importance in rock engineering. Quartz
bearing rocks, such as granite and gneiss, are particularly prone to temperatureweakening due to its α-β transition at about
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573◦C.4 An extensive body of both experimental1,5–16 and numerical11–14,16–22 studies naturally exist on the temperature
effects in various rocks.
Upon increasing temperature, the mechanical properties (i.e. the Young’s modulus and both tensile and compressive

strength) of rock decrease.7,11 The thermal weakening of rock mechanical properties is mainly due to thermally induced
cracking, which in turn is caused by the rock mineral heterogeneity.13 More specifically, the mismatch of the elastic and
thermal expansion properties of the mineral phases induces thermal stresses, which generate cracks inside and between
the grains. There are other weakening mechanisms, such as chemical reactions, and, obviously, phase changes and final
melting at high temperatures23 but, at the temperatures below the Curie point of Quartz (573◦C), thermally induced crack-
ing is considered here to be the major weakening mechanism. For Quartz bearing rocks, such as granite studied in the
present paper, heterogeneity increases along with temperature due to the anomalous behavior of Quartz thermal expan-
sion, which is highly nonlinear upon approaching the α-β transition temperature (the Curie point). The rest of the granite
forming minerals, that is, Feldspars and Micas, exhibit a linear temperature dependence in their thermal expansion.7,11
Predictive modelling of the thermal weakening of rock strength is an important task in rock engineering. By computer

simulations, knowledge on the failuremechanisms impossible or too expensive to reach by experimentation or in-situ test-
ing can be obtained.However, predicting temperature effects in rock is challenging due to cracking phenomenon involving
displacement discontinuities. There are basically two categories of approaches to model rock failures, the finite element
method (FEM) and the discrete element method (DEM). For general reviews on numerical methods in rock mechanics
see Jing & Hudson24 and Nikolic et al.25 The DEM is inherently superior in fracture and fragmentation modelling, but its
critical drawback is the computational effort required by tracking and updating the contact configurations and neighbors
of the particles. In the classical FEM, fractures (cracks) can be modelled only in an averaged manner, as localized defor-
mation, by damage and/or plasticity models. However, the continuum-based models are computationally efficient and
relatively simple in their calibration of the material parameters. Moreover, the FEM has been enriched to the so-called
embedded FEM26 and extended FEM27 to deal with cracks.
Saksala20,22 used the embedded discontinuity FEM to successfully predict thermal weakening effect under uniax-

ial tension. Nevertheless, rock materials are mostly under compression in engineering applications. For this reason,
a modelling approach capable of predicting the thermal degradation of rock strength under both tension and com-
pression with a single calibration of model parameters should be developed. This is, however, a challenging task, as
the rock behavior is highly asymmetric in tension and compression. Moreover, the thermal weakening effect itself is
asymmetric in tension and compression11 to the extent that some granites and other rocks even get stronger in com-
pression up to 300◦C, after which degradation commences.23 The present paper attempts, nevertheless, to achieve this
goal, albeit ignoring the strengthening in compression at moderate temperatures. The embedded discontinuity FEM
approach by Saksala22 is incapable of properly modelling uniaxial compression test on rock in 3D case. For this reason,
the classical FEM based damage-plasticity modelling is resorted to in the present paper. Despite this, it will be shown
that this approach is able to replicate the correct failure modes of heterogenous granitic rock both under tension and
compression.
As to the temperature dependence of rock formingminerals, the previous study by Saksala22 is followed here in that only

the thermal expansion coefficient of Quartz depends explicitly on temperature. This is in contrast to all, save Saksala,20,22
of the previous mentioned above studies, which feed the temperature dependence of rock strength and stiffness into the
constitutive description and then “predict” that same data. In addition, oftentimes the laboratory level data is, confusingly,
predicted only at the material point level using a single element mesh, while the correspondence between macro- and
mesolevel fails uponmacroscopic failure of the sample. The distinctive feature of the present approach is that the thermal
degradation of the rock strength and stiffness in both tension and compression, resulting from thermally induced damage,
is predicted in a noncircular way.

2 NUMERICALMODEL

This section presents the theory of the computational model for the rock failure due to thermal loading and
mechanical compression and tension tests. First, the damage-viscoplastic material model for rock is described. Sec-
ond, the governing thermo-mechanical problem and a staggered explicit scheme for solving it are outlined. The
brittle nature of granite rock under normal laboratory conditions justifies the adoption of the small deformation
framework, enabling the additive split of the total strain 𝛆 = 𝛆e + 𝛆vp + 𝛆𝜃 into elastic, viscoplastic and thermal
parts.
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2.1 Constitutive model for rock

Rock is described to be linear elastic up to uniaxial tensile and compressive strengths. The stress states leading to the
plastic flow and damage are indicated by the Drucker-Prager (DP) criterion with the Modified Rankine (MR) criterion as
a tensile cut-off. Perfectly viscoplastic behavior is assumed, as the strength and stiffness degradation are solely governed
by the damage model. Under these circumstances, the failure criteria are written, along with rate dependent cohesion c
and tensile strength 𝜎t, as

𝑓DP
(
𝜎, �̇�DP

)
=
√
𝐽2 + 𝛼DP𝐼1 − 𝑘DP𝑐

(
�̇�DP

)
(1)

𝑓MR
(
𝜎, �̇�MR

)
=

√√√√ 3∑
𝑖=1

⟨𝜎𝑖⟩2 − 𝜎t (�̇�MR) (2)

𝑐
(
�̇�DP

)
= 𝑐0 + 𝑠DP�̇�DP, 𝜎t

(
�̇�MR

)
= 𝜎t0 + 𝑠MR�̇�MR (3)

𝑓i ≤ 0, �̇�𝑖 ≥ 0, �̇�i 𝑓i = 0(𝑖 = MR,DP) (4)

The symbol meanings in these equations are as follows: I1 and J2 are the first and the second invariants of the stress
tensor 𝜎, respectively, and 𝑐0 and 𝜎t0 are the intact cohesion and tensile strength. Moreover, σi is the ith principal stress
with the positive parts obtained through Macauley brackets in the MR criterion (2). The cohesion and tensile strength in
(3) become rate-dependent by multiplying the rates of the viscoplastic increments �̇�DP, �̇�MR , in compression and tension,
by constant viscositymoduli 𝑠DP, 𝑠MR respectively. TheDP parameters are expressed in terms of the friction angle φ so as to
match the uniaxial compressive strength: αDP = 2sinφ/(3–sinφ) and kDP = 6cosφ/(3–sinφ). Finally, Equation (4) specifies
the consistency in the spirit of Wang et al.28 consistency formulation of viscoplasticity.
In the damage part of the model, separate scalar damage variables in tension, 𝜔t, and compression, 𝜔c, are employed to

account for the highly asymmetric behaviour of rock. Damage is assumed to be driven by the viscoplastic strain, so that
the stress states leading to plastic flow are the ones that induce the damage as well. Hence, this formulation needs no
separate damage loading functions. The specific model components are
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+ �̇�MR
𝜕𝑓MR
𝜕𝛔

(8)

where the symbol meanings are: Parameters At and Ac control the final value of the damage variables, respectively; The
parameters βt and βc, control the initial slope and the amount of damage dissipation, being defined by the fracture energies
GIc and GIIc, and he is a characteristic length of a finite element; 𝜎c0 in (6) is the intact compressive strength, expressed
by cohesion as 2c0cosφ/(1–sinφ); The equivalent viscoplastic strain in tension, 𝜀

vp
eqvt, is defined, in the rate form, with the

Macauley brackets so that tensile damage evolution occurs only when the viscoplastic principal strains are positive. The
equivalent viscoplastic strain in compression, 𝜀vpeqvc, is defined with the deviatoric part, �̇�vp, of �̇�vp. Furthermore, Equa-
tion (8) is the Koiter’s rule for bi-surface plasticity. Finally, 𝑔DP in (8) is the viscoplastic potential formally similar to 𝑓DP
but defined with the dilation angle, ψ, instead of the friction angle.
The model still needs a component that relates the nominal and effective stress tensors. It also specifies how dam-

age variables operate on the stress, and the stiffness recovery scheme applied upon stress reversal, that is the unilateral
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conditions of crack closure. For this end, the relations by Lee & Fenves29 and Lubliner et al.30 are chosen by

𝛔 = (1 − 𝑠c𝜔t) (1 − 𝑠t𝜔c) �̄� (9)

𝑠t = 1 − 𝑤t𝑟 (�̄�𝑖) , 𝑠c = 1 − 𝑤c (1 − 𝑟 (�̄�𝑖)) , 0 ≤ 𝑤t, 𝑤c ≤ 1 (10)

𝑟 (�̄�𝑖) =

3∑
𝑖=1

⟨�̄�𝑖⟩/ 3∑
𝑖=1

|�̄�𝑖| (11)

�̄� = 𝐄 ∶
(
𝛆 − 𝛆vp − 𝛆𝜃

)
, 𝛆𝜃 = 𝛼Δ𝜃𝐈 (12)

where 𝛔 and �̄� are the effective and nominal stress tensors; 𝑠t and 𝑠c are stiffness recovery functions depending on the
principal nominal stresses, �̄�𝑖; Parameters 𝑤t and 𝑤c control the degree of recovery; E is the elasticity tensor; 𝛼, Δ𝜃, 𝐈
are the thermal expansion coefficient, temperature change, and the second order identity tensor; Parameters 𝑤t and 𝑤c
control the degree of recovery. They are, by default, set here as𝑤t = 0 and𝑤c = 0, yielding 𝑠t = 1 and 𝑠c = 1.This choice
means that unilateral effect is neglected altogether. However, the case 𝑤c = 1 giving 𝑠c = 𝑟(�̄�𝑖) is also tested.
The damage and plasticity parts of the model are combined in the effective stress space.31 This allows for separation of

plasticity and damage computations so that the stress return mapping is first performed in the effective stress space by
standardmethods.28 Then, the damage variables are updated and, finally, the nominal stress is calculated by (9).Moreover,
this formulation poses no extra restrictions on the model parameters.31
It should finally be noted that there are other nominal-effective stress relations, for example the one using the positive-

negative part split of the stress, that is 𝛔 = (1 − 𝜔t) �̄�+ + (1 − 𝜔c)�̄�−, where �̄�+ and �̄�− are the positive and negative
parts of the stress. However, this relation does not work in the present application since the thermally induced damage
is dilational in nature (see Equation (12)), which means that only the tensile damage variable in Equation (5), through
(7), evolves in uniform heating of the sample, as will be seen in the numerical simulations later. Thus, if the compressive
damage variable does not evolve, this nominal-effective stress relation, in contrast to (9), predicts no thermal weakening
at all in compression.

2.2 The governing thermo-mechanical problem and its solution

The present application of slow heating of a rock sample to a target temperature and the damaging thereof are governed
by the equations of motion and heat balance, which are written as

𝜌 �̈� = ∇ ⋅ 𝛔 + 𝐛 (13)

𝜌𝑐 �̇� = −∇ ⋅ 𝐪 + 𝑄mech (14)

𝐪 = −𝑘∇𝜃 (15)

where 𝜌 and c are the density and the specific heat capacity of the material, and the rest of the symbols are as follows: �̇�
is the rate of change of temperature; �̈� is the acceleration vector; b is the volume force; q is the heat flux vector related
to temperature gradient ∇𝜃 and the conductivity k by the Fourier’s law; 𝑄mech expresses the mechanical heat production
through dissipation and strain rate. These sources of heat are ignored, that is 𝑄mech ≡ 0, as insignificant compared to the
external heat influx. More precisely, during uniaxial compression of a typical rock, the temperature rise due to thermo-
elastic and thermo-plastic effects are of order 0.1◦C and 2◦C, respectively.19 Furthermore, heat transfer through radiation
can also be neglected as insignificant within the present application of heating rock samples in an oven. Finally, the effects
of groundwater and microfracture seepage on heat transfer are neglected as irrelevant at the present stage of proving a
concept of predicting the thermal weakening of rock strength and stiffness under dry laboratory conditions.
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The finite element discretized form of the thermo-mechanical problem in Equations (13)–(15) can be derived through
standard steps exploiting the principle of virtual work.32 In the present paper, the global problem is solved with explicit
forward Euler method33 leading to following equations for the new temperature and mechanical response:

𝐂𝜃 𝛉𝑡+Δ𝑡 = 𝐂𝜃 𝛉𝑡 + Δ𝑡
(
𝐟𝜃,𝑡 − 𝐊𝜃𝛉𝑡

)
→ 𝛉𝑡+Δ𝑡 (16)

𝐌�̈�𝑡 + 𝐟int,𝑡 (𝐮𝑡, �̇�𝑡, 𝛉𝑡) = 𝐟ext,𝑡 → �̈�𝑡 (17)

�̇�𝑡+Δ𝑡 = �̇�𝑡 + Δ𝑡�̈�𝑡 (18)

𝐮𝑡+Δ𝑡 = 𝐮𝑡 + Δ𝑡�̇�𝑡+Δ𝑡 where (19)

𝐟int = 𝐀
Ne
e=1

∫
𝑉e

𝐁Te 𝛔e (𝐮𝑡, �̇�𝑡, 𝛉𝑡) d𝑉, 𝐌 = 𝐀
Ne
e=1

∫
𝑉e

𝜌𝐍e
T𝐍ed𝑉 (20)

𝐂𝜃 = 𝐀
Ne
e=1

∫
𝑉e

𝜌𝑐𝐍
e,T

𝜃
𝐍e
𝜃
d𝑉, 𝐊𝜃 = 𝐀

Ne
e=1

∫
𝑉e

𝑘𝐁
e,T

𝜃
𝐁e
𝜃
d𝑉 (21)

𝐟𝜃 = 𝐀
Ne
e=1

∫
𝑉e

𝑄𝑖𝑛𝑡𝐍
e,T

𝜃
d𝑉 (22)

In these equations:𝐌 is the consistent mass matrix (to be lumped by the row sum technique); 𝐂 is capacitance matrix
(to be lumped by the row sum technique),𝐊𝜃 is the conductivity matrix; 𝐟ext is the external force vector; 𝐟int is the internal
force vector; 𝐟𝜃 is the vector of thermal loading with 𝑄𝑖𝑛𝑡 being the volumetric heating magnitude (flux); Δt is the time
step; A is the standard finite element assembly operator; 𝐁e is the kinematic matrix (mapping the nodal displacement
into element strains); θ is the nodal temperature vector; 𝐍𝜃 and 𝐍e are the temperature and displacement interpolation
matrices (same interpolation functions are used in both); 𝐁𝜃 is the gradient of𝐍𝜃.
The explicit scheme (withmass scaling for themechanical Equation (17)) is employed here due to convergence problems

of the corresponding implicit scheme based on the Newton-Raphson iteration using the tangent stiffness operator of the
present model given, for a convenience and completeness’s sake, in Appendix A. In the present application, uniaxial
compression test numerically performed until the failure mode is fully developed and the load-bearing capacity of the
rock sample is totally exhausted. For an implicit method, this is a challenging task due to the extremely steep softening
response and the non-associated flow rule in compression, which renders the tangent stiffness matrix unsymmetric. In
addition, the present effective stress space formulation separates the plasticity and damage computations and, thereby,
likely results in stability and convergence problems since the strong softening is due to the uncoupled damage part of the
model, that is the coupling is realized only in the tangent stiffness operator. Even more importantly, the tangent stiffness
(A1) has several terms with Macauley brackets, also via Equation (7), which may render the terms involved oscillating
between zero and nonzero since the material is heterogeneous inducing local stress fluctuations.

3 NUMERICAL EXAMPLES

The present method is tested and validated, after explaining the numerical rock description and demonstrating the model
behaviour at the material point level. The simulations follow the experimental setting for testing the temperature effect
on rock. In the experiments, the sample is first slowly heated to the specified temperature. Then, the sample is allowed to
naturally cool down to room temperature. Finally, the mechanical tests are carried out at the room temperature.

3.1 Numerical rock description

The numerical granitic rock consists of three minerals: Quartz (33%), Feldspar (60%) and Biotite (7%). The mechanical
and thermal properties of the minerals are given in Table 1.11,34,35
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TABLE 1 Material properties and model parameter values

Parameter/mineral Quartz Feldspar Biotite
E [GPa] 90 70 40
σt0 [MPa] 14 11 7
c0 [MPa] 25 25 25
ν 0.1 0.3 0.2
ρ [kg/m3] 2650 2650 2650
GIc [J/m2] 40 40 28
GIIc [J/m2] 400 400 280
φ [◦] 50 50 50
ψ [◦] 5 5 5
At 0.98 0.98 0.98
Ac 0.98 0.98 0.98
α [1/K] 8E-6 8E-6 8E-6
k [W/mK] 2.6 2.6 2.6
c [J/kgK] 820 820 820
f [%] 33 60 7

The viscosity moduli in Equation (3) are both set to 0.001 MPa s/m, which are, on one hand, small enough so as not
to generate artificial strain rate hardening at low-rate loadings, and, on the other hand, large enough to provide some
regularization effect. It is reminded that viscoplasticity provides a localization limiter for the classical ill-posed softening
continua.28
The rock heterogeneity is described by random clusters of finite elements. The randomness is generated by creating

first an array, with a length of the number of elements in the mesh, containing integers 1, 2 and 3 (each coding a mineral).
The fraction (percentage) of each integer in this array equals the fraction of the mineral in the rock. Second, this array is
randomly permutated. A spatially random mineral mesotexture results, as each array entry implicitly corresponds to an
element number in the mesh. An example is shown in Figure 2A.
Moreover, the Weibull distribution is tested in the simulations to obtain more randomness on the rock strength

heterogeneity. The approach by Tang,36 followed here as well, exploits the three-parameter Weibull distribution

Pr(x) = 1 − exp

(
−

(
𝑥 − 𝑥𝑢
𝑥0

)𝑚𝑤)
(23)

wheremw is the shape parameter (homogeneity index in the present context); x0 is the scale parameter (measured average
value of amaterial property); xu is the location parameter (specifying the lower boundof amaterial property). Equation (23)
is used to generate spatially heterogeneous strength distribution for each mineral phase. First, a random number, Pr(x)
in Equation (23), is picked up from the uniform distribution (between 0 and 1) for each element in the mesh. Then, the
value for the strength, x, is solved from Equation (23). The generated strength fields are shown in Figure 3A.
As to the temperature dependence of the rock properties, the simplified approach by Saksala22 is adopted here as well.

Accordingly, only the thermal expansion of Quartz phase is considered as temperature dependent due to its anomalous,
highly nonlinear temperature dependence compared to Feldspars andBiotite, asmentioned in Introduction. Furthermore,
and more importantly, heterogeneous brittle rocks, such as granite, have inherent microdefects. Therefore, their strength,
especially the compressive one, is an emerging property measured for the laboratory sample, not at a material point level,
whereas in numericalmodelling, the constitutive law is described at thematerial point level. Therefore, itwould be circular
reasoning to use the experimental strength vs. temperature data at the material point level constitutive model, and then
“predict” that same strength at a given temperature. By this justification, the thermal expansion coefficient of Quartz is
taken to depend on temperature by

𝛼q (𝜃) = 𝛼q0

(
1 +

0.66

993 − 293
(𝜃 − 293)

)
, [1∕𝐾] (24)
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F IGURE 1 Model response at the material point level in cyclic loading: (A) cyclic loading; (B) stress-strain response when wt = 0,
wc = 0; (C) stress-strain response when wt = 0, wc = 1 with a magnified detail; (D) 5-element model

where 𝛼q0 (= 8E-6 K–1) is the thermal expansion coefficient at room temperature. Equation (24) assumes a linear law
between Quartz thermal expansion when 𝜃 ∈ [20, 700]◦C. Moreover, the anomalous effects due to the α-β-transition of
Quartz at 573◦C are neglected in the present study as its proper modelling is not trivial due to the phase change. While
not realistic, these are assumptions of the present approach, which, however, will prove to predict the thermal weakening
effect with a good accuracy.

3.2 Model behaviour at the material point level

Before presenting the laboratory sample level simulations, it is of interest to demonstrate the model behaviour at the
material point level. Figure 1 shows the model response in a cyclic loading in z-direction with a mesh consisting of five
linear tetrahedrons demonstrating the effect of activation parameters of the unilateral conditions scheme in Equation (10).
The material parameters are those of the Feldspar phase in this simulation.
The model response exhibits stiffness degradation and irreversible strain both in tension and compression, as observed

in Figure 1B and C.When the stress recovery scheme in Equation (10) is inactivated, the tensile damage variable, evolving
during the initial tensile cycle, operates on the effective stress during the compression cycle. Consequently, the compres-
sive strength reaches barely 20 MPa (Figure 1B). When the stiffness recovery upon reversing from tension to compression
is active, the compressive strength reaches the set value 2c0cosφ/(1–sinφ) = 137.4 MPa (Figure 1C).

3.3 Numerical rock heat treatment

Uniform heating up to 300◦C, 500◦C and 700◦C is carried out on the numerical rock samples. Mass scaling, enabled
by the non-inertial nature of slow heating, is used here to increase the critical time step of the explicit time stepping:
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F IGURE 2 Simulation results for heat treatment: (A) numerical granite sample (NumRock1: Quartz = 3, Feldspar = 2, Biotite = 1); (B)
temperature field; (C) first principal stress field at 300◦C; (D) tensile damage field at 300◦C; (E) tensile damage field at 500◦C; (F) tensile
damage field at 700◦C; (G) temperature evolution in time

100-fold critical time step (from ∼6E-8s to ∼6E-6s) can be obtained by using a 10000-fold density for the mechanical
Equation (17). In addition, volumetric heating is applied with 𝑄int = 1E10 W/m3 (Equation (22)) at each node of mesh
to secure a homogenous temperature field in the rock sample. Figure 2 shows the simulation results for the numerical
sample (diameter = 40 mm, height = 80 mm) in Figure 2A consisting of 431,740 linear tetrahedrons.
Appendix B demonstrates that this method to simulate slow heating of a rock sample in an oven is appropriate and

produces results similar to those obtained with an implicit method (unconditional in time) applying low-intensity sur-
face heating taking hours to reach these temperatures. Therefore, the heating simulations presented below are valid and
reliable to the extent the corresponding implicit method is reliable.
Due to the homogeneous thermal properties (see Table 1), the applied volumetric heating produces a homogeneous

temperature field in the sample, as illustrated in Figure 2B. The target temperature was achieved in an extremely short
physical time of 0.15 s here (Figure 2G). Yet, the numerical heating rate has no influence on the mechanical behaviour
since the viscositymoduli, that is the rate dependent component of themodel, were set negligibly small and, asmentioned
and shown in Appendix B, the problem is non-inertial. Indeed, the strain rate is only of magnitude ∼1 × 10–3 s–1 here.
Due to the heterogeneous elasticity properties and the temperature dependence of theQuartz thermal expansion, signif-

icant first principal stress levels are generated (Figure 2C), which in turn result in increasing tensile damaging, as attested
in Figure 2D, E and F. At 700◦C, the maximum tensile damage was 0.92, while no compressive damage was generated
here at any temperature.
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F IGURE 3 Simulation results for heat treatment (NumRock1 with Weibull distributed strength): (A) weibull distributed tensile
strength; (B) weibull distributed compressive strength; (C) tensile damage field at 300◦C; (D) tensile damage field at 500◦C; (E) tensile
damage field at 700◦C; (F) compressive damage field at 300◦C; (G) compressive damage field at 700◦C

3.4 Numerical rock heat treatment: effect of Weibull distributed strengths

The effect of theWeibull distribution in Equation (23) applied on rock compressive and tensile strengths is tested here. For
tensile strength, theWeibull parameters are set as: x0 = 14, 11, 7MPa for Quartz, Feldspar, Biotite, respectively, andmw = 5,
xu = 0 for each mineral. For compressive strength, x0 = 137.4 MPa for each mineral, while the rest of the parameters are
identical to those for the tensile strength. As there are three mineral phases, six Weibull distributions are generated. The
chosen shape modulus value (mw = 5) corresponds to a hard rock.37 The simulation results with the Weibull distributed
strength fields are shown in Figure 3.
In these realizations, the maximum andminimum values of the tensile strength are 23.8 and 0.57 MPa, and those of the

compressive strength are 239.5 MPa and 11.5 MPa, respectively.
The tensile damage fields show similar features with the Weibull distribution as without it. In contrast to the simula-

tion without the Weibull distribution, some isolated events of compressive damage have occurred in elements with low
compressive strength. However, the maximum value of this type of damage, resulting from violation of the DP criterion,
is quite modest, ∼0.3, even at 700◦C (Figure 3G).

3.5 Numerical rock heat treatment: effect of damaging thermal conductivity

As amaterial loses its integrity by damage and fracture processes (crack opening and void creation), its thermal properties
change. For this reason, the effect of tensile damage on the thermal conductivity during heating is tested. This is achieved
via operating with the tensile damage variable on the thermal conductivity, k, by 𝑘𝑑 = (1 − 𝜔𝑡)𝑘. The simulation results
comparing the difference of the tensile damage resulting from heating to 700◦C are shown in Figure 4.
The effect of degrading thermal conductivity is clearly negligible in the present application of intensive volumetric heat-

ing. Indeed, the difference between the predicted damage fields, at 700◦C, is mostly zero, as can be observed in Figure 4C.
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F IGURE 4 Simulation results for heat treatment (NumRock1 with degrading thermal conductivity): (A) tensile damage field at 700◦C
with degrading conductivity; (B) tensile damage field at 700◦C (as in Figure 2F); (C) difference between simulated damage fields

Moreover, the nonzero values are very local and reach the maximum value of 0.001. The reason for this is that the magni-
tude of the external heating term, 𝐟𝜃,𝑡, in Equation (16) is dominating in comparison to the term having the conductivity,
that is𝐊𝜃𝛉𝑡.

3.6 Uniaxial compression tests on intact and heat-treated numerical rock

Uniaxial compression tests are performed on the numerical rock samples applying a constant velocity boundary condition
at the top surface. A velocity of 40 mm/s turns into a strain rate of 0.5 s–1, which is low enough not to cause significant
hardening effects.38 The simulation results are shown in Figure 5.
The failure mode for the intact rock (Figure 5A) exhibits typical shear band, due to shear failure (compressive damage),

combinedwith axial splitting cracks, due to tensile failure (tensile damage), as classified byBasu et al.39 As the temperature
increases, the axial tensile cracks disappear (since the sample already is tensile-damaged due to heating), and multiple
shear failure mode prevails. This is also observed in the experiments for many granites.5,9 As to the compressive strength,
themaximumof 117.2MPa occurs, as expected,with the intact rock sample. Considerable decrease in compressive strength
can be observed in Figure 4E along with temperature increase. Moreover, the stiffness decreases clearly as well with
increasing temperature. The general features of the stress-strain curves are similar at each temperature, exhibiting a very
steep softening response after the peak stress (see Yin et al.9 for similar behaviour attested in the experiments). The clear
bent at each curve in the pre-peak part is due to the onset of damaging when the Quartz phase, having the largest Young’s
modulus, starts to fail. Note that the compressive strength is equal (137.4 MPa) for each phase.
Finally, it is orderly to note, as mentioned in Introduction, the failure of the correspondence between thematerial point

level model response and the laboratory sample level behaviour, as clearly observed comparing Figures 1C and 5E. More
precisely, in the present case the pre-peak part of the macroresponse differs from that at the material point level due to
the heterogeneity description of rock material leading to isolated failure events in the rock sample, while the post-peak
parts are not similar due to the localised deformation leading to macroscopic failure of the sample.

3.7 Uniaxial compression tests: influence of rock mineral random texture

The above analyses were performed with the numerical rock mesostructure in Figure 2A. As the mineral clusters are
random, it is interesting to test the effect of the random mineral structure in numerical compression test. Figure 6 shows
the results for two additional numerical rock samples.
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F IGURE 5 Simulation results for compression test (NumRock1): (A) tensile and compressive damage field for the intact rock (20◦C); (B)
tensile and compressive damage field at 300◦C; (C) tensile and compressive damage field at 500◦C; (D) tensile and compressive damage field
at 700◦C; (E) corresponding (average) stress-strain curves

F IGURE 6 Simulation results for compression test (intact rock, effect of mineral mesotexture): (A) mineral structure of NumRock2
(Quartz = 3, Feldspar = 2, Biotite = 1); (B) tensile and compressive damage field for NumRock2; (C) mineral structure of NumRock3; (D)
tensile and compressive damage fields for NumRock3; (E) corresponding (average) stress-strain curves
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F IGURE 7 Simulation results for compression test (NumRock1 with Weibull distributed strength): (A) tensile and compressive damage
field for the intact rock (20◦C); (B) tensile and compressive damage field at 300◦C; (C) tensile and compressive damage field at 500◦C; (D)
tensile and compressive damage field at 700◦C; (E) corresponding (average) stress-strain curves

The effect of the present mineral description is clearly observed in differing details of the failure modes in Figure 6B
and D. However, the effect on the stress-strain curves (Figure 6E) is negligible. This is probably due to the relatively
small element size. As a result of their negligible effect, the heating simulations are not repeated on these two additional
mesostructures (the weakening effect was similar to that with NumRock1).

3.8 Uniaxial compression tests: influence of Weibull distributed strengths

Uniaxial compression tests are now carried out on NumRock1 with the Weibull distributed strengths in Figure 3A and B.
The results are shown in Figure 7.
The failure modes differ in detail from those without the Weibull distributed strengths (Figure 5), but the general trend

with increasing temperature is similar. The compressive strengths reached at each temperature is, as expected, lower. For
the intact rock, the strength here is 106 MPa, which is ≈10% lower than that without the Weibull distribution. Moreover,
the stress-strain curves have more nonlinear pre-peak parts, which is due to the presence of weak elements failing during
loading. This feature is the numerical representation ofmicrocracking events observed in experiments and thus adds to the
realistic features of the present model. Furthermore, the weakening effect, that is the relative drop in strength at elevated
temperatures, seems here to be very similar to those in Figure 5. In this respect, the results are somewhat consistent and
robust. The weakening effect is quantified and compared to the experiments in Section 3.13.

3.9 Uniaxial compression tests: influence of unilateral conditions on tensile damage

The simulations abovewere carried out with the unilateral conditions of tensile damage inactivated, that is𝑤c = 0, which
gives 𝑠c = 1 in Equations (9) and (10). This choice means that tensile damage variable had its full reduction effect on the
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F IGURE 8 Simulation results for
compression test (NumRock1, effect of
unilateral conditions (UC) scheme): (A)
tensile and compressive damage field for the
intact rock (20◦C) with UC activated; (B)
tensile and compressive damage field at
500◦C with UC activated; (C) corresponding
(average) stress-strain curves

stress. It is thus interesting to test the other extreme with 𝑤c = 1, giving 𝑠c = 𝑟(�̄�𝑖). The simulation results for the intact
and θ = 500◦C are shown in Figure 8.
With the unilateral conditions enabled, the failure modes (Figure 8A and B) differ considerably from the ones in

Figure 5A and C. For the intact rock, the failure mode is the shear mode along single or two planes (classified by Basu
et al.39) and the separate axial tensile cracks are not present due the inactivation of the tensile damage variable. The cor-
responding stress-strain curves deviate considerably during the post-peak softening parts (Figure 8C). At 500◦C, when
the unilateral effect on tensile damage is enabled, the failure mode is lacking clear features. That is, the tensile damage
field is quite diffused all over the sample, while the compressive damage field shows some crisscrossed shear banding.
Moreover, the weakening effect is much smaller, and there is no stiffness degradation at all, as observed in Figure 8C,
since the tensile damage variable is inactivated. It thus seems that the case with no unilateral effect is more realistic in
this kind of problem.

3.10 Uniaxial tension tests on intact and heat-treated numerical rock

Uniaxial tension tests are now performed on the numerical rock samples. A velocity of 8 mm/s, which corresponds to a
strain rate of 0.1 s–1, is applied at the top surface of the numerical sample in Figure 2A. This loading rate is low enoughnot to
cause significant hardening effects.38 The simulation results at different temperatures for the tensile damage (compressive
damage does not evolve in tension) are shown in Figure 9.
The realized failure mode at each temperature is the experimental transversal splitting with a single failure surface.

Some alterations in the location and details of the failure plane can be observed. The tensile strength at the room temper-
ature is 11.2 MPa, fromwhich the strength drops and the degradation of stiffness, as the temperature increases, are similar
to those in compression tests (Figure 5).
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F IGURE 9 Simulation results for tension test (NumRock1): (A) tensile damage field for the intact rock (20◦C); (B) tensile damage field
at 300◦C; (C) tensile damage field at 500◦C; (D) tensile damage field at 700◦C; (E) corresponding (average) stress-strain curves

F IGURE 10 Simulation results for tension test (NumRock1 with Weibull distributed strengths): (A) tensile damage field for the intact
rock (20◦C); (B) tensile damage field at 300◦C; (C) tensile damage field at 500◦C; (D) tensile damage field at 700◦C; (E) corresponding
(average) stress-strain curves

3.11 Uniaxial tension tests: influence of Weibull distributed strengths

The effect of theWeibull distributed strength is tested in tension. Other parameters and settings are unaltered. The results
are shown in Figure 10.
The effect of the Weibull distributed tensile strength is similar here in tension as it was in compression above: the pre-

peak parts of the stress-strain responses are more nonlinear than their counterparts in Figure 9E due to the presence of
weak elements, which fail during loading. This can be observed particularly in the intact (20◦C) case as mild transverse
damage formations. The maximum tensile strength of 10 MPa is realized in this case.

3.12 Influence of mineral texture type

The above simulations were carried out with the specific artificial mineral texture consisting of random clusters of tetra-
hedral elements. It is thus interesting to test another type of mineral texture to see its effect in the present approach. For
this end, a mineral texture is created such that, first, a 3D Voronoi tessellation is generated by Neper software,40 and then
each polyhedron is meshed with tetrahedrons. Finally, the grains are represented by random clusters of the tetra-meshed
Voronoi polyhedrons. Figure 11A shows the numerical sample (the mineral texture with 8000 polyhedrons) along with
the mesh consisting of 845,767 tetrahedrons.
With this, much coarser grained, numerical rock sample, interesting damage patterns are realized. Namely, it is much

clearer now that most of the damage is inflicted on the Feldspar phase. Quantitatively speaking, in all the elements, that is
100%, representing the Feldspar phase, the tensile damage is above 0.5 at 700◦C, while only 0.00034% of the elements rep-
resenting theQuartz phase reach that value of tensile damage. This is because theQuartz thermal expansion ismuch larger
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F IGURE 11 Simulation results for heat treatment with polyhedral mineral texture: (A) numerical granite sample (8000 polyhedrons:
Quartz = 3, Feldspar = 2, Biotite = 1) and the tetrahedral mesh (845,767 elements); (B) first principal stress field and tensile damage field at
300◦C; (C) tensile damage field at 500◦C; (D) tensile damage field at 700◦C

F IGURE 1 2 Simulation results for compression test (polyhedral mineral texture): (A) tensile and compressive damage field for the
intact rock (20◦C); (B) tensile and compressive damage field at 300◦C; (C) tensile and compressive damage field at 500◦C; (D) tensile and
compressive damage field at 700◦C; (E) corresponding (average) stress-strain curves

than that of the other minerals and its tensile strength is the highest. This damage pattern is closer to the experimental
ones, observed for granite at 800◦C8 than those with NumRock1 above.
Next, the uniaxial compression test is carried out on the heat treated and intact rock samples in Figure 11. The results

shown in Figure 12A attest inverted (upside down) y-shaped shear band failure mode (documented by Basu et al.39) at
the room temperature (intact rock). As the temperature and initial tensile damage level increases, the axial tensile cracks
disappear and the realized (shear type of) failure modes confine to narrower zones closer to the sample edges, as with the
numerical rock 1 in Figure 5. The corresponding stress-strain curves show characteristics similar to those in Figure 5E.
The compressive strength for this numerical rock sample is 114.2 MPa at the room temperature. The relative amount of
thermal weakening seems to be quite similar here to that with the numerical rock in Figure 1. The exact quantification is
presented in the next section.
Finally, the uniaxial tension test is carried on the numerical rock in Figure 11A.



16 SAKSALA

F IGURE 13 Simulation results for tension test (polyhedral mineral texture): (A) tensile damage field for the intact rock (20◦C); (B)
tensile damage field at 300◦C; (C) tensile damage field at 500◦C; (D) tensile damage field at 700◦C; (E) corresponding (average) stress-strain
curves

TABLE 2 Simulation results: Strengths and Young’s modulus

T [◦C] 20 300 500 700
σc [MPa], NR1 117.2 99.5 67.7 45.4
σc [MPa], NR1, Weibull 106 90.9 65.5 46.0
σc [MPa], Polyhedral 114.2 106.6 80.5 42.5
T [◦C] 20 300 500 700
σt [MPa], NR1 11.2 9.6 6.6 4.7
σt [MPa], NR1, Weibull 10 8.6 6.1 4.4
σt [MPa], Polyhedral 9.6 8.7 5.9 3.1
T [◦C] 20 300 500 700
E [GPa], NR1, C & T* 76 66 48 36
E [GPa], Polyhedral, C & T* 71 65 49 32

*Compression and Tension.

All the samples failed in transverse splitting mode with differing details and location of the failure plane. The tensile
strength, 9.6MPa, is slightly smaller for this sample than it was for the numerical rock 1 in Figure 9, being 11.2MPa therein.
Interesting feature in the stress-strain curves here (Figure 13E), absent in Figure 9E, is the substantially increasing ductility
in the post-peak part of the curves.

3.13 Quantification of thermal weakening effects and comparison to experiments

The thermal weakening effects predicted in the numerical simulations above are quantified here and compared to the
experiments found in the literature. The predicted compressive and tensile strengths and Young’s moduli are first listed
in Table 2.
The predicted Young’s moduli are, when rounded to integers, identical in tension and compression. Another obser-

vation from the values in Table 2 is that the relative drops in strengths and Young’s moduli are quite similar between
the different numerical rock mesostructures tested here. Finally, the results are compared to the experiments for several
granites compiled byWang & Konietzky11 by plotting the normalized quantities as a function of temperature in Figure 14.
The reader should note that the experimental mean curves in Figure 14, representing the average for several gran-

ites, are averaged over a wide range of test temperatures, hence these curves do intersect the scatter bars at the middle.
Furthermore, only relevant scatter bars (300◦C, 500◦C, 700◦C, and 800◦C in Figure 14C) are shown.
It can be seen that the present model predicts the thermal weakening effects for both tensile and compressive strengths

as well as for the Young’s modulus with a fairly good accuracy. That is, the predictions are within the experimental scatter
bars except for the tensile strength andYoung’smodulus at 700◦C,where the presentmodel underestimates theweakening
effect. However, 700◦C is beyond the Curie point of Quartz involving crystal level phenomena, such as α-β transition,
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F IGURE 14 Predicted normalized parameters at different temperatures including mean fitted curve of experimental results and scatter
deviation bars reproduced fromWang and Konietzky11: (A) tensile strengths; (B) cohesions; (C) youngs’s moduli

which are ignored in the present model. Notwithstanding, this anomaly is not visible in the experiments for compressive
strength (expressed in Figure 14B in terms of cohesion), which the model does predict in an acceptable manner even at
700◦C.

4 CONCLUDING REMARKS

A damage-viscoplasticity model, implemented within the FEM, for predicting the thermal weakening effects in Quartz
bearing rocks was developed and validated in this paper. Following conclusive remarks are drawn:

∙ The employed explicit staggered approach for solving the nonlinear thermo-mechanical problem of thermal degrada-
tion of rock due to uniform temperature fields is computationally feasible and relatively cheap, due to the lumpedmass
and capacitancematrices, in problemswith slow heating. It provides, as was shown in this paper, results similar enough
(in the engineering sense) to those obtained with an implicit staggeredmethod using low-intensity surface heating (500
W/m2 in the present case) with realistic physical duration (7.6 h in the present case). This somewhat paradoxical finding
is due to the non-inertial nature of the problem enabling drastic mass-scaling (10,000-fold density for the mass matrix
in the present case) increasing the critical time step (to 100-fold in the present case) combined with extremely intensive
volumetric heating (10 GW/m3 in the present case).

∙ The rock constitutive model was based on the Drucker-Prager yield criterion with a modified Rankine criterion as a
tension cut-off to indicate the stress states leading to inelastic strain and damage. In the damage part, separate dam-
age variables were chosen for compression and tension stress regimes due to the asymmetry of rock behaviour therein.
Moreover, the damage and viscoplasticity parts were combined with the effective (principal) stress space approach
resulting in uncoupled plasticity and damage computations. The coupling in this approach is via the nominal-effective
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stress relation for which the Lee-Fenves-Lubliner type of relation was chosen. This choice enabled predicting the
thermal weakening effect both in compression and tension, as was seen in the simulations. However, it also led to
a complicated and unrobust form of the derived algorithmic tangent operator due to the presence of the Macauley
brackets and the principal stresses, to account for the unilateral conditions of damage.

∙ Heterogeneity of rock material, that is the tri-phase mineral grain texture (Quartz, Feldspar, and Biotite in the present
case), was described as random clusters of finite elements representing the mineral phases with their specific mechani-
cal material parameters. Moreover, the rock strength heterogeneity was further randomized by theWeibull distribution.
Heterogeneity description is necessary to realistically predict the differing (in details) rock failure modes upon repeated
tests for the same rock. This was seen in the simulations here. The two tested grain texture types, the finer tetrahedral
and the coarser polyhedral type, presented quite similar results in the present application.

∙ In the present application of thermal degradation of granitic rock strength and stiffness, the major influencing factor
seems to be the deviant behaviour of Quartz mineral. More specifically, the reduction of the tensile and compressive
strengths as well as the stiffness of granite can be reliably predicted by accounting for the heterogeneity of the mechan-
ical properties (stiffness and strength) and the temperature dependence of Quartz thermal expansion. In the present
case, this highly non-linear (up to the Curie point) dependence was simplified to be linear, representing roughly the
net difference of the thermal expansion between Quartz and the rest of the minerals, that is Feldspar and Biotite. The
distinctive novel feature of the present approach thus is that the thermal degradation of the rock strength and stiff-
ness, resulting from thermally induced damage, is predicted in a noncircular way. That is, the thermal degradation and
the failure modes are presented for the numerical sample level behaviour (as they are in the experiments), while the
constitutive model itself is, in the present simplified approach, isothermal, save the thermal expansion of Quartz.

∙ The applicability of the model is, at the present stage of developments, restricted to small scale thermo-mechanical
problems because the rock heterogeneity, that is the mineral texture, needs to be described explicitly to predict the
thermalweakening effects. Therefore, the ideal target of themodel is laboratory sample scale research.However,mining
applications, such as percussive drilling under hot environments can be addressed.

Finally, a further topic of research is proposed. Namely, the phase change in Quartz at the Curie point (573◦C) was
neglected in the present model. However, as the experiments reproduced here show, it has a substantial effect on the rock
behaviour and should therefore be included into the thermo-mechanical constitutive description of granite. With this
non-trivial extension, the applicability of the present model could be extended up to 1000◦C.
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APPENDIX A
The algorithmic linearization of the constitutive model is given here in the isothermal case, that is the case for staggered
algorithm. The original derivation is by Saksala.21 The resulting consistent damage-elastoplastic tangent stiffness operator,
relating the strain increment to stress increment 𝛿𝛔 = 𝐄epd ∶ 𝛿𝛆, is

𝐄epd = 𝜙𝐄 + (1 − 𝜔c) 𝜔t�̄� ⊗ 𝐑UC ∶ 𝐄 + (A1)

− (𝜙𝐄 + (1 − 𝜔c) 𝜔t�̄� ⊗ 𝐑UC ∶ 𝐄 + (1 − 𝜔c) 𝑠c�̄� ⊗ 𝐓d + (1 − 𝑠c𝜔t) �̄� ⊗ 𝐂d) ∶ 𝐓
−1
p ∶ 𝐀p

Using notation 𝑟 (�̄�𝑖) =
∑3

𝑖=1
⟨�̄�𝑖⟩/∑3

𝑖 = 1
|�̄�𝑖| = 𝑓<> ∕𝑓|| and 𝜙 = (1 − 𝑠c𝜔t) (1 − 𝜔c), the rest of the terms are given

by

𝐑UC =
𝜕𝑟 (�̄�𝑖)

𝜕𝛔123
∶
𝜕𝛔123
𝜕𝛔

where (A2)

(
𝜕𝑟 (�̄�𝑖)

𝜕𝛔123

)
𝑖

=
𝜕𝑟 (�̄�𝑖)

𝜕𝜎𝑖
=
(
max (0, sgn (�̄�𝑖)) 𝑓|| − sgn (�̄�𝑖) 𝑓<>) ∕𝑓2|| (A3)

𝐓d =
𝑑𝑔t

𝑑𝜀
p
eqvt

𝜕𝜀
p
eqvt

𝜕𝛆p
, 𝐂d =

𝑑𝑔c

𝑑𝜀
p
eqvc

𝜕𝜀
p
eqvc

𝜕𝛆p
(A4)

𝐓p =

(
𝕀 +

(
Δ𝜆MR

𝜕2𝑓MR
𝜕𝛔2

+ Δ𝜆DP
𝜕2𝑔DP
𝜕𝛔2

)
∶ 𝐄

)
(A5)

𝐀p =

(
Δ𝜆MR

𝜕2𝑓MR

𝜕𝛔2
+ Δ𝜆DP

𝜕2𝑔DP

𝜕𝛔2

)
∶ 𝐄 +

𝜕𝑓MR
𝜕𝛔

⊗ 𝐅t +
𝜕𝑔DP
𝜕𝛔

⊗ 𝐅c (A6)

𝐅c =
1|𝐆|

(
𝐺22

𝜕𝑓DP
𝜕𝛔

∶ 𝐄 − 𝐺12
𝜕𝑓MR
𝜕𝛔

∶ 𝐄

)
, 𝐅t =

1|𝐆|
(
−𝐺21

𝜕𝑓DP
𝜕𝛔

∶ 𝐄 + 𝐺11
𝜕𝑓MR
𝜕𝛔

∶ 𝐄

)
(A7)

𝐆 =

[ 𝜕𝑓DP
𝜕𝜎

∶ 𝐄 ∶
𝜕𝑔DP

𝜕𝜎
+
𝑠DP

Δ𝑡

𝜕𝑓DP

𝜕𝜎
∶ 𝐄 ∶

𝜕𝑓MR

𝜕𝜎
𝜕𝑓MR

𝜕𝜎
∶ 𝐄 ∶

𝜕𝑔DP

𝜕𝜎

𝜕𝑓MR

𝜕𝜎
∶ 𝐄 ∶

𝜕𝑓MR

𝜕𝜎
+
𝑠MR

Δ𝑡

]
(A8)

In (A5), II is the fourth order unit tensor. Moreover, 𝑔t and 𝑔c are the damage functions in Equation (5). Equation (A2)
has the gradient of the principal stresses 𝛔123, which can be computed numerically or analytically from the Gardano for-
mulas. A glance at (A8) reveals that the tangent operator is unsymmetric in the usual (for rocks) nonassociated plasticity
case. Finally, it is noted that the nonisothermal case, used when solving the thermomechanical problem (13)–(15) mono-
lithically, is straightforward as the temperature dependence of the model is minimalistic, that is it appears only in the
constitutive Equation (12).

APPENDIX B
It is demonstrated here in 2D case (for simplicity) that the extremely high intensity and short duration numerical heating
by the explicit staggeredmethod in Equations (13)–(15) is equivalent (for present purposes), that is produces similar tensile
damage field, to a numerical heating carried out by an implicit method in a physically correct heating time. The chosen
implicit method is a staggered one, in which the heat Equation (14) is solved with the unconditionally stable (in time)
backward Euler method and the mechanical Equation (13) is solved as a quasi-static equation with the Newton-Raphson
iteration. Thereby, the equations to be solved are

(𝐂𝜃 + Δ𝑡𝐊𝜃) 𝛉𝑡+Δ𝑡 = 𝐂𝜃 𝛉𝑡 + Δ𝑡𝐟
q

𝑡+Δ𝑡
→ 𝛉𝑡+Δ𝑡 (B1)
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F IGURE B1 Comparison simulation in 2D: (A) numerical granite sample (Quartz = 3, Feldspar = 2, Biotite = 1); (B) FE mesh (6948
triangles) showing the surface heat flux BC; (C) temperature field with the implicit method (surface heating); (D) tensile damage field with
the implicit method (surface heating); (E) temperature field with the explicit method (volume heating); (F) tensile damage field with the
explicit method (volume heating); (G) difference between simulated damage fields.

𝐾
(𝑛−1)

(𝑢,𝑡𝑎𝑛)
Δ𝑢𝑛 = 𝑅

(𝑛−1)
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(𝑛−1)

(𝑡+Δ𝑡)
+ Δ𝑢𝑛 with (B2)

𝐟
q

𝑡+Δ𝑡
= 𝐀

Ne
e=1

∫
𝑙e

𝑞n𝐍
e,T

𝜃
d𝑙 (B3)

𝐊𝑛−1u,tan = 𝐀
Ne
e=1

∫
𝐴e

𝐁Te𝐄
𝑛−1
epd
𝐁ed𝐴,𝐑

𝑛−1
u = −𝐟𝑛−1

int
(B4)

where qn is the normal component of the external heat flux applied at the boundaries (le being the length of the element
edge) of the mesh (see Figure B1b), and 𝐄𝑛−1

epd
is the tangent stiffness matrix in Equation (A1) applied to the present case

where only the tensile plasticity and damage are accounted for, and no unilateral conditions are considered. In this case,
using the classical Rankine criterion in the global xy-space, instead of the principal stress space requiring rotation of the
tangent operator to the global coordinates, the tangent operator is

𝐄epd = (1 − 𝜔t) 𝐄 − ((1 − 𝜔t) 𝐄 + �̄� ⊗ 𝐓d) ∶ 𝐂p (B5)
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𝑑𝑔t

𝑑𝜀
p
eqvt

𝜕𝜀
p
eqvt

𝜕𝛆p
, �̇�

p
eqvt =

1

3
⟨tr(�̇�p)⟩ , 𝑓R (𝛔) = 1

2

(
𝜎𝑥 + 𝜎𝑦

)
+

√(
𝜎𝑥 − 𝜎𝑦

2

)2
+ 𝜎2𝑥𝑦 − 𝜎t (B7)

where the equivalent plastic strain in (7) has been changed to the one in (B7) using the trace of the plastic strain tensor in
order to avoid operations involving principal strains.
In the comparison simulation, the explicit scheme used in Section 3.3 is applied here as well with the same parameters,

initial values and boundary conditions, albeit in 2D for simplicity. The simulation with the implicit staggered method
(Qint = 10 GW/m3) in (B1)–(B2), imitating slow heat treatment in an oven, is carried out applying low-intensity surface
heating, qn = 500W/m2, at all model boundaries (Figure B1b) with the duration of 7.6 h to reach the target temperature of
500◦C in 1100 time steps of length 25 s. The numerical rock and the finite element mesh consisting of 6948 linear triangles
are shown in Figure B1 along with the simulation results.
The temperature fields in Figure B1c and e naturally deviate from each other, as surface heating was applied in the

implicit case. However, the difference between the “cold” spot in the middle of the specimen and the “hot” corners is only
∼5◦C, which is negligible in the thermal damage sense. In contrast, the resulted tensile damage fields (Figure B1D and
F) are identical upon eye inspection. For this reason, the difference is plotted in Figure B1G, which shows some isolated
spotswhere the difference reaches 0.2. Quantitatively speaking, the normof the difference vector is ‖𝛚imp − 𝛚exp‖ = 0.67,
while the norms of the damage vectors themselves are ‖𝛚imp‖ = 39.23 and ‖𝛚exp‖ = 39.35 . Therefore, the damage fields
are, roughly speaking, mostly identical.
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